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Introdu
tionPetr Ho�rava, �Quantum Gravity at a Lifshitz Point�Phys.Rev.D79:084008,2009, arXiv:0901.3775 [hep-th℄A 
andidate of quantum �eld theory of gravity whi
h is power-
ountingrenormalizable.Anisotropy between spa
e and time (expli
it breaking of 
ovarian
e).At long distan
es, the Lorentz symmetry 
ould be re
overed.Problem: the existen
e of extra s
alar mode violating the Newton law.� �Today's talk: A Proposal of 
ovariant and power-
ounting renormalizablemodel of gravity, where only massless graviton propagates.� �
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Brief review on Ho�rava gravity

Einstein's general relativity:non-renormalizable as a quantum �eld theoryIn the �at ba
kground: g�� = ��� + �h�� (�: gravitational 
oupling)

S = 12�2 Z d4xp�gR

= Z d4xh�12�h�h+ �h�h�h + �2h2�h�h+ � � �

+�nhn�h�h+ � � � iThe dimension of � : [L℄ (L: length)) non-renormalizable
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If the propagator 1=p2 ! 1=p4; 1=p6; � � � (p�: four momentum)) UV behavior 
ould be improved.) higher derivative theoryunitarity 
ould be broken in general, due the higher derivative withrespe
t to tHo�rava's idea:anisotropi
 treatment between spa
e and timehigher derivative theory with respe
t to only spa
ial 
oordinates(p: spa
ial momentum).1=p2! 1=p4, 1=p6, � � � , (jpj ! 1)Anisotropy: Under the s
ale transformation with a 
onstant b,x! bx, t! bzt, (z = 2; 3; � � � )
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ADM de
ompositionMetri
ds2 = �N2dt2 + g(3)ij �dxi +N idt� �dxj +N jdt� ; (i = 1; 2; 3)t = t0 + dtt = t0
x: 
onstant

6-NdtN idt

N : lapse variableN i : shift variable

Z d4xp�gR ) Z d3xdtNqg(3) �KijKij �K2 +R(3)�

Extrinsi
 
urvature :Kij = 12N ( _gij �riNj �rjNi) ; K = Kii
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A
tion of Ho�rava gravity: kineti
 term + �potential�Kineti
 term (in
luding the derivatives with respe
t to time� (�t)2)SK = 2�2 Z dt d3xpgN �KijKij � �K2� ; � : parameterSymmetry: spa
ial diffeomorphism
 temporal diffeomorphismÆxi = �i(t;x); Æt = f(t)Dimension of time t : [Lz ℄ (L: length)ds2 = �N2dt2 + � � � ) [N ℄ = [L1�z ℄In perturbation theory, gauge �xing : N = N0Effe
tive 
oupling 
onstant: 1=�2e� = N0=�2, [�2e� ℄ = [L3�z℄When z = 3, �e� : dimensionless) power 
ounting renormalizableCovariant power-
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�Potential� (not in
luding the derivatives with respe
t to time)Generalized De Witt �metri
 on the spa
e of metri
s�Gijk` = 12 �gikgj` + gi`gjk�� �gijgk`Potential with �detailed balan
e�SV = �28 Z dt d3xpgN EijGijk`Ek` pgEij = ÆW [gk`℄Ægijz = 2 model � � � (�t)2 $ ��2x�2W = 1�2W Z d3xpg(R� 2�W )) SV = �28�4W Z dt d3xpgN �Rij � 12Rgij +�W gij�Gijk` �Rk` � 12Rgk` + �W gk`�
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z = 3 model � � � (�t)2 $ ��3x�2W = 1w2 Z� !3(�) w2 : dimensionless 
oupling!3(�) : gravitational Chern-Simons term!3(�) = Tr�� ^ d� + 23� ^ � ^ �� � "ijk ��mi`�j�`km + 23�ni`�`jm�mkn� d3x)S = Z dt d3xpg N � 2�2 �KijKij � �K2�� �22w4CijCij�= Z dt d3xpg N � 2�2 �KijKij � �K2�� �22w4 �riRjkriRjk �riRjkrjRik � 18riRriR��Cotton tensor : Cij = "ik`rk �Rj` � 14RÆj`�
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Problems on Ho�rava gravity

