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1 S-Matrix

¢out:ST¢inS7 STS:SST:]_

o™, ¢°"  Asymptotic Fields, (describing Free Particles.)
(World of Special Relativity)

|out, a) = S| in, o)
Sup = {in.afout, ) = (in,a|S]in. )
{|in,a) } < Fock Space

(Note: ¢ = h =1, Pauli metric; e.g. T.4.. =1iT.9...)

2 Massless Particles (k% = k?)

One-Body Amplitude ¢Egi)(k:) € Unitary Irrep. of Poincaré Group

S =0, +1/2, +1, £3/2, - --

S20 ~ Tgf}tlt polarization
e
positive
(£) ~ ko220 ~ frequency
negative
ie.,

koos” (k) = £|k|oS (k)

Inner Product within an Irrep Space:

Bk,
(xlo) = IR (k)o(k)

(1.1)

(2.1)

(2.2)



1. Displacement: (b,)

I j—
T, =T, b,

¢/gi)(k) _ ei(kbﬂk\bo)(bgi)(k)

2. (Infinitesimal) Space Rotation: (6 = (6, 65, 63))

where

Note:

=x+xx0, Ty = To

i || + ks
1 0 ko
J2—;("’Xa—k>2+ e

J3=1<k><§k)3+s

(2.3)

(2.4)



3. (Infinitesimal) Lorentz Boost: (7 = (71, 72, 73))

T =x — T, Ty=To— T T

k)= (1 +iK -71) 657 (k)

)
10 s
Ky = —ko( == —
! 0(1% |k|(|k:|+l<:3)s)
10 ey
Ko = — -
? k‘)(i ks TkI([k] +k3>5)
10
Ky = ——ko——
\ 3 1 081{:3

3 Covariant Amplitudes for n = 2|S| > 1

Case for |S| =1/2

(+)
oy = (DFE) o ow =
0 (k)

0
PHK) = ( )
¢ 1po(k)

ef(k) = " (k) + ") (k)

o' (k) = "M (k) + ") (k)
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(2.6)

(2.7)



kow" (k) = [k|os " (k). koo (k) = —|kl|osp” (k)

Using the unitary matrix

Uk) - ! (1] + Es + i(onks — ool )}

Vv 2[K[ (k| + ks)

we define

V() = k| U (k)™ (k).
Then

kot (k) = (+/ =)kt " (k)
and

1. Displacemen:

' L) = et ()
2. Space Rotation:
W P (k) = (1 + %0 : a>¢R/L(k —kx6)
3. Lorentz Boost:

Y = (L4 (=/4) 57 0 )k + o)

(3.1)

(3.2)

(3.3)

(3.4)

(3.6)

(3.7)



Case for |S| =n/2

pl’ p2’

s Pn=1,2
(r=pp=-=pp=1)
( otherwise)
(pr=p2="-+=pp=2)
( otherwise)
(pr=p2=-=pn=2)
( otherwise)
(pr=pa=-"=p,=1)

( otherwise)

o5 (k) = (Y ) + o1 (k)

)n

kop () (k) = (+/-)|klo e

R (k).

n

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)



Then for
R/L ’k|n/2HU R/L )
we obtain

kot !y (k) = (+/—)ka DT (k). (i=1,2,-+,n)
together with the followings:

1. Displacement

W (k) = et ()

2. Space Rotation
JRIL 1y _ i .n @)\, R/L
) = (1456 ;_1:0 )i/} (k— & x 6)

3. Lorentz Boost

T- a("))wR/L (k + Tko)

w ) = (14 (/)5

r-Representation:

w1 dk
dj?)Ln(‘x) o (2 )3/2 \/_’k:’

etumup ¥ (k) S

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



Equations of Motion:

(5 + (H/0OV )t @) =0, =12, m)

or equivalently

l\DI»—t

o150
where

{7#7 '711} - 26#1/7 V5 = Y17Y27Y3V4-

Note:

G (@) = 0P (k) e o (B) = oE)(R), 6P, (k)

Example: (case for n = 2)

1
R/L F[I/j'/] (2) = Flu(2) + §€W/\PF[AP}(QC)7
w(pIPQ ( ) A 1
Fa (@) = Fyui (%) = SeunpFing (7)

O F )y =0

(]

(—=/+)7s)9 }@bf/fn(x) =0, (i=1,2,--,n)

(3.21)

(3.22)

(3.23)



4 Quantized Fields

+ + nes S (+
oCn(k), o) (k) = ¢Uh(k), 65, (k)
Poincaré Invariant Nonvanishing Commutators:

65 k), SR, =[5 (k), 65 (K., = [KI6*(k — &),

e= (=)

~

W&pz...pn)(ﬂv), ngjllplzp%)(gj/)]en — O,
R 7 RY
W(ﬂ1pz-~~pn)(x)’ 2/’(p/lpfz...p%)($/)]en

sn+1 n ‘
=L S - 99, D= o)

\ " r€s, j=1
and
- . B
[Y1020m) (@) Yoty (T )]en = 0,
L ~Lt
[w(plpg...pn)(m)a @D(p’lpé.-.pgb)(:ﬂ/)]en
n+1 n )
= ! Z H[at - (U(])V)]p-p’ D(x —a')
\ n: TES, j=1 I
where
i .
D(z) = — L / d*ke*e(ko)o(k* — k2).

(vanishing for space-like z)

(4.1)

(4.2)

(4.3)



5 Local Observables:
Q= /d3az Q(x) + const

Q(z), Q'(z')] =0 (for spacelike (x — ')
Especially, for massless free particles

gauge-independent

~

Q(x); ) )
bilinear in 8”@[15_{ )Ln (x) and 8’7/1&5( fj(x)
Hence
~ / “R/L 1A R/L
Qx) ~ Do i, O (@) 0T (@),
(P)n (P )nsm+n'=N
where
C?g)ln,(P,)n . dimensionless consts.,
(p)n = (plaan ) Pn),
(P)n = (P, P -+ 5 o)
Note:
_ “R/L —(n
(D@)]=L7 = [§x)] =L
Thus

[Q(x)] = L™ +24N) — - CIS+24N)

(5.4)

(5.5)



1. Energy-Momentum Density Pf (x)

P, = /d3w P/f(:c)

A3k - R ar n
= [ Ty hu(98” 1657 (k) = 957 (k)05 ().
PS@) =Lt = |S|=1- g

Cases |S| > 3/2 are not allowed.

2. Noether Charge Density p°(z)

Similarly,

Cases |S| > 1 are not allowed.

\
GRAVITON (neutral, massless, spin 2): ~ NON-EXISTENT 7!

U
Then what happens !

4

10

(5.9)

(5.10)



Basic Assumptions

S-Matrix Theory
!

Existence of Asymptotic World (AW)
Described by Free Particles

!

Free Quantum Fields

!
Local Observables in AW

A plausible answer to the problem would be

CONFINEMENT OF GRAVITONS
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