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Overview

Overview:

@ KdV equation: shallow water wave in a narrow canal
O:U —6UOU+ 22U =0, U= U(x;t)
@ Schrodinger equation with potential U for ¥(x; t)

Hy & _::2 +U(x; t), Hup(x;t) =E(t)p(x;t), (S)

@ time evolution of ¥(x; t)

¢ d3 d d
AUd:e —4@+3U&+3KU7 at¢ :AU¢7 (t)

[Au, Hy] = 6Ud U — 83U,

o Compatibility of (S) & (t): = 8:£ =0
o Lax Representation KdV eq < 0:Hy = [Au, Hy] Lax '68
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Overview

Overview 2: Soliton = Reflectionless Potential

e N-Soliton Solution of KdV eq.
= Reflectionless Potential with N discrete eigenlevels only

=-k, j=12,... N, 0<k <---<ky

= Solution of Gelfand-Levitan eq. with degenerate Kernel,

K(x,t)+F(x+t)+/ F(x+t+s)K(x,s)ds =0,
def - ’ d
€ —2kix
F(X):2z;cje 2kx ¢ >0, U(x) = —2_-K(x,0)
J_

. —(k-+k,)x
Un(x) = =202 log un(x),  un(x) L det dj1 + ge =
< ki + ki
depends on 2N positive parameters {k;j, ¢;} Kay-Moses, '56
¢ — ciexp[—8kPt]: o KdV soliton, Hirota, '71
¢ — cjexp[—SZ kj2”+1t,,]: KdV hierarchy soliton

n=_0
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Overview

Overview 3: Reflectionless Potential is Solvable

@ eigenfunctions of the Reflection Potential

e k¥ x5 400

con.e kX x — —o0o

Hudnj(x) = =k dnj(x),  dnj(x) ~ {

depending on 2N parameters

o Naive expectation
Can new types of solitons be generated through deformations
of the N-soliton solution by its eigenfunctions in items of
Darboux and other transformations??

@ New, if the obtained N-M solitons depend on all the original
2N parameters.

@ Harsh reality No new type of solitons
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Overview

Overview 4: Various ldentities

@ Uniqueness of reflectionless potential Kay-Moses, '56

@ No new Solitons
= Various identities satisfied by the eigenfunctions of the
reflection potential

@ Similar identities have been obtained for the classical
orthogonal polynomials.
They represent the solvability of the underlying potentials.

@ Wronskian identities satisfied by Hermite, Laguerre and Jacobi
polynomials, Odake-Sasaki 2013

@ Casoratian identities satisfied by Wilson, Askey-Wilson and
their reduced type polynomials, Odake-Sasaki 2014
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Deformation Methods

Darboux Transformations 1

Starting point:

d2
M= S+ UG), Hu()=E0(x) (£, U() € ©),
seed solutions Heoi(x) =Epi(x) (§€C; j=1,2,...,M),

Darboux transformation in terms of 5:

HO €y — 22
(1), def W1, ¥](x ) _ <P1ax¢ — Oxp19 (1) 7,y def W1, ok](x)
) BN A O
WypM(x) = yl(x ) HW o (x) = €1y (x),
W[t -, fa](x ) (8f< (X))1gj,kgn

Sasaki Another Face of Solitons



Deformation Methods

Darboux Transformations 2

Repeating M times:

HM) €3y 292 log|W[e1, @2, .- ., pm](x)
def W[<,0174P27--~780M71/1](X)
w(M) X = Y
( ) W[(p17§027"'a(pl\/7](x)
(;OJ(M)(X) dZSf W[‘Pla‘P27 .. '7¢j7 R 780M](X)
J Wip1, 92, .-, pm](x)

HMYM () = £9M (), HMEM ) = &M 00 (=1.2..... M)

)

(G=1,2,...,M),

@; means that ¢; is removed from the Wronskian
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Deformation Methods

Abraham-Moses Transformations '80

notation:
(.61 [ dr()elr) = (g 1100 1. 8)() = F()e ()
(f.6)(-0) =0, (f.g)(+oc) = (1.8) T [ f(gx)ax

—0o0
use ¢1 for adding/deleting one bound state

H — HD(x )defH 202 log(e1 £ (p1,¢1)), e >0,

(1) def Y1 1, 1) _ g (1)
SO N ¢ SN VO Qe
©1 1 e i <S017§01> Y1 1¥1

= O Lyl oy, HOPD = gy
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Deformation Methods

Abraham-Moses Transformations 2

Repeating M times:

M)(x) = H — 202 log det (Fu),

pM =y 5 Z i (Fa'); o), HMpM = (M)

Jj,I=1

M
I\/I — M 5 M .
=1

Fum: M x M symmetric & positive definite matrix defined by:

def > 0 arbitrary  add )
(Fm)jt = €6£(pj, 1), €9 def LG l=1,...,M)
= (¢j,pj)  delete
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Reflectionless Potential

Properties of the Reflectionless Potential

Un(x) = =202 log un(x) < 0, always negative

5 Cje*(kﬂrkl)x 5
de G+ 98 7 ) velocity h ok
up(x) 15{%’%,\/ i1+ P , velocity oc depth o k;

-2
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Reflectionless Potential

Properties of the Reflectionless Potential 2

at a complex simple zero of up(x), un(x) = (x — xo)r(x),
r(xo) # 0:

