Electromagnetic aspect of Yang-Mills fields

Tosiaki Kori

A : the space of irreducible connections ( vector potentials)

over the principal bundle P = M x SU(n) .
A is an affine space modeled with the vector space Q' (M, Lie G).

Ty A = Q' (M, LieQ))

G : The group of ( pointed ) gauge transformations:
G = O%M, AdgP) = Q°(M, G).

AxG 3 (Ag) — g 'Ag+g ldg.

A" B=A/G;, modulispace.



1 Geometric pre-Quantization (Kostant-Souriou)

(i) Find a pre-symplectic form w on B.

(i) Give a line bundle with connection
(L,0) — B

such that the curvature of 0 is w.

Example 1[(Atiyah-Bott, 1982)]

(i) Let X be a surface (2-dimensional manifold ).

TLAR) ~ THAR) ~ QN, LieG)

wala,b) = /Etr(ba) — /Ztr(ab):2/2tr(ba).

Then (A(X), w) is a symplectic manifold.

(ii) 3 a line bundle with connection
(L,0) — B

such that the curvature of 0 is w.

Jeffery-Weitsman, Meinrenken, - - -



Example 2(Kori, 2011)

(i) Let P = X xSU(n) be the trivial SU(n)—principal bundle
on a four-manifold X. There exists a pre-symplectic structure

on the space of irreducible connections A(X) given by the 2-form

ogala,b) = %/Xtr[(ab—ba)F]—iﬂg/Mtr[(ab—ba)A]. (1.1)

Where F' = dA + 3[A, A].

(ii) 3 a line bundle with connection
(L£,0) — B
such that the curvature of 6 is ¢. (Chern-Simons quantization)
For 3-dimensional manifolds there would be no presymplectic
structure on the space of connections A.

(Remark) There is a presymplectic form on the space of flat
connections A’ (M)



In the following we shall deal with the geometric pre-quantization

of the sapce of connections over 3-manifolds, where there would

be no presymplectic structure.

BUT

e A quantization would not be the quantizationof the space

of vector potentials A, but should be the space of fields C T™A.

The cotangent sapce T*A is always symplectic.
May be anticipated the theory of Bohr-Sommerfeld Quan-

tization ~ semi-classical approximation over T*A

Today’s talk:
Hamiltonian formalism on T'A & T*A(M) with dim M = 3.

=  Maxwell like equation of motion



2 Revision: Maxwell equations

2.1 4-dimensional vector potentials —-

3-dimensional Maxwell field equations

Anraz © The space of U(1)-connections on R*.

Aprar 3 A = Ajda' + Ayda® + Asda® + ¢ dt

A

d: = the exterior differentiation on R?.
F=dA =B + Edt curvature

B = Byda® A da® + Boda® A dat + Bsda!' A da? |

E = Eyda' + Eyda® + Esda®.
5, s, 5, 5,

“ou M T aar BT g T




dF = ddA =0 (2.1)

e
L0 ) ) .
;%Bi:o, 5Bk = 5B+ Bi =0,
ie. divB=0, VxE+B=0
e

3-dim. expression:

dB =10 # magnetic monopole
| (2.2)
dE+ B =0 Faraday’s law
where d = 377, Dda’ : = the exterior differentiation on R®.

(2.2) is invariant under the action of gauge group U(1).
That is, (2.2) is a field equation.



(2)
x:  Hodge operator on R*.

We have
dxF=jAdt+p. (2.3)

for

J 2-form; j = jida? A dad + joda® A dxt + jzdat A da?
3 3-form; pdrtdz?da?.

<

3-dim. expression:

d«E = pdzt Ada? Ada?,
dx B+ xE =]

where * is the Hodge operator on R3.
That is,

dE=p <+— divE = p; Gauss law (2.4)
) ) 2.
&*B+FE=xj<= V x B+ FE =]j; Ampere’s law
Maxwell’s eqation consists of ;
o The field equation (2.2) , i,e, the defining equation of the
electro-magnetic field.
o The conserved quantities (2.4) , i.e. the momentum of

the action of the gauge transformation.



