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1. Classical Hamiltonian:

1 * n n
H(gq,p) = %Z pi+Vig), (¢,p)€T"M =R™, M =R".

2. 0000 Schrodingier 0O O :

R 2
A=-"Axv..

2m

3. WKB Ansatz
(I/-\[—E)gpz() Oo0O0oo0o0oOp0OD0O0DO0O0O

o0
p=eMa, an~ Zak%k, ag = 1.
k=0

Oo0o0ooooad
S . M — R: Phase function, a;: amplitude.
eSS g 0 (k+1)00 00



Hamilton-Jacob:i O OO S : M — R [

Hamilton-Jacobi equation

IvS|®

2m

HodS = +Vig) =FE

oooooooooi1o00; (f[—E)gsz(]/i)D
o =expM ~ 1 4+iS/ 4 -

Ooddooon
Proof

O s _ 108 s O sy _ (3@2_5 _ 1.8

—¢€

ox; oz, o’ Jhox: 2 Oxy
~ _[Ivs)? oL iS/H
(H—E)p = 5t V(q) ZmAS exp™”/" .



2 Hamilton-Jacobi equation OO O .

0S5
aQi} .

L ‘= imagedS = {(q,p) € T"M; p; =

n-dimensional submanifold of 7™M .

1. Hamilton-Jacobi equation: H odS = F OO L [J
H-YE)c T*M. O n-dimensional submanifold O

2. w=>Y_ dp; \dg;: symplectic form on T*M.

0S
w|L = d(z pidg; ) = d( a—qd%) = d(dS) =0

00 L O Lagrangian submanifold.
3.m:T*M — M OOO L~ M: diffeomorphism.

4. The canonical 1-form 6 = > p;dg; on T*M induces
the 1-form i*0 = d(S omy) on L; 0|L = g—idqi.



Hamilton-Jacobi Theorem
T*M 0000 H O Lagrangian submanifold L U [0 [
OO0 locally constant D D OO OO0 O0OOOO0OOO

0 0 O Hamiltonian vector field Xy O LO OO0 O O
O0oo0o0oo.

dH = w(-, Xy), Xpg(w)eT,L,Vw e L.



3 (0000 0O O Semi-classical state

Hamilton-Jacobi equation: HodS = E, 00 O O phase
fnction S = S(x) O amplitude function a = a(x) OO
[ [

o =expha

Joooooogn

a O homogeneous transport equation:

oa 85
A 2 N
aAS + Z 50 (9(]] (3.1)

ooogoo
o = exp™/hq

[] Schrdingier operatorﬁ]DDD o000 r0000
00000odo

(H - E)p = O(J).



N 1 .
(H— E)p = (%HVSHZ + (V — E)) expzs/%a

da 0S

2
9a 0S5\ s WA it
dq;j 3613’) P om— Y



4  semi-classical state [ [ []

00000000000 H=Y, p2/2+V(q) 000
0000000000000

ov .0 1,
Xy = — i—.
. Z( 3%’)329@' P dg;

i

XgOL=d5000000

ov. .o oS 0
XH‘L B ;(_a%)api - 3332'5'%.
goognd
7T*XH = VS (41)

[J 0 homogeneous transport equation:

da 85
A 2
alAS + Z 9q, 8(]]

Oo00ooood
vector field a¢?V.S O divertence free.

div (a*V 9) —Z% 205 ) = alaAS+ 228@ 03
= 0g;

divergence [ O [0 O [

(divv)|dz| = Ly|dz|, (4.3)
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0000 £, O Lie-O0 0O O
(4.1), (4.3), (4.2), 0 O

L2xy |dz| = Lievg) |dz| = div (a’VS) |dz] =0,

—
Lx, (a*|dx]) =0.

(Hamilton-Jacobi theorem) 0 O Xp: tangent to L |
00000000 diffeomorpism invariant O O O |
O000#|L:L—=—MOO0000O0
O Ldg

Lx, (a®|dz|) = 0.

