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Purpose of study of sigma

Purpose of study of sigma functions
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History of sigma function

History of sigma function & Weierstrass
normal form
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History of sigma function

@ Abel 1829 (Parisian memoir 1826 (1841)):
A curve X,

Y 4+ Py psyt oy oy +po =0, (1)

where p; is an entire function of x. and for its intersections with

Y oy P+ @y eyt ay+q =0, (2

where g; is an entire function of x, the Able(-Jacobi) theorem
was proposed. Then its Algebraic and transcendental properties

are related.
14.
Démonstration d’une propriété générale d’une certaine

classe de fonctions transcendentes.
(Par Mr. N. H, Abel.)

Théoréme. Soit y une fonction de x qui satisfait a une équation
quelconque irréductible de la forme:
1. 0 =p+py+p.y+. oo Fpsy™ 4+

O 75y Puy Pay +-++ Pns Sont des fonctions entiéres de la variable z. Soit
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History of sigma function

o
2]
o
o
o
o

1832-44 Jacobi:(Jacobi inversion problem): Posing "inverse
functions of Abelian integrals for curves of genus two".

1840 Weierstrass(1815-1897):(publication in 1889): Study on
Al (o) functions of elliptic curves

1854 Weierstrass: Study on Al (o) functions of hyperelliptic
curves of general genus and Jacobi inversion problem.

1856 Riemann: Construction of Abelian functions for general
compact Riemann surfaces.

1882 Weierstrass: Renaming his Al function ¢ function of
genus one by refining it.

1886 4:Klein: Refining Weierstrass' Al function of hyperelliptic
curves and calling it hyperelliptic sigma function.

1903 Baker (Hodge's supervisor): Discovery of KdV and KP
hierarchy using bilinear form. Posing the problem: to find
whether KdV hierarchy characterizes the sigma functions.
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History of sigma function

o

2]

Nonlinear integrable differential equations had been studied
1950-1990.

Krichever, Novikov, Mumford and so on rediscovered the
algebro-geometric solutions of the KdV and KP hierarchies
1970's.

Hirota rediscovered the bilinear operator and bilinear equations
and developed the study of the bilinear equations.

Sato constructed Sato-theory of UGM around 1980.

Novikov gave a conjecture that the KP hierarchy characterizes
the Jacobi varieties in the Abelian varieties, which is closely
related to Baker's problem.

Mulase and Shiota proved Novikov's conjecture 1987.

It means the settlement of Baker’s problem; in the
settlement, Baker's theory on the differential equations plays an
important role, which was prepared for his problem.

fAY 5 (Sasebo college) RETHARD 7 — ~OL i OO FIHESE & XK [E1 1 3 ¥k March 5, 2018 8/93



Contemporary sigma function: 1990-

1990: Grant(Number theory): Sigma function of genus two:
Linear dependence relation of differentials of o / o as O(J, n©).
1995- Yoshihiro Onishi (Meijo Univ. Number theory):
Structure of Jacobian and addition structures of its strata using
hyperelliptic o function.

1997- Buchsterber-Enolskii-Leykin: Investigation on the
integrable system using hyperelliptic o function.

2000 Eilbeck-Enolskii-Leykin (EEL): Generalization of sigma
function of hyperelliptic curve to (n, s)-type plan curve
(y"+x"+....)

© 2008-: Nakayashiki (Tsudajuku univ.): Show the expression of
sigma functions of (n,s) in terms of Fay’s results and tau
functions of Sato theory.

@ 1997- Previato, Onishi, Enolskii, Eilbeck, Gibbons,
Kodama, M, Reconstruction of the Abelian function theory

@ 2010- Previato, Komeda, M: Its extension to space curves.
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History of Weierstrass normal form and Numerical

semigroup

Q Abel 1829

@ 1860's(?) Weierstrass: Uber Normalformen algebraischer
Grebilde” Werke IlI,

© 1856- Weierstrass School: Frobenius, Schwarz, and so on
studied the numerical semigroup, and Weierstrass normal form.

© 1888 Hurwitz: Hurwitz problem: It is known that the
non-gap sequence of Weierstrass point is a numerical
semigroup. Hurwitz problem is a problem whether a curve
exists such that is non-gap sequence is H for every
numerical semigroup H.

© 1889 Baker: Review of Weierstrass canonical form and non
gap sequence.

AR (Sasebo college) ARECHHARD T — OV i D FFREEE & XK [EI 8 3 1% March 5, 2018 10 / 93



History of Weierstrass normal form and Numerical

semigroup

© 1980 Buchweitz and Greuel, : Counterexample of Hurwitz
problem.