(3)
Marsden-Weinstein introduced the Poisson bracket on the

electro-magnetic field; ( Vortex type Poisson bracket ):

0D ow ow 0P
{(1)7\11}(E7B)_ <5—B,curl5—E>1— (6—B,CUTZ5—E>1.
(2.5)

For the Hamiltonian function
H=HEB) = (B +|@BIP), (26
the equation of motion
¢ = {2, H}(E,B)

is nothing but the the Maxwell equation (Faradey and Ampere

with O-current:
E+dB=0, B+dE=0. (2.7)

]



Why vortex formula?
We can look from Faraday’s equation and Ampere equation the
actual motion of the magnetmeter or the electricity in the coil.

By vorticity potentials are realized ( visible ) as fields.
e We glance over this fact in VORTICITY of fluid mechanics.

B C R? simply connected.
) G = SVect(B) : the divergent free vector fields on S3.

The space of vorticity vector fields is
VxG={w=Vxv; vegh

o Yu € G, there is a unique ( mod. Vf ) solution v € G
of

VXv=u.
That is given by the Biot-Savart’s formula:

V) = BS(u) = — - [ MUV

Hence
v xG 25 g

On the other hand G = SVect(B) and V x G are in duality
by
(w, V) :/ w-v d’z
B

Hence

G*~V xG. (2.8)



G=SVect(B) 23 QYB)/dQ(B)~G
Vx | ~% BS dl~1dG (2.9)

G* =V x SVect(B) "% Z2(B,0B)

Here, on the RHS
ON(B)/dQ%(B) 5 Z%(B,0B) = {# € Q*(B); df =0, p|0B =0},

and the Green function G gives the solution 8 = Gv € Z*(B, 0B)
of AB =v for v € Z*(B,0B)

SVect(B)sv — v’ = Av € QY(B)/dQ°(B)
VxSVet(B)3Vxv=w — dv’' =w =i,vol € Z*(B,0B),

SVect(B) > v — iywol € Z*(B,0B),
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e Vortex representation

Euler equation for incompressible flow:
v+ (v-V)v+ Vp =0, dp, (2.10)

rewritten —

v=vxw+Vq qg=—(p+3v-v),
Then

w = Vxv=Vx(vxw)+Vx Vg
=(w-V)v— (v -V)w— (divv)w + (divw)v
= (w-V)v—(v:-Vw= Lyw.
w = Lyw : Vortex type Euler equation.
The above vortex type Euler’s equation shows that the vortic-

ity vector fields are always on the flow of velocity vector fields;
(Lord Kelvin’s theorem)
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THIS LECTURE provides the following subjects.

M : a compact 3-dimensional manifold X.
A : the space of irreducible connections ( vector potentials )
over the principal bundle M x SU(n) .

)
T=TAx4T*A : Whittney’s direct sum of the tangent and
cotangent bundles of A.

The symplectic structure on T is given by the 2-form:

Qe ) ((2) : (Z)) =(ea, dyp1), — (e1, dyf2); ,

for ( ;Z > c T(E,B)Ta 1 =1,2.

12



¢

(1)
The Yang-Mills field F is defined as a subspace of (T, ).

F is rather a symplectic reduction, or a horizontal lift of the

reduced space.
We shall prove the Maxwell equations on F:

B+ FE =0, dyE— B =0,
d4B = 0, dE =0.

(2.11)

The first two equations are the Hamilton equations of motion
derived from the symplectic structure on T,
The second equations come from the action of the group of gauge

transformations G on A,
The second equations are the defining equations of F.

(2)

The corresponding Poisson bracket on F is

(@, U} op = Qpp (Xe, Xu) (2.12)

5O 50 SV 6
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This is a parallel formula of Marsden-Weinstein in case of

the electric-magnetic field.

od ow ow 0P
{@, ¥}y = <(5_B’ CUTZ(S_E>1 - (6_B’ curla—E>1 :
(2.14)
For the Hamiltonian function
1 ES
H=H(E B) = (4B + | 'BIF),  (215)

the equation of motion

¢ = {(I)7 H}(E,B)

is nothing but the the Maxwell equation (Faradey and Ampere

with O-current:
E+dB=0, B+dE =0. (2.16)

]
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v
(1)

We show that the action of G on (F,€)) is Hamiltonian with

the moment map
J(E, B) = [daE, xB].