Ooooon

a?|dz| = (aldz|?)? O O

homogenecous transport equation <=
Lagrangian submanifold 00000000000 Xy
0000 half-density O OO 0O O



5 OO

e000D0 *MOIDODOODOD:
0000000000 000 (L,i, a)

1. (L,i): Lagrangian immersion 0 0000000
i(L) O classical Hamiltonian H O energy level set
H-YR)DOOoooooo .

2 HOOODODOOODODO invariant O L OO half-
density a .

7 Quantization 7 = 00 data (L,i,a) D000 ap-
proximate solution to Schrodinger equation H-FE=0
oooooa.

[J O O 0O Hamilton-Jacobi eq. 0O O O O phase func-
tion S [

L=dS c T*M 00 half-density a|dz|'/? 0000

o = e (dS)a

0 Schrodinger 000 0000000000000 (H-
E)p = O(}*) O
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6 Pre-quantization of a projectable Lagrangian

OJO0O0MOOOODO ODOoOoOooooooonoT T M O
Lagrangian submanifold O pre-quantization O 0O O O ,
T*M — M ; cotangent bundle.

Time)T"M = T,M & Ty, M 3 (t,€)
Canonical 1-form , Liouville form: 6 definition
¢; 1-form on T*M ; defined at (m, ) € T*M by

9<m7a) ((t, f)) = Oz(t) , V(t, f) € T(m@)T*M, .

Canonical 2-form : w = d#f.

L C T*M: Lagrangian submanifold

definition
<~ w|L

Example:

0 = Zpidqi, wzzdpz’/\d%,

L = imagedS, foraS: M — R.
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i L—T"M

projectable Lagrangian embedding:

0000 L LY v oooo0o0ooo

L:exact OO0 L=1magedsS , 0000000

w|/L=0000 0|L closed on L.
H Ly} : acover of L
0 L 00 4 |Lg exact ;
J ¢y on Ly ( primitive ) such that :

dpy = i*0 | Ly.

12



(L, i | Ly, ¢ ) O quantization O L, O O oscillatory
function :
I, = (Wzkl)*eicbk/%_

Jgoogood

(L,i) O quantization 00O 7 [, 00D OO00OOO”
well defined O I(L,i,¢) on M OO0 O0OO0O0OO:

I(L,i,¢) ~ Y (wplyre ot
k
DJodooooooodgo
el Pkl — emﬂ'/h, on LpNLj.
Oooo

¢;j— ¢ € 2nhh-Z on LyNL,. (6.1)
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L = Uy, Ly; projectable Lagrangian L [ covering [
1 ¢;: L — R,

dor =10 | Ly, .
{ A\jk = &; — ¢ } defines the Liouville class

Ay = [N\ € H'(M, R).( independent of covers )
00 Liouville class 0 O00OO0O (6.1) ;
ANz € H' (M, 2nli - Z)
oooog
3 good cover L = U; L;
3 primitives ¢; : L; — R;
i"0|L; = do;,
0 L,NL,00C
¢; — ¢ € Ly =2rlh -7
100 {¢}, 0
¢: L — Ty=R/Zy (6.2)
0000 f0=de000 gy
oo

global oscillatory function on L :

e/F . Quantizatin O(f) OK.
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7 T;/;- [10: Chern class [1[]

0 0000 Lagrangian submanifold 0 0 0 Ty-0 0 O
OO0o0O0”"00 7 (e2)0000o00ooooood
[0

Ooddoooododgooodnn

Ty=R/Zy, Zy=27}Z,

Ty > [t] = [t + 2nk]i]

P X0O0O0O0 X0OO0O Ty-000000
Ty=R/Zy >t0p=(r,u) c POOOOO p-t=
(z,u+t mod Zy) 00 OODODOO

trivialization [J
X=UU;, ;7 (U) — UixTy, gilat) = (z, filz,1).
transition function [J
gix - UyNU, — Ty
filx,t) = filz, t+ gji(z)) , Ve € U; N Uy.
Oo0oooooon
filz,t) = filz, t + gij(x) + gjn(x) + gri(x))

= gi;() + gjr(x) + gri(x) = 0 mod Zy.
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gix - UyNnU, — T, DR (000000 Lft O
g UyNU, — R : 0000{g} 000