@ 1980- J. Komeda:: Relations between numerical
semigroups and curves in general

© 1980 M. Kato Weierstrass normal form and Automorphism
of theta function.

March 5, 2018 11 /93




Review of sigma of genus one

Review of elliptic sigma function
FEH D o BELD Review
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o of genus one

~ Elliptic curve ~

2 3 2
B y = X° 4+ AoX” + A\1x + Ag
Xl = {(X7y) ‘ :(X—el)(X—GQ)(X_e3) o

Contour Integral

~ Commutative Ring ~

R = C[x, y]/(y?> — x> — Max® — A1x — Ao)
.
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Differentials

~ Differentials of the first kind (holo. one-from) ———

du =1 = dx
; =
N d J
~ Differential of the second kind: H'(X; \ {c0}) ———
S xdx
= 2—,
- Y J
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o of genus one: Abelian map & Period

~ Covering space of X; ~

)~(1: Abelian covering of X; with fixed point co

(Abelianization of quotient space of path space of X)

kx : X1 —= X1 1tx:X]— X

N\ J
Abel integral (Elliptic incomplete integral of 1st kind)
~ - d
W:X1—>C:u:w(x,y)z/ i I/I:—X,
2y

Vxy),00
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Elliptic Jacobi variety & Legendre’s relation

/ i,0) dx
Wwj = e,, 2 -,
o 2y

where (e;,0) (i =1,2,3) and oo are branch pints

~ Branched point mtegrals (Elliptic complete integrals of 1st klnd\k

~ Homology basis

/‘Il()<17 Z) = Zo + Zﬁ
o

~ Period Matrices

/VI = 2wy, /VI = 2ws.
a g

N N
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Elliptic Jacobi variety & Legendre’s relation

~ Lattice

-

G

-

~

[ =2Zwi +2Zws CC. T°=Z+Zr, (7= w3/w1))

~ Jacobi variety ~
kg C—=J=C/I, k5,:C—=7J°=C/I",

J
~ Jacobi variety ~
g I —C, 15 :TJ°—=C,

J
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Elliptic Jacobi variety & Legendre’s relation

~ Complete Elliptic integral of 2nd kind ~
n = /(ei’o) U | xdx
I - ~ ) - 2y Y

\_ J

~ Legendre's relation: (Symplectic Str.(~ Hodge Str.)) ~

v
W3 — W13 = 5\/—1-
\_ J

FARR %R (Sasebo college) ARECHHARD T — OV i D FFREEE & XK [EI 8 3 1% March 5, 2018 18 / 93



The Roles of Abel-Jacobi Map

-~ The Roles of Abel-Jacobi Map ~

P s |LPLCI
T MEroMOrphic -g——f ﬁ,ﬁgltm
function ] bi
C;ves | AJM acobian -
i w |W=C/T
proj. A K ¥y N Uy Ky AProl-
Covering Space |_ 3 C
X w
Algebraic Transcendental

AIM:w:X;—>J w:=kK7y0owouix
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The Jacobi inversion formulae

-~ Algebraic space and Analytic space N
~ Natural Projection —\/ Natural Projection —

Covering space X; = Covering space C =
Abelianization of Abelianization of
quotient space of quotient space of
Path space of X; Path space of J

kx 1 XL — Xy kg :C—J=C/I

561 D LX1(OO) = Za D Zﬁ M= Z(zw/) + Z(zw//)

SL(2,Z) ~~ this SL(2Z) ~ T, C

expression

-

In order to obtain Meromorphic functions over X; and 7, the
entire function of C should be invariant for SL(2,Z).

o is modular invariant for SL(2,Z)

__z_ o/
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Elliptic Weierstrass' o function

-~ Weierstrass' o function over C as an entire function: —

771U2) 01(55)

2&)1 19/10

o(u) = 2wy exp (

-~ Translation formula: €, , :== 2mw; + 2nws:

o(U+ Qmn) = (1) "™ exp ((mny + mn3)(2u + Qm,n)) o (v).
N\
~ Zero of o function:

{zerosof 6} =0mod. I', o(u)=u—+---.

-
~SL(2,Z)

N L

Modular invariance for SL(2,7Z).