This gives a conserved quantity [,, [daE, *B] that is due to

the non-commutativity of the gauge group.

(2)
There is a symplectic parametrization ( Clebsch variables ) of
F by the tangent space of the moduli space T'(A/G).
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3 Canonical structure on 7% A

M : compact, connected and oriented m-dimensional rieman-

nian manifold.
P =5 M: a principal G-bundle, G = SU(N), N > 2.
( In the sequel, mostly supposed to be trivial: P = M x G.)

A= A(M): the space of irreducible L ;| connections over P.
(s will be abbreviated); An affine space modeled by Q! | (M, LieG).

Tangent space of A at A € A is
Ty A=Q (M, LieG). (3.1)
Cotangent space of A at A is
TiA=Q™" M, LieQ)), (3.2)

The pairing (a, ays = [, tr(aAa)of a € T4 A and a € Ty A

is given by
(PO X, YY) =(¢, ¥)s1tr(XY),

for ¢ € Q"1 (M), ¢ € Q1 (M), and X,Y € LieG.

16



[Notation]
Tangent bundle R =T A,
Cotangent bundle S = T*A.
The point of S is denoted by
S (A N) with Ae Aand X € TA.

The tangent space to the cotangent space S at the point
(A, M) €S

TianS =TaA® THA = Q' (M, LieG) & Q™' (M. Lie G).
(3.3)
Any tangent vector a € Ti4)S has the form a = < ¢ ) with
o
a€TyAand a e THA

17



The canonical 1-form 6 on the cotangent space S is defined

as follows:

9(“)(<Z>)<A,w*<z>>A/thM, (3.4)

a
for any tangent vector € Tians.
o

Let ¢ be a 1-form on A. We have the following characteristic
property:
O 0 = ¢. (3.5)

The canonical 2-form w on S is defind by
w = df. (3.6)

w is a non-degenerate closed 2-form on the cotangent space S.

The exterior differential d on A will be explained in the

following.
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canonical 1-form 6 :

Q(A,A)(<Z)):<)\,7T*<Z>>A=/Mtra/\)\,

Lemma 3.1. The derivation of the 1-form 6 ; is given by

(8(/“)0)(@) :/ traA o, forV( a) € TianS .
a M a

In fact (8(14’)\)0)(( ¢ )) = lim 1 (traN(A+ta) —tran) = / tr aha.
o)

t—0 ¢ M M

Proposition 3.2.

a b
W(A,)\)(<a>, (6>)/Mt7“[b/\oz—a/\ﬁ,]

b
for ( ¢ , > € T(A7>\)S
o B

Proposition follows from Lemma 1.1 and (3.6).

Canonical 2-form w is a symplectic form on S

19



Let ® = ®(A, \) be a function on the cotangent space S.
The Hamitonian vector field X¢ of @ is defined by the formula:

(d® )y =w( -, Xo(AN)). (3.7)

b
We look for Xg(A, ) = ( 5 ) by compairing

(1) (J®)(A,A)<a> <a>g>A+<§;§\)va>A

(07

and

2) w(A)\)((Z), <;>)—/Mtr[b/\oza/\ﬂ]

Then we have
5
X

X3
5A
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3.1 Tangent space of A

We assume that P is a trivial bundle P = M x G .

A being an affine space modelled by the vector space
QOYM, ad P = QY(M, su(n)),
the tangent space at the point A € A is

T4 A = QYM, su(n)).
The inner product on T4 A 7F
(a,b)1:/ TraA *b Va,be TyA.
M

Denote a point of R = T'A by
(A,p) € Rwith A€ Aand p e T4A.
The tangent space of R is

T(A’p)R = TA.A éb TA.A.

a tangent vector a € T(4 ) R is given by

a—<a> with a, x € TA.
x

The symplectic structure on R is defined by the formula

0<A,p><<a> ) <b>> = (b, z)1 = (a,y)1,
x Y
for all <a’> , <b> € TR,

z y

21



3.2 The action of the group of gauge transformations
Gon R=TA and S =T*A, and the corresponding

moment maps
G(M) =Q%M, AdaP) = QY(M, AdG) acts on A by
g-A=g1tAg+ g ldg, Aec A geg
e G(M) acts on R=T4A by
a — Ady1a =g 'ag
and on S = T A by its dual
o —> g_lozg.

