Heisenberg algebra [ U [ O [ 00 00

Weyl algebra (Ws,,[h]; %) over C
u:(ul, s U, U1,y 0 ,’Um>, [ui, Uj] = —z'h&-j, where A > 0.

Heisenberg algebra (H,,,[v]; *) over C

u=(U1, -+, U, V1, ,Up), Wi, v;| = —ivd;;, v € center.
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100000 000000E, : Honlr] — Homlr,v!]
E(v) = v, Ef(w)=cu, E(v)=cv, i=1,...,m, tecR

E, 00000 E; : Hoplv, v — Hom|v, v
000 Weyl algebra Wa,, [l 0000000000

0000000 D=4E,

oooo,
0

t=
D(v)=2v, D(w)=w, D(v)=uv, i=1,...,m.
Suppose D is given by (virtual) Hamiltonian 7:

1 1
D=—-ad(-7).
I/a (ZT)

7 O Heisenberg algebra Ha[v, v ] 00 0000000000000
liT,v] = =207, [iT,u] = —vku;, i=1,...,2m. (1)

00 [v!,7]=2000000
O0 system OOOOO0OOOOOO0ODOOODOODOOO Deformation quantization 0 0O 0O 0O O
O0000-0000000000000 (ODOoO)oooo0ooO

E-000000000 A0D000D0O0D0O00DO0DODOOO.

0000000000000000000000000000 §2m1={X" (u2+v)=1}000
0000000000000000000000000000000000

O00000 Ep=ep0000000000000000O00O0
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e'", t € R one parameter group of unitary operators 0 0 O O
At e’”*y Lxe "™ satisfies the equation

d . -
aAt:ad(ZT)At, A():l/ 1

0000 pir=200000,

el s Ve =0Ty~ =L op— L (14-20t).

*

D00y 42000000 D00 VteROOO. 000 4w self-adjoint D00 0.

00 2=, (u2+0?) 0000000000000
[T, p2xv 7 |=0 Do0 D00 [, p?xr 1+ p22i=0,

lit, p2)=2vxp2,  [iT, [iT, p2]]=0,
alsislsislsls

zsr
*

s
000000 elmsp2se; T=(142ut)*p?2.

00000000 pg 2%elTxp2=(14+2vs)el*".
ie. Ad(p™>) 0000 (14+2ws), Vs, 0000000 €27, Vs, 0000

pixe; “T=ad(it)e Tk pxe,
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00, Deformation Quantization D00 (0O 0) Theory D000, 0000000000000
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00000000 We,[hlOODODODO We,[h-0000000.

V> (vi40?) D0 000000000000 000D000000DO0O000OOO0O00D0OO
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1 p-regulated algebra

(A;%x) 00 OO0 OO withloverC. AD 000000000,
du € A, called a requlator, and (A, ) satisfies the following:

(A1) [, A] C prAsp.
(A.2) [AJA] c pxA. (A0 modulo pO000.)
(A.3) 3B (00000) such that A=B@pxA (0000 ).

(A4) OO0 a— pxa, a = axp 0 px: A — px A, s A— A« 0000000

By the properties (A.3), (A.4), A is decomposed for every N into
A=B@®uxB® - & p"'«B@pxA. (3)

We set A== pF*A. Then, u & A=°.
k
goooooooooooodoooooooooooo

Va,b€ BOOOO, (3)0000
k
ax*b Zkgo” * m(a,b), m(a,b) € B. (4)
mo(a,b) = b0 0000000000, m 000000 7; O biderivation B x B — BOOO.
71 (a,b)={a,b} 0 0 00O Poisson bracket product 0 O O .
The property (A.4) permits us to join the inverse ! to the algebra A. By setting pxput=p"txu=1
and [p~t, al= — px[u, a]xpt, ad(ip™t) gives a derivation of A, and it is decomposed as
ad(ip~')(a) = &(a) + pxéi(a)+ - - +pF*&(a)+---, a€B (5)

where &, is a derivation of (B,-). Hence & is viewed as a vector field, which is called the 0 0 0O O
0 00O . The parameter of its integral curves is often viewed as the “time” in differential geometry.

