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As [M, M] C [A, A|l=M, [M, M] is a Lie ideal of A. As sl(n,C), n > 1, are simple
Lie algebras, we see M/[M, M| = C. The projection M — M/[M, M] is given by
taking the trace. We have a Lie algebra extension of

0—C— A/M,M]—=C[z, 2] =0,

where C[271, 2] is viewed as abelian Lie algebra.
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0—C— CoAy— C[z71,2] = 0.
Hence C®Ay is a central extension of the (abelian) Lie algebra C[z71, z].

Ay 0000 A 000000 Weyl algebra.
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This is equivalent with u"*%5go=0.

SU2)-vacuum OO0 00000000000

Generic 00000 SU(2) 0 one parameter subgroup 0 0 glg € s200o0o0o0ood
ooo
o alternating 27-periodic a < b <0
:eitﬁ(ug’uw:}{: 2m-periodic a<0<b
alternating 2m-periodic 0 <a <b
ooooooo.

a<O<bUO00O0O0D0OOO0DOOO0.000000DOO0OO0OOO
000000000000000000000000000000000000000, 0000000000000
oooooooo.



Configuration space 1 0 000000000000 DOOODOOOOODOODOOO. OOO
000000000 DO00ooooDO WeylOODODDOODOOO.

(A): Schrodinger 0 00000000 OO0O

1 2m ) l op— L
s < 0, WQQI—/ €(S+Zt)m(u ° Q)dt,
0

*
T

(GenericO O O)

Cauchy UODOODOODO wee D sODODOODOOO,0000000O

TWo*Woo=T00-

vxtog=0, wxwgyx = 2U: 000 K
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As any automorphism ) : ./2(0 — .»2(0 leaves Z invariant, ¢ must cause an isomor-
phism of C[z, 27!], that is, a holomorphic mapping of C \ {0} onto itself leaving
C[z71, 2] invariant. This is not a Mobius transformation. On the other hand, any

derivation D : Ay — Ay satisfies
D[|X,Y||=[|DX,Y|]+[|X,DY|] and hence DI CZ,

D yields a derivation/complex vector field D on C[z',z]. Note that z"*19, is
a derivation of C[z™!,2]. The integral curve 1;(z) starting at z is given by the
differential equation

d
%W(Z):Wt(z))nﬂj Yo(2)=2.
But the solution is

z
)= —— (n>1), =zé, (n=0), ="V zlPl—n-1¢, (n < —1).
wt( ) m ( = ) ( ) ( — )
These are not in the group Aut(C\{0}), except the case n = 0. Exponential
functions have multivalued nature in general just like x-exponential functions of
quadratic forms. It is natural to expect that the Lie algebra of all derivations

on Ay generate a blurred covering group of Aut(C\{0}), which is known to be
R+X27TiZ.

It is sometimes convenient to introduce the formal sum J(z)

(1) J(z):Zﬂnz_"_l, Up=Res,—oz" J(2).
We see X )
17), Twl|=20u 32(0) = 0- 3,

To treat “functions” such as residues, it is convenient to use the notion of formal
distributions. This is the notion based on the calculations of residues by regarding
Laurent polynomials as “test functions”. Formal distributions are used extensively
in conformal field theory. Lie bracket in Proposition ?? may be characterized by

Res(f(2)g(2)), or 5= [s(e™?) em?df.

Let Lo= — 13, oy @t goliy where Xo¥V=1(XeY+YX). Then [|Lq, iy,

Hence Ly : Ay — Ay is a derivation corresponding to zd,. Similarly, for every
n € 7, let

1 . .
(2) Ln: - 5 § Up—koUk,
kEZ

Jo=m Ty

Then, we see

(| Ly U ||=mUiny | L—ny U || =M, e.t.c.
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Hence L,, n€Z, are derivations on .,21/0 corresponding naturally to z"*t10,. It is
easy to see that

[ Les [| L, G 1[]=[ Lty [| Lo, G |][] =[] (k=€) L, G-

Hence {ad(L,);n€Z} is a representation of the Lie algebra C[z, 27|, of all Lau-
rent polynomial vector fields.
However, note that

1 A . . 1 . NP
Ln'L—n_L—n'Ln =7 Z(u—kouk+n>'(u—(€+n)°u€> I Z(u—(f-i-n)"u )'(u—kouk—‘rn)

4 4
k.l k.l
1 n—1 n—1 1

=2nLo—; > (n=k)a_get=2nLo— Y Sk — k).

k=1 k=1

Thus,
1
(3) [|L,, L_nH.:ZnLo—I—E(n—l)n(n—l—l).

It is easy to see that if n+m=0, then [| Ly, Ly |Je=(n — m) Lyim.

This implies that L,, n € Z, generates a Lie algebra which is nontrivial central
extension of C[z, 271]0,. C[z, 2710, is called the Witt Lie algebra in the conformal
field theory. Denoting C[z, 2710, by g for simplicity, any central extension of g is
caused by a Chevalley 2-cocycle w, i.e. skew-symmetric bilinar form w : gxg — C
such that dw=0, that is,

S WXLV, Z)=0, X, Y)=1X, V4w (X, V).

cyclic
The Chevalley 2-cohomology group of the Witt Lie algebra is known to be 1
dimensional. The standard one is known as the Virasoro Lie algebra given by

c
(4) [L,, Lm]:(n—m)Ln+m+ﬁn(n2—1)5n+m70.
Denote this Lie algebra by Vir(c). Note here that there is no obstruction to restrict

our system to the real coefficients.
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