Symmetry: spa
ial diffeomorphism 
 temporal diffeomorphismÆxi = � i(t;x); Æt = f(t)Proje
tability 
ondition : AssumeN = N(t) from the beginningDegrees of freedom of Ho�rava gravity 6= Degrees of freedom of Einstein gravity) does not reprodu
e general relativity even in the low energy regionC. Charmousis, G. Niz, A. Padilla, P.M. Saf�n,�Strong 
oupling in Horava gravity� arXiv:0905.2579Miao Li, Yi Pang, �A Trouble with Ho�rava-Lifshitz Gravity�, arXiv:0905.2751D. Blas, O. Pujolas, S. Sibiryakov,�Consistent Extension of Horava Gravity� arXiv:0909.3525et
.

Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.9/37



Covariant ModelCorre
t degrees of freedom, Covarian
e (full diffeomorphism invarian
e)) Proposal of 
ovariant and renormalizable models:S.N., S.D. Odintsov,+ J. KlusonarXiv:0905.4213 [hep-th℄; arXiv:1004.3613 [hep-th℄; arXiv:1007.4856 [hep-th℄;arXiv:1104.4286 [hep-th℄
.f. P. Ho�rava, C.M. Melby-Thompson,�General Covarian
e in Quantum Gravity at a Lifshitz Point�,Phys.Rev. D82 (2010) 064027, arXiv:1007.2410 [hep-th℄Idea:Spontaneous breakdown of Lorentz symmetry: ��� 6= 0The breakdown( 
onstraint� St¨u
kelberg formulation of massive ve
tor �eldCovariant power-
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St¨u
kelberg formulation of massive ve
tor �eld

Lagrangian L = �14 (��A� � ��A�) (��A� � ��A�)�12m2 (��'�A�) (��'�A�)Gauge symmetry A� ! A� + ��� ; '! '+ �Gauge �xing 
ondition: ' = 0) massive ve
tor �eldL = �14 (��A� � ��A�) (��A� � ��A�)� 12m2A�A�the variation of ') physi
al state 
ondition
Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.11/37



By using 
onstrained 
omplex s
alar �eld � (��� = 1)L = �14 (��A� � ��A�) (��A� � ��A�)�12m2 f(�� � iA�) ��g f(�� + iA�) �g � = ei'whi
h is obtained from the double-well potential for 
omplex s
alar �eld � :V = 14M2 (��� � 1)2 � = �ei'In the limit ofM !1 (�! 1)By repla
ing � : non-trivial representation of U(1)! 
onstained ve
tor �eld ��� or A�) spontaneous breakdown of Lorentz symmetryCovariant power-
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Models (two kinds of models):S2n+2 = Z d4xp�g � R2�2 � � f(������r�r� � ������r�r�)n�P �� P �� �R�� � 12U0 ���r�r�r������(������r�r� � ������r�r�)n P��P�� �R�� � 12U0 ���r�r�r�������12������+ U0�� ;for z = 2n+ 2 model (n = 0; 1; 2; � � � )�: Lagrange multiplier �eldU0: 
onstantP �� : proje
tion operator P �� � Æ �� + ������2U0
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S2n+3 = Z d4xp�g � R2�2 � � f(������r�r� � ������r�r�)n�P �� P �� �R�� � 12U0 ���r�r�r������(������r�r� � ������r�r�)n+1 P��P�� �R�� � 12U0 ���r�r�r�������12������+ U0�� :for z = 2n+ 3 model (n = 0; 1; 2; � � � )
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�: Lagrange multiplier �eld) 
onstraint : 12������+ U0 = 0 ) (���) : time-likeLo
ally, one 
an 
hoose the dire
tion of time to be parallel to (���)12 �d�dt�2 = U0Spa
ial region : � =
onstant hypersurfa
e (equipotential surfa
e)