Similarly, (A.2) shows that ad(a*u™!) is an outer derivation of A for every a€ A, and (A*xu=', [, ])
forms a Lie algebra over C containing (A, [, ]) as a Lie ideal. The quotient Lie algebra Axpu~'/A is
called the Jacobi algebra whose bracket product is given by

{f,9}e=1&(9)—g&(f)+{f 9}, f.9€B.
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U:(Ul,' oy Um, U1, 0 0 7U’2m):(ﬂ’76)'
VEKeSc(2m), we set A=K+J, J=[2 "]
000000 CR 00 +, 00000
i iin B koo .
f %, g = feih(zyum 8uj)g = Z QAH]L . .A’Mq]k@uil. . .3uikf 8uj1. . '8Ujkg7 (6)

K12k
k

h>0. K=000,000(6)0 Moyal 00 ODODO0ODOD.VKOODODODODODOOO

Oogdod
000000o0ooooooooooooo
d
E:ft:K::H*:K*K:ft:K7 for . =1.
1
:ei_h@’w:K:eﬁz@fﬂ@e%{ém

(€K, &)= — +(€(iK),€) 0D O Re(iK) positive def. (Siegel-class) 0000000000000,
000000000000Genericd KOOOOOODOOOODODOODOOO

1 0 t.l(au>
e
vh oo
L. nopp (eMmoooon).
1 /0 1 S,
- *
VY] s VI
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1.1 Abstract vacuums

u=(w,?), z=(2,9) 000000

Lieu— 1 1t
s (u—x): :/ :6iﬁ< o z>: — = () (u-r)
( ) R2m " vdet K
~ o~y ll @71]—:;:) e 1 _(,&_~) 1 t(,&_i)
6* U—I). — e*h — iKeeo
( )ik / m ® det 1 K..

)
(0 (D) %0, (@) ) (04 (D)0, (@) ) =04 (V)4 (w), (OO D)
(0. (D) %0, (w) )k A% (04 (0) %04 (1) ) =C0, (D) %0, (@)

a*x(8,(0)*6,(@))x0” 0000000000000

0000000000000000000000000 ad(p™!) O semi-bounded 000000
0000000000000 00. 000 weAO

wxw=w, wxAxw=Cxw. (7)

0000 abstract vacuum U 0O [0 .
w O abstract vacuum 0 wrgrw=A,w, Ay € C\{0} OO A, 'g*w O abstract vacuum.

It is remarkable that an abstract vacuum exists only in A~>°, i.e A non-formal .

Standard abstract vacuum. w D000 z;xw=0000 wxx,=00000000 AO0000O0
O000000. (000000000 called a pseudo-vacuum.)



1.2 Divisor OO OOOOOO0
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p=u; 00000000, 000000000AD0D0D0O0

O00 2)00000000 AO00Ox%,,::

' are omitted)

) 1 1 1 1 1
UKV, Ul *UL, Ul KU, 5 Uy ¥y, Upe ¥V, =« + 5 Upy KUy (8)

gogodoooooobbbbbooooooouooog:
K, T, ﬂk: /Dka k=2~m

ADODOODOO

,T)=24, (G, Oj]=pidi;, [T, Wl=pit;, [7,0;]=piv;, all others 0.
Jooooooooooooog....

Proposition 1.1 [0 0 0O 0O O abstract vacuuwm OO0 0000000 O0OO0OO

Proof. Suppose there is a standard abstract vacuum w in @ € Hap[p, ur, 7). It follows w*u;=0 or

uyxww=0. Hence we have %w*ei“l*w:O and hence w*e"' xw=w. Now recall the formula

0
-1 —-1__ L pSUL .
Uy, UL, —/ 2s:e5":  ds.
— 0o
Using this we have
0 0
OHRUL *UT ¥ TT=TT */ 2sei“1*wds:/ 2swxel " xwds=o0ow.
—00 —00
It follows w*pusw=o00w. O
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1.3 Heisenberg algebra embedded in Weyl algebra
OO0 A0D0O00DOO0O0DOODODOODOODOOO
Loy T1y s Tmy Yo, Y15, Ym (9)

Weyl algebra (Wapialh], %), [z:,y;] = —ihé,; 00000000000 (£4(C*™2 %) 0000
Heisenberg algebra H,,,[v| 000000000

000000 »0000 e 000. 00000 eYoxeto=el"v,
p=hxes» 000. 00000 K-0O0OOOOO

hxe;20x 1 £, (C*™+2) — &, (C*™F2)

gboobooogno.
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a 1, _ _ . _ . _ .
p=he, %, = 5(6* 2Wokgotzoke, 0), U = e, Pxx;, U= e Pxy;, i=1~m.

00000000 Hpwlp, 7] 000,

[e;20 2] = —2ihe, 0= — 2ip, T = e, ¥*(xo+ih)=(xo—ih)xe, 20

*

0000000
[roul = 2ipd, [ @)=0,  [u,0)=0, [r, @] = pixts, [r,0,] = pixt;, [, 0] = —ipdy;. (10

Theorem 1.1 Hy,, (1] is isomorphic to the subalgebra of Hom [11, ] where p corresponds to he %,
and (e 0xxo+zoxe, 200) is its canonical conjugate.