Cijk = Gij(x) + gin(z) + gri(x) € Zy
0000000 cohomology class U 0 O 0O O
[P] = [cing) € H*(X,Zy) :  Chern class of P.
Theorem 7.1.
oo X 0l Ty-0U0 P — MU isomorphism

classe0 0 0 0 Chern class [P] € HX(X,Zy)0 0 bi-
gectwe 1 0 00 0O -

16



8  principal Ty- bundles ] [ U [ I Kostant-

Souriaul [

Ty-bundle P — X. 00 + mod 00000000
teTy0e"eTy0000
P>p=(z,c)~(ze)00teZ,000000

D o~ p - eit — (gj)eic) . eit — (l‘,ei(c_'_t)) ~ (.73,0+t))

X = UjUj, W_I(Uj) g U]’ X Tlfi’
T(:L‘,t)P ~ TQ;X X R.
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Definition 8.1.

7 @ a connection form on Ty-bundle P X
<= v: Ty-invariant ( R-valued ) 1-form on P
such that v(&p) = &, V€ € R,
000 &p(p) = &L|emop - € € T,P; fundamental

vector field.

odon

U; > x U0 local section Jj(aj) — (10],—1(3;70) 000
00000 y=0y 00000

{1}, 00 U; 00 Ty-valued 1-form O OU;NU; OO

Vi — Yk = dgji

gk transition function of P — X
—

closed 2-form ;  curvature form of Ty bundle P.

m™w=dy on P.

18



Theorem 8.1.
manifold X 00 closed 2-form w 0000 Ty-0O0O P

with connection O curvature form O O O
— we H*(P,Zy).

Proof
Follow the zig-zag of Cech-de Rham ;

H*(X,Zy) > [P] = [cin] +— [w] € H*(P, Zy)

19



9 U000 7"M OO0 Pre-quantum line bundle

[1 Oscillatory function

0 : the canonical 1-form on T™M:;

e(m,a)((th)) = Oz(t),
for V(im,a) €e T*"M ,m € M, « € T, M, and
for V(t,7) € T I"M = T,,M ® T}, M.

w = df : the canonical 2-form on T*M.
Ty =R/2nl Z: a torus with period 27/t.
Definition 9.1. 00 0 Ty-0O 0O
Py =T"M x Ty s T*M
000000 connection 1-form
Op = —m0 + djs

000 oood 7T"M 0O pre-quantum bundle O O O OO
00O

G : R — Ty : the linear variable in T}

— 70 : horizontal direction.

0 . vertical direction

20



v L—T"M 0O Lagrange 0 D OO O QOO 0.
i*Py — L: pre-quantum bundle Py — T*M [
Lagramge submanifid L C T"M OO OOOO.
1" Py — L 00 quantization DO OO O0O0O00OO0O
oooo 00000000000
Oy O flat OO0

d(i*0y) = di*(—=m"0+dfB) = —(moi)*df = i*w = w|L =0

3{L,};: L O covering ,
El{gbj}j , such that dqu = Z*QM‘LJ .

Ajk = @j — Ok
De Rham cohomology class
[i*0y) € H'(L,R)

Jgooooogug

Liouville class
ALi) = [Mi] € H'(L,R)

oogon

21



00 000 Bohr-Sommerfeld 0O O Ay, € H'Y(M, 21 [t Z)
ooodoodoodn

b; = P mod Zy =21 {Z
0 O quotient Ty = R/Zy O global section
¢: L — Ty
0000 (parallel lift of i*Qy — L).
T, 000 p:Ty>z—e™leyl)0OmO

000 ¢*Py 0 associate 0 O (U(1)-0 0 O associate O
00 line bundle (pre quantum line bundle )

5% = ’L'*P% ®pC :

Ooooad
00 p 000 parallel lift ¢ : L — Ty O & O
section

e L — U(1).