��* ��*(���)
� =
onstant

Spontaneous breakdown ofLorentz symmetry
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The a
tions admit a �at spa
e va
uum solution.Field equations:0 = 12�2 �R�� � 12g��R�+Ghigher�� ��2������+�2 g�� �12������+ U0� :Assuming the �at va
uum solution,0 = ������� :) � = 0.) Flat spa
e va
uum solution with � = 0.
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Perturbation from the �at ba
kground

Diffeomorphism invarian
e with respe
t to time 
oordinate) � =p2U0t (unitary) gauge 
ondition :Perturbation from �at ba
kground: g�� = ��� + h��P �i P �j R�� = 12 �h�i;j� + h�j;i� � ����hij; � �i�j �h �� �� ;12U0P �i P �j ���r�r�r�� = �12 (hti;jt + htj;it � hij;tt) ;������r�r� + 2U0r�r� = 2U0�k�k ;P �i P �j �R�� � 12U0 ���r�r�r���= 12 �h kki;j + h kkj;i � h kij;k � �i�j �h �� �� :Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.17/37



S2n+2 ! Z d4x �� 18�2 n�2htt �Æij�k�k � �i�j�hij+2hti �Æij�k�k � �i�j�htj + hti �2Æjk�i � Æik�j � Æij�k� �thjk+hij ��ÆijÆkl � 12 ÆikÆjl � 12 ÆilÆjk����2t + �k�k��Æij�k�l � Ækl�i�j + 12 �Æik�j�l + Æil�j�k + Æjk�i�l + Æjl�i�k��hkl��22n�2�U2n0 n��k�k�n �h kki;j + h kkj;i � h kij;k � �i�j �h �� ��o�n��k�k�n �h i jkk ; + h j ikk ; � hij k;k � �i�j �h �� ��o+ U0�htti ;
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S2n+3 ! Z d4x �� 18�2 n�2htt �Æij�k�k � �i�j�hij+2hti �Æij�k�k � �i�j�htj + hti �2Æjk�i � Æik�j � Æij�k� �thjk+hij ��ÆijÆkl � 12 ÆikÆjl � 12 ÆilÆjk����2t + �k�k��Æij�k�l � Ækl�i�j + 12 �Æik�j�l + Æil�j�k + Æjk�i�l + Æjl�i�k��hkl��22n�1�U2n+10 n��k�k�n �h kki;j + h kkj;i � h kij;k � �i�j �h �� ��o����k�k�n+1 �h i jkk ; + h j ikk ; � hij k;k � �i�j �h �� ���+ U0�htt� :We show that the only propagating mode is higher derivative gravitonwhile s
alar and ve
tor modes do not propagate.
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Æ� ) htt = 0.Æhtt )� = � 14�2U0 �Æij�k�k � �i�j�hij+22n�1�U2n�10 ��k�k�2n �i�j �h kki;j + h kkj;i � h kij;k � �i�j �h �� �� ;or� = � 14�2U0 �Æij�k�k � �i�j�hij+22n�U2n0 ��k�k�2n+1 �i�j �h kki;j + h kkj;i � h kij;k � �i�j �h �� �� :Æ� )0 = �t ��+ 22n�1�U2n�10 ��k�k�2n �i�j �h kki;j + h kkj;i � h kij;k � �i�j �h �� ��� ;0 = �t ��+ 22n�U2n0 ��k�k�2n+1 �i�j �h kki;j + h kkj;i � h kij;k � �i�j �h �� ��� :Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.20/37



De
omposition of hti (shift fun
tionNi)hti = �is+ vi ; �ivi = 0 ; s: spatial s
alarLinearized diffeomorphism invarian
e transformations with respe
t tothe spatial 
oordinates:Æxi = �iu+ wi ; �iwi = 0 ) Æs = �tu ; Ævi = �twi ;Gauge �xing 
ondition s = vi = 0 ) hti = 0Æhti ) �t ��2Æjk�i + Æik�j + Æij�k� hjk = 0 ;identi
al with that in the Einstein gravity(not in
luding higher derivative terms) Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.21/37