N

-
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The Roles of Al, AJM and Jacobi inversion formulae

-~ Algebraic space and Analytic space ~

P 1|« |LP]C]

. Abelian
Tmeromorphlc e | function

function ] bi
T AJM acobian -
_ X w |W=C/T
prol.1\ Ky ‘b Ly "J‘l’ KJTpro .
Covering Space | | Al 3 C
X w
Algebraic Transcendental

Lx, =C(cowouix), L7=Coouvy
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Elliptic Weierstrass' @ function

Elliptic Weierstrass' o function /' J = C/I ————

d d?
C(u) = loga(u).  plu)=—— 5loga(u).
J
Theorem (Jacobi inversion formula): for u = w(x,y) ~
d
(x,y) = (p(u), pulu)).  pulu) = —-p(u).
J

JIF recovers the governing equation y? = x3 + - -
JIF recovers the governing equation
y2=x34---, i.e.,
pu(u)’ = p(u)’ + Aap(u)® + Ap(u) + Xo.
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Elliptic Weierstrass' al function

~ Jacobi elliptic function u = w(x, y) ~
_ [ a—e _ plu) —ea _ o) —e

sn(u) = o) — e en(u) = o) — e dn(u) = o) — e’

- J

~ The al-functions u = w(x, y) ~

al,(v) = ¢/x(u) — e, (r=1,2,3)

‘al,(u) ~ t at (e,,0), (t local parameter at (e,,O))‘

nru
al, (u) = ¢ Solu @)
o(u)
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Curves

Generalization
Curves of this talk
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Curves for the study

~ Weierstrass curves: ~

Weierstrass curve is an affine curve as a pointed com-
pact Riemann surface (X,0c0) whose Weierstrass non-gap
sequence at oo is given by numerical semigroup (NSG)
Numerical semigroup: H(X,o0) = Nory + Noro + -+ + Nory C
No=1{0,1,2,3,---} (g := #No \ H(X, 00) < 0)

Weierstrass curve is given by the normalization of the Weierstrass
normal form (Abel, Weierstrass, Baker, Kato) :

Yo+ XXyt 4 Ao(x) =0

()\,- € Clx] of [@—‘ -th polynomial, (r,s) =1,r < s>

Since X;,, of WNF is singular in general,
We normalize it X — Xiyg.

N )
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Curves

{compact Rie. surface}/ ~
~ {X : WNF}

~: birational
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Curves for the study

Today’s Curves:

1) y = x(x — s)(x — b1)(x — by)
2) y® = x*(x — b1)(x — by)
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Curves for the study

~ Weierstrass curves: N
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Curves

~ A Family of Degenerating curve: X ~N
X, == {(x,y) | y* = x(x = 5)(x = by)(x — by)} U {oc}

Q@ Let ¢ be 0 < & < min{|by|,|b2|} and by # b,.
@ D..={seC]||s| <e}
@ Family of degenerating curves
Z ={(x,y,s) [(x,y) € X;s,s € D.} as a fibering

Xs

|

{st < D
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Curves

~ A Family of Degenerating curve: X ~N
X, == {(x,y) | y* = x(x = 5)(x = by)(x — by)} U {oc}

Q@ Let ¢ be 0 < & < min{|by|,|b2|} and by # b,.
@ D.:={seC||s|<e}, |DI:=D.\{0}|
@ A non-degenerating curve X;

Z ={(x,y,s) |(x,y) € X;s,s € D.} as a fibering

Xs

|

{s} C D; C D.
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A Family of Degenerating curve: X;

~Xsof s € Df (s #0) ~
Xs i ={(x,y) | ¥* = x(x = s)(x = b1)(x — by)} U {00}

1 1
oo as a branch point: x = a3 Y= F(l + t=h)
t : local parameter at oo,
Weight wt(x) = 3, wt(y) = 4
Affine ring: Rs := C[x,y]/(y3—x(x—s)(x—bl)(x—bg)))

-
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A Family of Degenerating curve: X;

~ Rs of s € Df (s #0), (3,4) ~

Rs := Clx, y]/(y® — x(x — s)(x — b1)(x — b)),
Rs = HO(X,, O(x0)) with wt(x) = 3, wt(y) = 4

Numerical semigroup:
H(X,00) = (3,4) = No3 + No4
Rs = @, , C¢;, as C-vector space
(Non-gap sequennce = order of the weight)

\—
|0 1 2 3 4 5 6 7 8 9 10 11
Xs |1 - X y x? xy v2 X3 X%y xy?
’ g=1 ‘ 1 - x y x* xy x> Xy x* 3y x° X% ‘

(— genus g = 3)

FARR %R (Sasebo college) ARECHHARD T — OV i D FFREEE & XK [EI 8 3 1% March 5, 2018 33 /93



A Family of Degenerating curves: X
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A Family of Degenerating curves: X
AN
X5
X

s—0
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A Family of Degenerating curves: X

~ Xs of (s = 0): asingular curve ~
Xo = {(x,y) | v’ = x*(x = b)(x = by)} U {o0}

Xo is singular = X5 normalization of Xg:

X5 = {(X v, 2) | (y? = xz,2y = x, 22 — (x = b)) (x — o)y } U {o0}
X5: Ry :=Clx,y, z]