The canonical 1-form 0 and 2-form w on S = T*A are G-

invariant.

o LieG=QM,LieQ).
For ¢ € Lie G, the fundamental vector field £ on S is given by

d A da§
A N) = = exp € - -~
R A4

e The dual space of LieG is
(LieG)" = Q™(M, Lie G)

with the dual pairing:

(1, €) Z/Mtfr’(uﬁ), V¢ € Gy, € QT (M, LieG).

22



3.3 moment map on S
The moment map of the action of G on (S, w)
K:S — (LieG)" ~Q™(M, LieG),

is defined as follows:
Put

KS(A)) = (K(A,)N), €) for € € LieG .
Then K is the moment map <ﬂ>

1. K¢ is Ad*G-equivariant:

KAdgg(g ’ A7 g- )‘) - Kg(Aa >‘)7

2. The Hamilton vector field K¢ is equal to the fundamental
vector field &g:

Xpge = &g, that is,

dKS = w(- ,&). (3.9)

23



Proposition 3.3.
The action of the group of gauge transformations G(M) on the
symplectic space (S ,w) is an hamiltonian action with the mo-

ment map given by
K(AN) = —daX. (3.10)

Proof
The equivariance of K¢ follows easily. We shall verify the
condition (3.9).
Stokes’ theorem yields

M

t?“(dA)\)€:/ tr (da&N ).

M

Since

1
lim — [ tr (dA+m§/\(>\+ta)—dA§/\A):/ tr (anN[ &, N ]+ daé e,

(c.f. (?7)), we have

9 (1) = ((2) ()

24



3.4 moment map on R

G = Auty(P) = QY(M, AdgP) acts on the symplectic manifold
(R,w):

g-(A,p) = (A+g'dag, g 'pg), g€G, (Ap) €R

Proposition 3.4. The action of G on the symplectic space

(R=TA, o) is an hamiltonian action with the moment map
J: R — (LieG)* ~ LieG given by

J(A,p) = d\p. (3.11)

25



3.5 Duality

Proposition 3.5. (S, w) and (R, o) are isomorphic by the
Hodge dual :

¥ : ThA ~ QY (M, su(n)) — THA ~ Q™" 1M, su(n)), AcA

d the symplectic isomorphism:

() () e (2)-(2)
£ Y XL 1
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We have the following two dual descriptions:
Proposition 3.6. Let A e A.

1. (a) Orthogonal decomposition of Ty A?Q:
TyA = dy LieG @ Hy,

with Hy = {x € QY(M, LieG); dx =0}.

(b) Put
R’ = UaecaH 4 .

Then R° is isomorphic to the symplectic reduction of
R by the moment map J,(3.11):

J10)/G ~ R". (3.12)

2. (a) Orthogonal decomposition of TH.A:
ThA = dy(LieG)" & Hy,
with HY = {w € Q™ Y M, LieG); dgw = 0}.

(b) Put
SO = Ugenly (3.13)

Then S° is isomorphic to the symplectic reduction of S
by the moment map K ,(3.9):

K 40)/G ~ S°. (3.14)
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4 Electronic Magnetic paradigm of Yang-Mills
fields

4.1 Symplectic structure over T A x 4 T*A

R=TA, S=TA.
Whitteney’s direct sum of tangent and cotangent bundles:

T:RXAS—> A.

T=RxyuS — (S,w)
T 4 ml (4.1)

(R,o0) — A
Denote by (A, E, B) any point in T ( often abbreviated to
(E,B) ) :

T>(AE,B) withAe A EecTyAand B e T)A.
The tangent space to T at (E,B) €T (over A € A) is
TepT =TsADTHA.
Every tangent vector in Tg )T is written as

(1)

by e € TyA and g € T} A .

Define the following inner product on each fiber Tig p)T 7F

(( ;1 > ’ (;z >>T = (2, d4f1 )1 + (e1, difa)1.  (4.2)
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Differential calculation on T

The directional derivative (0®) g p g of a function & =

®(E, B) on T to the direction e € T'A is defined by the Frechet
derivative.
Then the partial derlvatlve 6 T3 A is defined by

e e 0 , 0P
(aq))(E,B)<O> = <<0> 3 <§%>>T = (eadA(S—E)l, Ve € TYA,

where A = m,(E, B).