000000000 global oscillatory function O O [
oood
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Theorem 9.1.
T*M O Lagranjian submanifold L — T*M O pro-

jectable L ~ M 0000 Liowille class O BS-O
0 [\ e H(L,2nZy) 0000000 quantifiable O
o000

Ooooond

imbedded Lagrangian submanifold ¢ : L — T*M [
non-zero parallel section ¢ : L — ¢*FPy OO OO0

O quantifiable OO OO0
OO0O0dOoOooan

23



Remark
Lagrangian submanifold [ [0 submanifold N C M [
O graph DO OO0OOOO0O I-form, OO0 OO OO
Jo0oooooooon
T*M — M: cotangent bundle.
N C M:; a submanifold of M.

(; a closed 1-form on V.

N = {(z,p) e T*M : z € N, plr,x = B(z) } — T*M
W‘Ng !
N — M

—
N g [1 Liouville class

P\(Ng,i)] = [(W’NﬂT)*ﬁ] = Hl(Nng)

0 0O O Lagrangian subspace of T*M

00000000000 A — A0 quantization O
oOoooooooog

24



Kostant, Souriou, Kirilov, Guillemin

Abstract Formulation [Kostant, Souriau, Kir-
ilov, Guillemin ]
e Pre-quantization of a manifold endowed with a

closed 2-form .

For a manifold X endowed with a closed 2-form o,
we call a pre-quantization of (X, o)
a hermitian line bundle (£, <, >) over X equiped with

a hermitian connection V whose curvature is o.

Our purpose :

1. Geometric pre-quantization of the cotangent space

of connections a four-manaifold.

2. Geometric pre-quantization of the moduli space of

flat connections on a four-manaifold.

25



10 Differential calculus on the space of con-

nections

M : a m-dimensional riemannian manifold with bound-
ary OM .

G =SU(N), N > 2.

P =5 M : a principal G-bundle,

A = A(M) the ( affine ) space of irreducible connections
over P, LieO Lie GO 1-form QY (M, LieG) DO OO
Oooooooooo

TyA=Q M, LieG)): tangent space at A € A,

Ae A, aeTiA = A+ac A

T:A=Q"YM, LieG)), ADOOOOO

a € ThA and a € TyA O pairing;:

(a, a>A_/Mtr(aAa)

26



Oo0o0o0o00o A0O0OO
vector space VO OOOO OO0 &=P(A)on A O
0000 0,90

functional variation:
0,d : TWA — V, (10.1)
1
(04P)a = tlimo —(P(A+ta) — P(A)), fora e (@A)

Oooo
For example,

(04A)a = a,
00 Fa=dA+iANA OeDOODDO
1
(0aF4)a = dya = da + §[A A al.

d: AM)ODDODOD.
For a function F on A(M), (dF)sa = (94F)a. a €
T4 A

For a 1-form ® on A(M),

(dD)a(a,b) = (04 <D, b >)a— (94 < D,a >)b— < d,[a,b] >
= < (8A<I>)a,b > — < (8A<I>)b,a >, (10.3)

a,b: AM)DDDODOO.

27



0000 T*A D00 (A4,a) € T*"A 000000
00

TiaaT" A =TaASTIA = QY (M, Lie G)®Q™ (M. Lie G).

canonical 1-form @ on T* A :

9<A,a)(<z>)—<oz,7r*(IC/L)}A—/M?STCL/\Q. V(Z) € TianI".

canonical 2-form :

o = db. (10.4)

O-(Aﬂ)((Z)v (i)):<M7b>A_<V7a>A:/Mtr[b/\:u_a/\y]'

2. 0 : cotangent space T* A0 O non-degenerate closed

2-form .

28



Generating functions

s: A — T*A :alocal section of T* A

5(A) = (A, s(4)), s(A)eTi;A=0(M, LieG).

OO000 s OO0 canonical 1-form 6 OO O OO s*6
0 A0 0 1-form O O

characteristic property
§°0 =s. (10.5)

oooo,
(5*0)aa = (s(A), a). (10.6)

foraeT/ A ODOOO0OOOO IMformOOO0O0O0O O

canonical 2-form ¢ DO QO OO s*o O

oy . . a
(3 U)A(@ab) = Ug(A)(S*a, S*b) _U(A,S(A))(< ) ; <(8

(Sx)aa
— /Mtr[b/\(s*)Aa — a A (8¢)ab].