[(y? = xz,2y — x,2° — (x — bi)(x — b))
1 1
At co: x = 3 V= —(1+t2Y), z= F(1+ t=1),

Weight wt(x) = 3, wt(y) = 4, wt(z) = 5.
N\ J
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A Family of Degenerating curves: X

~ Xs of (s =0): (3,4,5)-curve ~

Rs = H°(X5, O(x<)), commutative ring

Numerical semigroup:
H(Xa, OO) = <3, 4, 5> = Np3 + No4 + Ngb
Ra = HO(Xa, O(*OO)), Ra = P;—oCop;

5 6 7 8 9 10
z x> xy xz yz X’
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Pointed compact Riemannian surface

1) For a gap, upward by a box,
2) For a non-gap, step to the right by a box:

(3,7)-curve
-0 01234567 891011121314151617 oo
@ @ o0 0o ©e0eeee

2

P B R B B

1 x x|y x2 | xy X

I oo

DT — )V EK 3 D FEREE X X R74 March 5, 2018
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Pointed compact Riemannian surface

~ Weierstrass curves (X, P) N

1) For a gap, upward by a box,
2) For a non-gap, step to the right by a box:

g=1 X X;
ty =y ty £ Y

NSG H(X,o00) of (n,s)-curves are symmetric,
whereas (3,4,5) curve is not.

J
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o function of y3 = x(x — s)(x — by)(x — bo)

Sigma function of
y? = x(x — s)(x — by)(x — by):
se D (s#0)
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Cyclic trigonal curve

-~ Cyclic trigonal curve (A non-singular plane curve of g = 3) —

Xs ::{(x,y)

3 4 3 2
y> =X A7 4 dox® + Aix+ A U
Q.

= x(x — s)(x — by)(x — by) { }

AR (Sasebo college) % 43K March 5, 2018 41 / 93



Weierstrass gap at oo

-~ Weierstrass gap at oo ~N

wt(x) = 3, wt(y) = 4,
2

¢O:11¢1:X1¢2:y1¢3le'.'
wt|0 1 2 3 45 6 7 8 9 10
¢‘1——Xy—x2xyy2x3x2y

Rs = ®;—0C¢; weighted C-vector space,
\ J
— Numerical Semigroup H := {3a+ 4b}a,bezzo = (3,4) —

H=1{0,3,4,6,7,---}, L=Z\H={1,25}.0 .
N J
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Differentials

~ differentials of the 1st kind(= canonical form) ~
I/I dU]_ \
L V)fsl _ du | =t ( dx xdx dx> . (gbodx p1dx  padx
X T | PX2 | T 2= \3,273,2"3, ) — 27732 3,2
Vs dus 3ys 3ys 3y 3y 3yt 3yt
Div(z/é(s,-) ~ (2g — 2)oo as a linear equivalent (g = 3).
N\ J
~ differentials of the 2nd kind(holo. except o) ~
I
VX1
vy = y)}; ,
VX3
Xsl 3y ) X52 3y7 ’ X53 3y27
- J
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Abelian Integral (Al) of cyclic trigonal curve

~ Al (Abelian Integral) ~

X;: Abelianization of quotient space of Path(X,)

_ P P dUl
wy, : Xs — C%; wx,(P) = / I/)I<S = / dus
[e'¢) [e'S) dU3

VV)(S . 53()?5) — (C3; WXS(Pla PQ, P3) = WXS(P1)+V~VXS(P2)+WXS(P3 .

F) =X x Ko x Xef ~ . @HED c
=

~—

Symmetric product
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Legendre relation of cyclic trigonal curve

Homology basis: (a1, a2, as, 51, 52, 33)

(i, Bj) = 0jj, (i) =0, (Bi,B;) =0,

Y =X 2 e Ao

-~ Half period ~

1
(i) = 2 (/a V>l<sj> )
1
ko) =3 (] k)

N\ )
-~ Abelian integrals of the 2nd kind N

1
(i) = 2 (/a V)’ij) ,
1
o) =3 ([ 4)

Kif (Sasebo college) v T — VKD PR



Legendre relation of non-hyperelliptic curve

Wx

S

"o
Wx,1 —

"o
Wx,2 =

B
For wx., = / V&s,(a =0,1,2,3)

o0

Cs(l ~ Bx1, Wxo = 5(1 — B)wx.2,

1 2 2 o
s = 5 (1= Bl + G(1 - G)wxs)

2G50~ Bhoxa + (1~ Bhoo + B0 - Bhes)

%(53 = D(wx,1 — wx.2),

1 4

wx,3 = §(C3 — 1)(wx,0 — wx.3)