Similarly the partial derivative gg € Ty A is defined by

0 od
(0®) g, < 5 > (53 dyf )1, VBeTjA.

Where the left hand side is the Frechet directional derivative to
the direction g € T* A .

The exterior differentiation is given by
~ e g% e
(d®)(5,5) ( ) = W | (4.3)
5 = B)).

Example
Let H = H(FE, B); Hamiltonian function on T be given by

H(E, B) :% (( g) | (ijg )) (dAE duE) + = (dAB 4 B),.

Then
oH oH

—=diB, — =d4F. 4.4
0B~ AT s (44)
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The symplectic structure on T and F

Definition 4.1. The 2-form € on T is defined by the following

formula:

Qp,p) <( ;11 > ) (Z )) = (e2, d3p1), — (e1, duf2),
(4.5)

for any ( ;i ) ceTepT,i=1,2.

() is a non-degenerate skew-symmetric and
A0 =0.

Theorem 4.1.

(T=TAx4T*A, Q) is a symplectic manifold.

Proposition 4.2.

Let & = ®(F, B) be a function on the fields T. Then the Hamil-
tonian vector field X¢ of ® is given by

0P

Xa(B,B) = | | (4.6)
O0F

The formulae (4.3) and (4.5) imply (4.6) yield the proposi-
tion.
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Definition 4.2.
The Poisson bracket on T is defined by the formula

{(I)a v }ETE,B) = Q(E,B) (Xd> ) X\If) ) (4-7)
for &, W € C(T).

The following formula is our counterpart to the Marsden-

Weinsrein’s vortex formula for the Poisson baracket of Maxwell’s

fields .

Proposition 4.3.

r (60 06U U 5D
{(I)7\I]}(E,B)_ <5_B7dA5_E X 5_B7dA5E X

_ (g0 oY (0 00
~ \"B’sE ), 6B 6E ),

Proposition follows from (4.6).

(4.8)

The equation of motion for the Hamiltonian H is written in

the form
¢ ={2, H}ETE,B) : (4.9)
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Let H = H(FE, B) be the Hamiltonian function of (4.1):

1((E 4B 1 1
H(E,B) = - , = ~(duE,dsE), + =(d"B, d"B)1.
s -3((2). (%)) - Yo oo

Then the Hamiltonian equation of motion of H is
E = —d\B, B =d,E. (4.10)

This is the Maxwell electro-Magnetic aspect of our Yang-Mills
field.
These equations correpond to the Faraday’s quation (2.2) and

Ampere’s equation (2.4) respectively.
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The equations for the nonexsistence of magnetic monopole
and for the Gauss’s law are deduced from the symplectic reduc-
tion by the group of gauge transformations G.

These are already observed:
JH0)/G~R' ={(A,E)e R=TA, EcTsA d'E=0}

K '0)/)G~S"={(A,B)e S=T*A;, BecT;A dB=0}

Writing these in (T, 2), we have the definiiton of the following
Yang-Mills fields.
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4.2 Yang-Mills fields

Definition 4.3.
The Yang-Mills field is the subspace of T defined by

F={(FEB)eT: dsB=0,d}F=0 with 7 (F,B)=A}
(4.11)

The Yang-Mills field F is a symplectic subspace of (T, 2)

and G-invariant because of

dg.A(g-B) = g-(dAB), dg.A(g-E) = g- (dAE)

F=R"xy558 — S°
e 4 T (4.12)
RY —  A/G.
On Yang-Mills field F hold the counterpart of Maxwell’s

equations:
B+ FE =0, d,E=0, (4.13)

dyE — B =0, d4B=0. (4.14)

34



The group of gauge transformations G acts on F by
g-(AE,B) = (9-A, Ady £, Ad,-.B) (4.15)
= (g 'Ag+g'dg, g 'Eg, g 'Byg) .(4.16)
It is a symplectic action because of

(g-e.dialg-B)), = (g-e,g-(dyB), = (e, diy3),

for any (e, 3) € T p)T.
The Lie algebra of infinitesimal gauge transformations Lie G =
Q%M, Lie G) acts on T by