$*o is a closed 2-form on A.

characteristic property (10.5) O O

S'c=d(5%0) = ds. (10.7)

29



Example|(Atiyah-Bott, 1982)]

M : a surface ( 2-dimensional manifold ).

Ty A~ THA ~ QY (M, LieG)
[0 O generating function
§: A3 A — s(A)=AcQ' (M, LieG) =T} A

ooodod

(5°0) 40 = /M tr( Aa).

HEN

~

(E*O)A(avb) - (dg*Q)A(CL, b) = <(6A 5*@) a, b> - <(aA 5*‘9) b,CL>

_ /M tr(ba) — /M tr(ab) = 2 /M tr(ba).

(A(M), w = §*c¢) O symplectic manifold, w 0 0O O
.
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11  Pre-symplectic structure on the space of

connections on a four-manifold

X : Riemannian four-manifold with boundary 0X that
may be empty.
P =X x SU(n) : the trivial principal bundle

A(X) : the space of irrreducible connections

T4 A(X) = QY(X, LieG), the tangent space
THA(X) = Q%(X, LieG), the cotangent space
pairing [

TLAX)XTHA(X) 3 (a, ) — (a, ) z/ trace alo.
M

60 T*A 00 canonical 1 form ,
o=df 0 T*A 0O canonical 2 form 0 0 0 O
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s . cotangent bundle T* A — A [ section O O 0O 0
Oooo

5(A) = (A, s(A)) = (A, g(AFy + F4A — %A?’)) Ae A

(11.1)
5(A) e T A.

s(A) = q(AFs + F4A =A%) : a3-form on X valued
in su(n),

0° =59 ,0°=s¢c 0 sOO0O0O MOO forms O
O00o0oooo.

oboooogon

5 _ 1 1 3
QA(CL) = Iﬂ'?’ N TT[(AFA+FAA—§A )CL], a < TAA,
(11.2)
. 1 |
oi(a,b) = 53 /XT?"[(ab—ba)]ﬁ]—IW3 /ax Tr(ab—ba)A].
(11.3)

0 0O O O characteristic property (10.5) :

(50)4 = s(A)
0o .
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0000 abeThADDOO,

(d0°)a(a,b) = ((040%)a,b) — ((D46°)b, a)

_ Tr[2(ab — ba)F — (ab — ba) A*

247'('3 X
— (bdACL + dyqab — daba — adAb)A}
1 1
=50 /. Tr|(ab—ba)F] — 519 /. Tr|(ab—ba)A],
for a,b € Ty A. O

6 [ characteristic property D OO0 00O OO0

05 = (5°0)4 = s(A), VAc A (11.4)
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Theorem 11.1. P = X x SU(n) : trivial principal
SU(n)-bundle on X.
A(X): the space of irreducible connections on P.
AX)OO 2-form0 w O

wala,b) = —— /X Tr{(ab—ba) Fl— —— / Tri(ab—ba)A], Va,be

873
(11.5)
D00000 w O closed 2-formO0 0000000
(A(X),w) O pre-symplectic space.
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12 flat connection [1 [ [

0000, flat connections, O O O O :
A ={Aec AX);Fq=0}.
A00000
TWA = {a € Q'(X, LieG); daa =0}

0000((dFs)a=dse 00000
l-form ¢* 0 A/ 00000

0% (a) = —

~ 4873
0oog
2formw=0°"0 A00000
1
24w Jox

/ Tr(A%), Vae TyA
X

wal(a,b) = Tr((ab—ba)A], Va,be Ty A (X).
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000X O00O0DO0OO0000,0X=0,00
do® = w| A =0.

00 6%|A 00 closed 1-fprm on A,
05 =s(A), VAe A, (114),
O0o0o00,00 Remark OO O OOONO

L= ()= {(A, A)eTA: Aeh, a= S(A)}
= {3(4) = (4,5(4)); AeA)
00000000 £ = §(A°) O Lagrangian submani-
fold of T*A(X) O
L - T'A
Lom |
A — A
(O ): submanifold DO OO0 OO
Oaslp, p: T 4 A — Ty (T*A) O isomorphism O
0o0ooooooo
O00DAe A(X)OOOOO

5(4) = (4,5(4)) = (4, =AY

00000000 M pure gauge A = g 'dg O O7 O
00’ o0oooooo)
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Pl/‘ =T*A x Tl/i SRIEN A
trivial principal Ty-bundle with a connection
6/75 = —7"0 + da .