J

DT — )V D FHREEE & XK [ER 3 1)
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~ Lattice ~
a1 dg
rs = (w&s,wg’dz = CL)S(s a | + WSI(S ds ‘3,‘ € 27 C (C3
as d6
-
-~ Jacobi variety ~
Ky C = T =CTs, 17:TJ—C
- J
~ Legendre relation (Symplectic Str.(~ Hodge Str.)) —
™
Wx,Mx, — ‘ Wy, Mx, = > —.
- J
-~ Abel-Jacobi map ~

W:/ijoVVOLX:Xs—>js
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The o function of X,

o function u € C3 N

_ 1t —le oy o 1 -1 -1
UXS(U) = cpe 2" xHp [5//:| (EWSQ u; 3( wX

1/2

g

= ( (@) > AY® A: discriminant
detwy

"e(z/2)3 ¢ €(z/2)?3 << Riemann const. ¢
0 is the Riemann theta function,
0 [Z] (z;7) = Z exp (ﬂﬁ((n +a)'r(n+a)— (n+a)(z+ b))) .

nez?

- J
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ox, function

~ Translational formula: u, v € C3, and ¢ (= 2w3(s€’ + 2w3’<s£”) en —

L(u, v) =2 "u(n,v' +nx, V"),
X(0) = explry/~L(2(H0'8" — H"8') + H0")] (€ {1, ~1})

5 ox(u+ 1) = ox () ep(Lu + 56 O)X(0)
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ox, function

~ Properties of o, ~

@ Entire function over C3
Q Zeros: {divox.} = © = wx,(S%X;)

@ Modular invariant for Sp(3,Z)

© Expansion ox,(v) = s+ -+, 777 Schur polynomial of

[ ]
= 2 6
N .axs(u):ul—uzw—l—aug—i----

@ Expansion of ox,(u) is explicitly determined by UGM.
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Abelian function, g and JIF

~ Theorem: (JIF): S3X, D S2X; D Xs <= J D el 5 el BN

2
1) For u = w((x1, y1), (x2,¥2), (x3,¥3)) and pjj := Dudu; logox,,
1 x1 xl2 1 X12 X1 V1 X12
1 x X22 1 w x22 X2 Vo X22
2 2 2
1X3X3 = p33(u), 1L ys ] ©23(u), s 5 Al p13(0)
X1 y1 1 x1 n 1 x1 »n
1 x y 1 x2 1 x2 y
1 x3 y3 1 x3 y3 1 x3 y3
2) For u = w((x1, y1), (x2, y2)) 3) For u=w((x,y))
‘1 v X1 n X = o1(v)
Ly oo(u)  |x2 y2|  o1(u) o2(u)
1 x| o3(u)’ 1 x| o3(u)’
‘1 X2 1 X2
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The Roles of Al, AJM and Jacobi inversion formulae

-~ The Roles of Al, AJM and Jacobi inversion formulae ~N

P 1|« |[LP]C]

. Abelian
Tmeromorphlc R | function

function ] bi
Sym. Pro%. Curves|| AIM acobian o
_ % | w |U=C/E
prol.;‘\ Ky ‘L Ly Al "J‘L KJTP"O .
Covering Space
35 \—ﬁ C
S X w
Algebraic Transcendental

£33XS = (C(O’XS o WOLx), £~7s == (CO'XS Ooly
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Geometric roles of AJM & JIF

-~ Generalization of Jacobi’s sn function (M-Previato 2016) —

For B, and P; = (x;,y;) (i=1,2,3) of X and p,c €T
Al () = ot wa) i
U(U)U33(wa) {’/(ba - Xl)(ba - X2)(ba - X3)
1 x1 y1 x?
1 X2 V2 X22
1 x3 y3 x3°
1 b, 0 b2 S
Aa(P17 P27 P3) = ) 033(w3) = \/5/ f/(ba)
1 x1 yn
1 x
1 x3 y3
algc)(u) ~ titrt3 + ... t, local param. at B,
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sigma function of y3 = x?(x — by)(x — by)

Sigma function of
y3 = x%(x — by)(x — by)

a normalized trigonal space curve of genus two

Xo

|

{0} < D

RERHIRD 7 — )V B o FHESE & XK F R 3 7K March 5, 2018 WEE



A Family of Degenerating curve: X;
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A Family of Degenerating curve: X,
AN
X5
X

s—0
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Generalization to a singular Weierstrass normal form

~ Singular curve X,_ N

Let us consider the singular curve
Xeco 1 y® = x%k(x), k(x) = (x— b1)(x — by)
and its commutative ring,

L Rs=o = Clx, y]/(y* = xk(x)) )
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Weierstrass Normal form