De
omposition of hij
hij = ÆijA+ �jBi + �iBj + Cij + ��i�j � 13Æij�k�k�E ;�iBi = 0 ; �iCij = �jCij = 0 ; C ii = 0 ;Æhti ) 0 = �t��4�iA+ 2�k�kBi + 43�i�k�kE� � � � (�)�i� ) �t�i�i��4A+ 43�k�kE� = 0 ) A = 13�k�kE � � � (��)

by assuming A, E ! 0 at spatial in�nity.(�); (��) ) �t�j�jBi = 0 ) Bi = 0by assuming Bi ! 0 at spatial in�nity.Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.22/37



Æhtt and Æ� equations:� = 12�2U0 �k�k ��A+ 13�j�jE�� 22n�U2n�10 ��k�k�2n+2 ��A+ 13�j�jE� ;0 = �t ��+ 22n�U2n�10 ��k�k�2n+2 ��A+ 13�j�jE�� ;or� = 12�2U0 �k�k ��A+ 13�j�jE�� 22n+1�U2n0 ��k�k�2n+3 ��A+ 13�j�jE� ;0 = �t ��+ 22n+1�U2n0 ��k�k�2n+3 ��A+ 13�j�jE�� :) � = 0 sin
e A = 13�k�kES
alar modes � and the ve
tor mode Bi do not propagate.
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ÆA )0 = + 18�2 ��12���2t + �k�k�A+ 8�k�kA+ 43 ��k�k�2 E��22n�1�U2n0 ���i�j � Æij�k�k����k�k�2n����i�jA� Æij�k�kA+ 13�i�j�k�kE + 13 Æij ��k�k�2 E�� ;or0 = + 18�2 ��12���2t + �k�k�A+ 8�k�kA+ 43 ��k�k�2 E��22n�U2n+10 ���i�j � Æij�k�k����k�k�2n+1����i�jA� Æij�k�kA+ 13�i�j�k�kE + 13 Æij ��k�k�2 E�� ;
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ÆE )0 = �k�k � 18�2 �43 ���2t + �k�k� �k�kE + 43�k�kA+ 169 ��k�k�2 E�+22n�13 �U2n0 ���i�j � Æij�k�k����k�k�2n����i�jA� Æij�k�kA+ 13�i�j�k�kE + 13 Æij ��k�k�2 E��� ;or0 = �k�k � 18�2 �43 ���2t + �k�k� �k�kE + 43�k�kA+ 169 ��k�k�2 E�+22n3 �U2n+10 ���i�j � Æij�k�k����k�k�2n+1����i�jA� Æij�k�kA+ 13�i�j�k�kE + 13 Æij ��k�k�2 E��� ;) 0 = �2tA �using A = 13�k�kE�) A = E = 0.All the s
alar modes �, �, htt, s, A, and Eand all the ve
tor modes vi and Bi do not propagate.Covariant power-
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The only propagating mode is massless graviton Cij .(, Ho�rava quantum gravity)S2n+2 = Z d4x � 18�2 nCij ���2t + �k�k�Cijo

�22n�2�U2n0 ���k�k�n+1Cij����k�k�n+1Cij�� ;

S2n+3 = Z d4x � 18�2 nCij ���2t + �k�k�Cijo

�22n�1�U2n+10 ���k�k�n+1Cij����k�k�n+2Cij�� :
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Propagator:hhij(p)hkl(�p)i = hCij(p)Ckl(�p)i= 12 ��Æij � pipjp2 ��Ækl � pkplp2 ���Æik � pipkp2 ��Æjl � pjplp2 ���Æil � piplp2 ��Æjk � pjpkp2 ��

�8<: �p2 � 22n��2U2n0 p4(n+1)��1 ; z = 2n+ 2 
ase�p2 � 22n�1��2U2n+10 p2(2n+3)��1 ; z = 2n+ 3 
ase :

p2 =P3i=1 (pi)2, p2 = � (p0)2 + p2.Assume � < 0 in order to avoid ta
hyon pole.
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In the ultraviolet region, (k), Propagator behaves� 1= jpj4 for z = 2 (n = 0) 
ase� 1= jpj6 for z = 3 (n = 0) 
ase: power-
ounting renormalizable.

z = 2n+2 (n � 1) or z = 2n+3 (n � 1) 
ase: super-renormalizable.
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Dispersion relation ! / kz ,! : angular frequen
y 
orresponding to the energy) phase speed vp = !k = �
0kz�1group speed vg = d!dk = �
0zkz�1For large k, vp, vg >light speed.