A d A€
¢ E| =1 [E€ |, (4.17)
B [ B,¢]

that is, the fundamental vector field on T corresponding to

¢ € LieG becomes

(&r(E,B) = | [EE] |- (4.18)
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Now we shall investigate the Hamiltonian action of G on the
Yang-Mills field F.
A map
J: F — (LieG)" = Q*(M, LieG) (4.19)
is by definition a moment map for the symplectic action of G

on F provided
1. If we put J(E, B) = (J(E, B) ,€), the Hamiltonian vector
fields of J¢ coincides with the fundamental vector field &,
(4.2).
2. J is Ad*-equivariant:

J(9g7'Eg, g7'Bg) = J*%(E,B).

In this case we say that the action of G is Hamiltonian.

Proposition 4.4. The action of G on F is Hamiltonian with

the moment map

J(E, B) = [daE, xB]. (4.20)
Proof
We have
J(E,B) = (daE,[B,€])s = = (diB, [E, ])1, VEe€ LiegG,
(4.21)
and

(d1°)(5.5) ( ) ) = (e, da[B, &) — (daf, [E, €]

_[Evf] €
[B.¢] B

T
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By (4.6) the Hamiltonian vector field of J* becomes

[E,¢]
Xpe = = &r(E, B).
B, ¢]
The equivariance of J is easy to verify. ]

Corollary 4.5. On the G-orbit passing through a solution of
equation (4.13) we have J(E,B) = [B,*B].

4.3 Symplectic variable v: R — F

Since any A € A is an irreducible connection we have the Green
operator G4 defined on QF((M, LieG), k = 1,2,

(dad’y + d'yda) Gaa = a, Ya € Q¥((M, LieG).

G4 is a self adjoint operator; (Gau,v)r = (u,Gav); for any
u, v € QF(M, LieG), k = 1,2. We note also the fact that G4

commutes with d4 and d :
daGa = Gady, Gy = Gydy .
Restricted to the space F we have
dadyGap = B, dydaG ge = e, (4.22)
fore € Ty A and 8 € T A.
Definition 4.4.

1. ¢: R — F C T is the map defined by
¢(A,p) =(E=-p, B=Fy). (4.23)
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2. Let ¢, : TR — T'T be the tangent map of ¢:

(QS*)(AJ?) ( z ) = ( ;42 > )

and let G4 : T4 A — T4 A be the Green operator.
We define the modified tangent map v : TR — T'T of ¢

as follows
v = ¢y 0 = : (4.24)

that is,

a a —Gpx
Ty R > o = el T.
(Ap) ( . ) V(A,p) ( . ) ( d1a ) ¢(A,p)

Lemma 4.6.
> R, 1 =1,2,

()
al(2) (2)) - e 2) ()
(21

= (21, Gadjydgas )1 — (z9, Gadiydaar )1 = (x1,a2)1 — (292, a1)

w((2)-(2))

38
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G .
A2 ) ) = (=Gazy, dydaay )1 — (—Gaxy, a
dACLQ



Let R” = Ugeq Hg be the reduction of R, (3.12). Remenber
that the symplectic reduction of R by the moment map J is

isomorphic to R°, Proposition 3.6 .
Theorem 4.7. (R, o) is symplectomorph to (F,).

Proof
Since d%(—p) = 0 and daF4 = 0 for (A,p) € R’, ¢ maps
the subspace R’ into F . The tangent space of HY consist of

a

those vectors ( ) € Tiap R such that dx = 0, and the

X

e
tangent space T'F consists of those vectors < 5 ) € TT such

that djje = 0 and ds8 = 0. If “) s tangent to HY then
T

d4Gaxr = 0 and da(daa) = 0, ( the latter follows from the
derivation of d4F4 = 0). So v maps T R® into T F. Moreover
is a bijective map of TR" onto T'F . In fact we have the inverse

map given by

e e e\ [ dyGapB 0
T]-“a(ﬁ) — (—d} 7)<B><d2dAe)eTR.

By virtue of the implicit function theorem in Banach space the
vector spaces R and F are diffecomorphic. Let 7 : R — F be
the diffeomorphism. Lemma 4.6 implies that 4 is a symplecto-
morphism.

]
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