~ Normalization ~N

Normalization of the ring R,—y provides the ring
R’d = C[X,_)@ Z]/(_)/2 — XZ,zZy — Xk(X)’ 22 o k(X)y)
and a space curve, X5 — X,
Xo =1{(x,y,2) | y* = xz,2y = xk(x), 2* = k(x)y }U{oo}
Each branch point is given by
Bo = (X = O,y = O,Z = 0),81, Bz.
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Weierstrass Sequence

-~ Weierstrass Sequence at oo ~
wt|[0 1 2 3 45 6 7 8 9 10 11
i ‘ 1 - - x y z x2 xy xz yz x’ x°z

R = @ Coj, as a C-vector space.
i=0
wt: weight given as the order of singularity at co

wt(x) =3, wt(y) = 4, wt(z) =5

genus g =2, Kx; = (2g)oc — 2(Bo) # (28 — 2)o0
o J
The fact Kx, # (2g — 2)oo causes the difficulty of the
construction of ¢!
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Truncated sequence

~ Truncated sequence {¢} C R N

For a sheaf of the holomorphic one-from of Xﬁ, .Axa,
HO (X5, Ax. (x00)) = @c&,ﬁ.
o i=0 3yz

{f € R| 3¢, such that (f) — (Bo + By + Bz) + oo > 0} = P C4);

i=0
-
Weierstrass sequence at oo
~ q N
s\ifwt 01 2 3 4 5 6 7 8 9 10 11
i 1 - - x y =z x2 Xy Xz yz x2y x2z
i - - - -y z - xy xz yz X% x°z
AR (Sasebo college) AREUHHHRD T — NIV B D FREZE & X R March,/ 93




Differential form

~ differentials of 1st and 2nd kinds B

@ Differentials of 1st kind (holomorphic 1-form)

I dodx _dx brdx _dx

Uy 1 = = — Vy » = _—
1T 3y, 37 V%2

3yz 3y
HO(Xg, Ax;) = Cricy + Crk
((¢o : ¢1) Canonical embedding of X5)
’CXG =2goo — 2By ~ 2(g — 1)00 + (Bl + Bz)
@ Differentials of 2nd kind

—2xdx —xdx
1 _ [
VX/O\ 1 — 3y bl UX62 - 3 Z
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half Periods

e half Periods ™~
@ half Periods:

1 1
ro_ = I A I
wxa.—2(/CY‘VX6,>, wy : 2</_VX61>’
1 1
ro_ = 1 "o I
nXB._2</Q-VX61>, 77Xa- 2(/_1/)(6])’

Q Lattice [5:= <w3<6,w3’<6>z
© Jacobi variety: k7 : C? - J5 = <c?/r5, Ly Jg — C2.
© Legendre relation (Symplectic Str.)

7r

t ./ 1 t, 1
w —w = —-bh.
X515 XX = 52

March 5, 2018




Shifted Abelian Integral

~ Abelian Integral ~

Xg: Abelianization of PathXs rx : X5 — X5
Let us assume that they are unnormalized Abelian map.

P o~
s (P) ;:/ Kl i (P): X — CF

o0

P
WXg(P) = kg </ H;(l/)l(6> )y WX - Xa - \76

[e.9]
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half Periods

@ crosscuts where the sheets are glued
curves in the first sheet
========ax curves in the second sheet
= = = curves in the third sheet
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Shifted Abelian Integral

-~ Shifted Abelian Integral ~

For P1,Pa, -+, Py € SKX5

K
Wxgs(P1, P2, ... Pk) = Z wx (P;) + wx; (Bo).

March 5, 2018



o-function

Ve o-function ~
6//
5/
as an entire function over C2:

For [ } € (Z/2)?8 which corresponds to &5, we define the o-function

_l tyn !, 0 —1 — t 1my, =1 11 11 t ) =1
o(u)=ce 2 1% ¢ Z e[ﬂﬁ{ (n+6")w’ "t (n+6")+ H(n+6")(w u+5)}

nez2e

c(# 0) is a constant complex number.

- J
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o-function

-~ Properties of o ~

@ Entire function over C3
@ Zeros: {divo} =0 = W(Xa)
© Translational formula: UXa(” +/0) = Uxa(U)eXp(L(u + %&4))X(€)

Q@ expansion o(u) = 55 +-- SH: Schur polynomial of H

@ Modular invariant for Sp(2,7)
- J
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Jacobi inversion formula

-~ Theorem (JIF) ~
Q For u=w(Py, P>)

p2(P; P1, Po) = xya — ©o2(u)ya + @21(u)ys.
or

Yixoy2 — Y2Xiy1 Z1X2Y2 — Z2X1Y1
©22(u) = pa(u) = —————.
Yizo — Z21)2 YiZo — Z21)2

@ For u=w(P1)

o
- y

March 5, 2018



Shifted Riemann constant and shifted Abelian map

e JIF ~N
Even for singular curve, we have JIF, which was not written explicitly.