Note 1: Four momentum� (p0;p) is time-like.p0 =qp2 � 22n��2U2n0 p4(n+1) orqp2 � 22n�1��2U2n+10 p2(2n+3)Note 2: No violation of 
ausality. Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.29/37



Diagonal symmetry is not broken:�0 = �p2U0t0similar stru
ture� ghost 
ondensation model

N. Arkani-Hamed, H.C. Cheng, M.A. Luty and S. Mukohyama,�Ghost 
ondensation and a 
onsistent infrared modi�
ation of gravity�arXiv:hep-th/0312099
Sghost = Z d4xp�gP (g��������)
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FRW 
osmologyStart with a little bit general a
tion:S = Z d4xp�g " R2�2 � nmaxXn=0 �n n(������r�r� � ������r�r�)n P �� P ����R�� � 12U0 ���r�r�r������(������r�r� � ������r�r�)n P��P�� �R�� � 12U0 ���r�r�r�����mmaxXm=0 ~�n(������r�r� � ������r�r�)m P �� P ����R�� � 12U0 ���r�r�r������(������r�r� � ������r�r�)m+1 P��P�� �R�� � 12U0 ���r�r�r�������12������+ U0�� :
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In low energy, Einstein-Hilbert term + n = 0 term 
ould dominate:S � Z d4xp�g � R2�2 � �0P �� P �� �R�� � 12U0 ���r�r�r���

�P��P �� �R�� � 12U0���r�r�r���

���12������+ U0�� :FRW metri
: ds2 = �e2b(t)dt2 + a(t)2 Xi=1;2;3 �dxi�2 :
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FRW equation: 3�2H2 + 81�0H4 = �matter :�matter: energy-density of the matter1st order differential equation with respe
t to the s
ale fa
tor a(t)If �0 < 0 and �matter = 0, de Sitter solution

H2 = � 127�0�2 :In�ation in the early universe?
Covariant power-
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Superluminal neutrinosOPERA experiment:OPERA Collaboration,�Measurement of the neutrino velo
ity with the OPERA dete
tor in the CNGSbeam�, arXiv:1109.4897 [hep-ex℄)S.N., S. D. Odintsov,�Could the dynami
al Lorentz symmetry breaking indu
e the superluminalneutrinos?,� Eur.Phys.J. C71 (2011) 1801, arXiv:1110.0889 [hep-ph℄.Model:S = Z d4x � � n
��� + � �P �� 
����2n+1o � ��12������+ U0�� :
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) Dira
 equation0 = n
��� + � �P �� 
����2n+1o ) 0 = n
0�0 + 
i�i + � �
i�i�2n+1o ) dispersion relation: ! = kp1 + 2�k2n + �2k4n.!: angular frequen
y, k: wave number

In the high energy region, ! � j�jk2n+1

phase velo
ity: vp � !k = j�jk2n ; group velo
ity: vg � d!dk = (2n+ 1) j�jk2nWhen k be
omes larger, both of vp and vg be
ome also larger in anunbounded way and ex
eed the light speed.Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.35/37



Summary
We formulated 
ovariant higher derivative gravity with Lagrangemultiplier 
onstraint and s
alar proje
tors.The theory admits �at spa
e solution.Its gauge-�xing formulation is fully developed.The only propagating mode is (higher derivative) graviton, whiles
alar and ve
tor modes do not propagate.The theory 
ould be power-
ounting renormalizable.
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The preliminary study of FRW 
osmology indi
ates to thepossibility of in�ationary universe solution.1st FRW equation in the theory turns out to be the �rst orderdifferential equation whi
h is quite unusual for higher derivativegravity whi
h normally leads to third order differential equationwith respe
t to s
ale fa
tor.Superluminal neutrinos?
Covariant power-
ounting renormalizable gravity with Lagrange multipliers � p.37/37
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