U(x) = + regular terms,

(x — x0)?
regular singularity with characteristic exponents 2,-1

= monodromy free apparent singularities

generic solutions of Schrodinger equations with potential U(x) are
global solutions (everywhere monodromy free)
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Reflectionless Potential

Scattering Problem

U(x) — 0 at x — *o0,
Hw(x) = K9u(x), k €R,  th(x) — e, x — o0,
normalise at x — +00:
Yr(x) — eikx, X — +00,

then ' '
Vr(x) — A(k)e™ + B(k)e ™ x — —o0,

B(k)/A(k): Reflection amplitude, 1/A(k): Transmission amplitude
If B(k)/A(k) = 0: Reflectionless
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Reflectionless Potential

Another Derivation of Reflectionless Potential
@ start from trivial potential U=0: 0 < k; < --- < ky

def —kix i—
Hyj(x) = —kf%(x), Pi(x) = el *+tcle x (—1) 1cf >0
e multiple Darboux tr. on terms of {v;(x)}

Un(x) = —202 log W[es. ... ] (x),
N

WEes, ..., e"¥](x) = [T(aj — an) - €52~

j>1

W1, ... .¥n](x) >0
e all positive k; = H(kf — kj) >0,

J>1
e all but one k; are positive, CJ/H(—/(J — ki) >0,
j>1
e all but two k;j,, kj, are positive, ..., ® ...
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Reflectionless Potential

Another Derivation of Reflectionless Potential 2

o reflectionless

ikx W[wl, L UN, eikx](X) N Hszl(’k — kj) Celk 400
W[qu)l’ T 7’(7ZJN](X) Hj\lzl(’k + kJ) . eikx X — —00

@ N eigenfunctions

W[er, - - - MZJ.,... L] (x)
W[wla'” ﬂ/’N](X) ’

@ similar derivation by Matveev-Salle “"Darboux transformations
and solitons,” without the eigenfunctions
1(x) = cosh ki(x — x1), P2(x) = sinh ko(x — x2),
3(x) = cosh k3(x — x3), Ya(x) = sinh ka(x — xa)...,
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Reflectionless Potential

N-Eigenfunctions: Kay-Moses '56

def Unj(X) _py o def , .
onj(x) = UAIIV’J(i))e ¥, ing(x) € det Anj(x), j=1,...,N,
~ def ki — km Cmei(kark")X
Anj mn — O9mn ]
A0 = Omn ™ e T

, mn=1...,N.

Uy j(x) is obtained from upy(x) by the replacement
Unj(x): cm — cm X (ki — km)/(kj + km), m=1,...,N.

e asymptotic behaviours x — +o00 uy(x) — 1, Iy j(x) — 1
—23°N ) kix+2kix

x — —00 uy(x) —ox e72 iy kax, Iy j(x) —oc e
+ij

X — 400 oy j(x) — e, x — —o0 by j(x) — e
e ¢n j(x) has N — j zeros, ¢ n: ground state without zero
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Reflectionless Potential

N-soliton to N-1 soliton

e use ¢y n(x) in Darboux transformation

U (x) = Un(x) — 225 log éw,n(x)
= —292 log up(x) — 202 log iy, n(x)e > Jun(x))
= —23)% Iog ITINVN(X)

em — D E e X (ky — k) /(kn + k),  m=1,...,N—1.
e ¢y dependence wiped out
e use ¢y j(x), j < N in Darboux transformation

U (x) = Un(x) — 202 log éw,j(x)
= —202log nj(x), singular potential
em — ) e x (ki — km)/ (ki + k), m=1,...,N
e ¢; dependence wiped out
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Reflectionless Potential

N-soliton to N-M soliton

o use {On.dys-- -, PN,dy} in multiple Darboux transformations,
. def
M(x) = —202log in.p(x), DL {di,...,du}
~ def f
UN,D(X) . C,(nM) £ H kd -+ km)
=1

Wronskian identity: B M x
WI[dn,dys - -+ ON,dy](X) o Tiyp(x)e =174 Jup(x),

e rather non-trivial since
Wlafr, ..., afm](x) = a¥WIf, ..., fu](x), meaning

M
Wi, gy e %, .., T, e (x) o un()M i p(x)e” 27 K9
e positivity of Ty p(x) guaranteed if D satisfies
M
H(dj - ) > 07 m = 1, R N
Jj=1
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Reflectionless Potential

Multiple Abraham-Moses Transformations

Y B ) e 0

2 (N Wy ,j(x) e~ 2k~
NJ(X) - 8X < UN(X) 2k_] )

nj,1(x) . e lhthx S (x) = T
< un(x) ki + K s N (x) = (),
(ki — k m)? ; ki — km k/ Kkm
(ki + k)27 NI K+ km ki + km

dnj(xX)on,i(x) = =0«

WN,J'(X) ©Cm — CmX ( ) Cm — CmX
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Reflectionless Potential

N—N-1 soliton by Abraham-Moses Transformations

Un(x) — U (x) = ~202 og un(x) ~ 202105 | 6, (v)dy
= —202 log Wi j().
e N—N-M soliton by Multiple Abraham-Moses Transformations

Un(x) — UM (x) = =202 log v p(x),
M

W (%)t cm — cm % | [ (ka = km)?/ (K, + km)?.
j=1
Determinant identity:
o w, X) oM oy
der  [Conaonatey) o B
x 1<j,I<M un(x)
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