P w |LPLCI

f Abelian
Tmeromo_rphlc R function

function =
Sym. Prod. Curves|| AJM Jacobian

o

_S'X% [, ] J=C7F;
prOj.;'\ Ky ‘L Ly "J‘L KJ,'\pro .
Covering ZSP::\ce i il’ 3 CZ
S X w

s

Algebraic Transcendental

£52XA (OXAO WXAEOL)() ,Cja:CO'X6Lj
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Degenerating curve

Sigma for the degenerating family of
curves

X2 X0 v X

| l

D: 522 {0) {0)
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Degenerating curve

Sigma for the degenerating family of
curves

0
Ts == Ts—s0 V.S. ..76

| |

Dr-==2{0} 10}
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Degenerating curve

Sigma for the degenerating family of
curves

Investigate L, ., and L.
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Degenerating curve

Sigma for the degenerating family of
curves

X s—0 X0<;XA

N

P

The x-constant section P on D.
7Tl(P5) = 7'('1(P5/) =x eP.
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The holomorphic one-forms (diff. of the 1st kind)

Xs Xs—o v.s. X5
o dx dx

3y? \/x4 (x — b1)2(x — by)?
not holomorphic

1 xdx dx g

VQ—? 3’—2—V10fX6
X X

VI3:§ @ZVIQ OfXa
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Diff. of the 2nd kind

Xs X5_>0 V.S. Xa
. (5x% + 2X3x + A2)dx | (5x3 + 2A3x + Ap)dx
V= —
: 3y /x2(x — bi)(x - by)
—2xdx —2xdx

11 11
Vo = 3%/ T =V Of Xa

n X dx xdx o
7/3——3y2 —3—Z—V20fX6

it (Sasebo college)
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Contours of Period Integral

e——— crosscuts where the sheets are glued
curves in the first sheet

essssnses curves in the second sheet
== == = curves in the third sheet

March 5, 2018



Legendre relation of non-hyperelliptic curve

Wx

S

"o
Wx,1 —

"o
Wx,2 =

B
For wx., = / V&s,(a =0,1,2,3)

o0

Cs(l ~ Bx1, Wxo = 5(1 — B)wx.2,

1 2 2 o
s = 5 (1= Bl + G(1 - G)wxs)

2G50~ Bhoxa + (1~ Bhoo + B0 - Bhes)

%(53 = D(wx,1 — wx.2),

1 4

wx,3 = §(C3 — 1)(wx,0 — wx.3)

J

DT — )V D FHREEE & XK [ER 3 1)
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Integrals s — 0

~ Integrals (Kazuhiko Aomoto, Feb., 2018) ~
When min{|by|, |b2|} > s > 0, Im(by) and Im(by) > 0,

/0 dx
oo V/[X2(x = 5)2|(x — b1)?)(x — by)?

_ 5—1/3 f(51/3),

/ dx
v V/X3(x — 5)2(x — b1)?(x — by)

where f(t) and g(t) are regular functions with respect to t around
t = 0, and the contour 7 is given by

Ve T kD
\0s

= =g(s),
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Integrals s — 0

B,

Wap = Vp(a=0,1,2,3,b=1,2,3)
Bo = ( ) = (bl,O) BQ (bg,O), B3 = BS = (S,O)
X Xo o v.s. Xg
Wo,1 W11 W21 W31 * ko ok 571/3A0(571/3)
Wo2 Wi2 W22 W32 * ok ok *
w0,3 w1,3 w2,3 w3’3 * ok ok *

*: finite value, Ag(t): const + holo. of t.
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Integrals: wo1 = s /3A(s), £ =1/3

X Xssovs. X5 (£=1/3)

% x Ast * * 00
W' x k% — C"3(6,11 CL’3(6,12 *

Kook K CL’3(6,21 W3<5,22 *

A115€ A125€ A13S£ 000 0 0
w’_l * * A215€ —|*x % 0 , ( —1 0)
* % Agst x x 0 “%

x x AlsT1/3 * * 00
W %k * N w%711 w%u *

k% * W01 Wx.op *

0
March 5, 2018
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Integrals: wo1 = s /3A(s), £ =1/3

Xs Xssovs. X5 (0=1/3)

Tos' Algst x 0 0 0 0
w' W * « x| = |x x x| =[0 % x
* * % * kK * kK

*: finite value and A;(t): const + holo. of t.