Hom|p, 7] O (A1)~(A4) 00000 0000O0O0O00O0O0M

O000O Abstract vacuums OO0 OO0 00O

Let m m
%(Lo):wOQ*%(L):wOo* H *’ZD()()(]{?), %(ZO):ﬁgo*ﬁ(L):ﬁoo* H *wOo(k’), (11)
k=1 k=1
Lo . L g0 .
where wgo(k)=lim;_, ei”" g yk, o= limy_,o0 etéeim "% These have properties as follows:

yk*&<L0):07 (kZONm)v IO*&<EO):0:&(ZU>*yO7 yk*%(zo)zov (klem)'



2 ¢ GrOonOonnn

DDDDDDDDDDDDDDDDDDDDDDDDDDDeff”:l,effTDDDDDDDDDD ooo
0000 ooooooooood
p=he; 20, and T=3 (e, 20 xxo+zoke, 20 )=e, *ox(zo+ik) 0 100000,

1
M_I*T:ﬁ (xo+ih),

- itE (wo+ih)
e T=e,

1 itle*
€x

Siegel-class K [, :e2%0: =Ce* 0000 =

1 29

:eitﬁe* :K:/ eitce%ozé*(f’o—yo)%dyo
R
0000000 (@oo0o0o0,000000ooooo0oooooooooo0oon.)
Tio=e Mgy,  moxe o= W0k (10+2ih)

«0000 wele et gg e ™oty p. gpoo. 0000

s
d ) .
d—Ft::(ze* Vos(xot+ih)): o Fy, Fo=:F:,
o (12)
EFt:Ft*K:(ie;2y°*(xo+ih)):K, Fy=:F"
0000 Hermitian OO OO OOUOO0OO0OO0OoOoOOoOoOOOO
O00000000000000 F,=F(x,y)0OOOODODDODOOOOOOOO Weyl (K=0)-
00 (i,e, Moyal 00 0)000000000O0O0O0OO

K=0 (Weyl ordered expression) 0000, ::n00 % 00O

K*

(wo+ih)*oFy(z0, yo)=(xo+ih) Fi(zo, yo)—gayoFt(JCo’ o),

and
6—2?/0 *0 f('TOv yO) = €_2yof(x0_ih7 y0)7
(12) 00000000

d _— , h .
%Ft(xoyyo) = ie W xoFy(zo—ih, yo) + 2 200, Fi(zo—ih, o),  Fo=Fo(zo, o) (13)

Putting F}(zo, yo) = Gi(xo, yo) e M0 the equation (13) becomes

d h . — = (zo+1
%Gt(ﬂﬁo,yo) = 56_4908%@(930—%, vo), Go= Fo(zo,y0)e i (@otif)yo, (14)

(14) is not a differential equation, but a differential-difference equation.
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Fourier transform expressions 000000 a(t,&,y) 0000

o)

Gt(mO,yO):/ alt, €, yo)e’* e, Go(xo;fyo):/ a(0,&, yo)e'* ™ dE

— 00

O000. Gy(xo—ih,yo) must be viewed as the shift of £

Gi(zo—ih, yo) = / a(t, &, yo)e w0 Mae = / al(t, €, yo)e e,

h _,
(e*hfat—geﬂlyoayo)a(t,E,yo) =0 (15)
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(15) shows that a(t, &, yo) is constant along the real vector field e™"¢0, — Ze=0 9, on the (yo, t)-
surface.
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alt, € yo) = G(€, 2ht+e™" ™), a(0,€,y0) = G(€, e

by using a function ¢(&,n) on R? st. f(€) = ¢(&, 2ht+e et) is a
tempered distribution.

00 —2ht =M pO0O0000000000000000O00O0
0000t=0000000000000000.



Graphs of —2ht =

//

pear on the line t =0

deta on the line t = 0 is

/ used only on the right hand side
_—

The line t =0
Yo
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0.

The adjoint operator Ad(e’!™)F = e!'"xFxe; "™ is defined only for ¢t > 0
by using

ex(elttxF), >0,

*
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000000000000000000 WeylOOOOOO

woo=2¢e 0N yoxtoe=0.

T o2 T0U0 _ ) 0 2 2ht > 1
0 e—2(¢=¢) f(;(f’)eiéwodg eir@otihyo okt « 1
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L tT, 72,—1}1:1303,/0 _ 0 2ht Z 1
G 0R0E T T 656 [ 5(¢N)etmode e otiv opy < 1

2ht > 1

0
itT
€, *TWoo= —i291log(1—2At
. { L ex ( )*WOO 2ht<1.
V1-2ht
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Homlp][7] C E(C*2) 000, &C ) 0000000, 000
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ooooon0
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0od
o xg(u)xe, T (L)=(s+1)p(u)xe, x5 (L)
o 1 or o~
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s
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J0oddobood energy0 00000000 0O0OOO0O.
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