0 O T*A O canonical 1-form,
a [ the angle coordinate of Ty, O 00O OO
00 L < T*AD00000

7 b
Z'*P% — L
trivial principal Ty-bundle O O 0O O conection form
"0y = (7°)°0 + do = gA3 + da

(1 flat connection. OO O O O
b - N
i*Py — £’ 0 flat bundle ( di*0y = —i*7*df = 0)
o000
flat bundle  *Qy — £’ O parallel lift O ;
¢ L — Ty,

Oooood
£ < T*A O pre-quantizable 0 0 0 O
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000 &=L9,C0 00
p:T%9$—>6_ix/%€U<1)

000 £00000 line bundle (pre quantum line bun-
dle ) 0 O 0O O O oscillatory function

6/l

oooo, (L < T*A’(X), O pre-quantizable.
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13 0000000000 0000 pre-quantization

O 0O 0O OO cotangent space [ [ [J Opre-symplectic space
(A’(X),w) O Moduli space M” = A’/Gy O pre-quantization
00000000 MO0 line bundle with connection
J0000MO boundary 0X =0 0000 M° OO
flat line bundle O O 0O OO

G =SU(n),n > 3.

X O four-manifold ,0 0X OO0 O0O0O0O0O0O

O0o0X 400000

A(X)DO0O0O G-00 00 irreducible connection O
00000 affine space O O O O

(115000000 w000 (A(X), w) O pre-symplectic
space U O OO

flat connection0 0 0000 A = {A € AX); Fy =
0}.

wil A00000wO0O

1

U Jox

GX) =T(X,Adg P) = C*(X,G) 000000
JddooX ODUOoooooooooooooon

wla,b) = Tr{(anb—bAa)AA], Va,be TA.

Go={9€G(X), g|l0X =1d.}.
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GO AX)DDOOOOO
g-A=g'Ag+g'dyg.
00ooOoooooon
M’ = A /G
wd G 0000000 M° O presymplecticd O OO

wa([a], [b]) — w(av b)
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000
g€G, Ae A0DO0OO

i 1, ) )
[(g, A) = — [ Trls(dgg ' Adgg™'A)+(dgg™")’A]
4803 L

Cs9) = 5 487T3 /Y Tr(dgg™')” + Cs(g).
OO0 N O0N = X0O0O0ODOO manifold, g €
C*(N,G)O g € C*(X, GO NODODOO glX =g
(ma(G) = 0).
Cs(g)0 modZ00D0gOOOODDD

L.

P(fg,A) =T(g, f-A)+T(f,A),  mod Z

O(g, A) = exp 2mil(g,A) g€ Gy, Aec A
0000 O 2-cocycle condition:
O(g, A)O(h, g- A) = O(gh, A)
2.6 0 AxCOOO00O
g-(A,c)=1(g-A4, 6(g,A4)c)
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Ooodoooodn
L=AxC/G
00 0O O line bundle
L— M

OO0o0odn
L 00000 Hermitian line bundle O O 0O O O O O

o
4873
000006 O hermitian line bundle 00 O connec-
ton U g

0a(a)

/ Tr[A%), Vae TyA
X

4.0 0 curvature 0 w 0 O O O

5. pre-symplectic space (M”, w) O pre-quantization [
00000
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1.000000D000000008X =p00000
wA=000L — M" Oflat linebndle 00 0 O

2.0000, (M, w) O pre-quantizationd O , (M”, w)
[J O hermitian line bundle with connection (0 O [J [
O curvatued w DO OO OOOOOOO, 000N
cotngent bundle O O O O O O oscillatory function
000000000000000AO0O00 A0
Lagrangian submanifold 0 OO0 0000000 O
Jo0o0oooooooooooooooooon

3.0 T AO0WKBOODODODODOOOOO
0000000000000000000000
L0000 A000halfdensity 00000000
000000000
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