Space
U 0 un
s | —[*x|= ] e?
us * us

AR (Sasebo college)
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Integrals: 191 = Bi(s),

X Xssovs. X5 (0=1/3)
N
/ / /
Ui * — | 11 Tl 12
/ /
* ok K \nX5,21 Mxs20 *
x % B ( * *
/! /! /!
Ui ok ook L — T Tlx 12
/! /!
ook X \77)(6,21 Mxs20 *

*: finite value and B;(t): const + holo. of t.

AR (Sasebo college)
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Degenerating curve

Sigma for the degenerating family of
curves

Proposition: Let
Ts—0 = {(u1, o, 13) € Ts0 U1 = ws1} C Tss0-

The limit is defined for every s € D’.
These integrals mean that translational formulae

L7, o 7=, and Lz agree.

March 5, 2018 83 /93
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o function (Eilbeck-Gibbons-Onishi-Yasuda 2017)

1,6 /=1t v ! 1 —
ox,(u) = cpe 3 g [((Ssu} (iw, e 1w)

o function (Eilbeck-Gibbons-Onishi-Yasuda 2017)

o8
E] :)/ A8 (= chs71/3 for s — 0)
etw

A8 = (—729s*b3b((s + b2)>b3 + 3sba(s + Lby)(s + 4bo) b2 + 3s2b3(s +
bo)by + 53bg)2)1/8 ~ 51/2Aé/8

C =

o

y

a4 function

For s — 0, (u) may vanish like s¥/3(6p(u) + d>o(s'/3)) but the pref-
actor co = s~ 3(co 0 + dso(s/3)).

N
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~ Fact ™
For every s and u = w(Py, Py, P3),(Eilbeck-Gibbons-
Onishi-Yasuda 2017)

6
ox.(u) = — U§U3 + aug + -

whereas for X5, (u3 = v» and uy — vi) (KMP 2013)

0'X6(V):V1—V22+“°
- /
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~ Observations around oo® ~

1
up = g(tf + 5 4+ 8)(1 + d-o(ta)),

1
=58+ 6+ 8)(1+ doo(ta)),

1
us = 2(t1 + 2 + t3)(1 + d>o(t)),

u

ox,(u) = w1 — vdus + U5 + -
= t1t2t3(t1 + t2 + t3 + titr + 1o + t2t3)
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Ve Observation 002 ™

1
v = 5(8 + B)(1+ duo(t),

Vo = %(tl -+ t2)(1 + d>0(ta)),

UXa(U):O_Xa(V): V1—V22+"':t1t2+"'
ot
H ot

SH(V;[,VQ): :t1t2:V1—V22

t1 b
1 1
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~~ The al function (MP 2013) ws = wx,((s,0)) ~

_tUSOS;OO-XS(u + ws)

ox,(u)oss(ws)
B,

Ws ::/ !
o

ox (U4 ws) = o33(ws)e “$=0al®(u)ox (u)

al®(u) = ¢

or
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~~ The al function (MP 2013) u = wx,(P1, P2, P3) ~
(0) e~ U0y (U + ws) As(Py, P2, P3)
als’(u) = =
ox.(u)o33(ws) V(s —x1)(s —x)(s — x3)
1 x1 y1 x?
1 x2 y» x?
1 x3 y3 x3
V2 1 s 0 &2
o33(wa) =  As(Pr, P2, P3) =
V/s(s — b1)(s — ba) 1 x1 »n
I x wy
1 x3 y3
V/2¢' ueso 0)
ox.(Uu+ws) = als "(u)ox, (u
(o) = 2l 0o (4
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~ Observations ~

For ul) = wx (P;), let us consider
u=uW + u® + u® + Ws
and the limit u® — 0, P; — oo around s = 0 of

\/§etUSDS;O

ox(Uu+ws) = algo)ua u
noting
1 1
Xj = ;, yi = F(l + d>0(t,')), and t3 — 0.

I I
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~ Observations ™~

For ul) = wy_ (P;), let us consider u = u™® + u(® 4+ 43 1 g and the
limit u® — 0, P3; — oo around s = 0 of

etu S; 0
ox,(u+ws) = %mg )(u)ox, ()

1 1
1(0) 1+d .t t
aly’(u) = t1+t1t2+t2 t3( + d-o(s, t1, b, t3))

ox,(u) = tita(t] + ity + 15)t3(1 + doo(s, t1, t2, t3))
and thus

t1t2(1+d>0(57 tla t27 t3))

V2
B \3/ b1b25
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~ Theorem ~

We have the relation:

/b1 b

. . 1025

ox;(v) = lim | lim |~—=—0ox (v + ws)
570\ Psoo \/§ u1=0,u=v1,U3=V;

Proof: Due to the translational formulae, both are the bases of the

same line bundle of 75 and the leading terms of their expansions show
the equality.
J
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Thank you for your attention!
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