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Abstract
Let H be the quaternion algebra. Let g be a complex Lie algebra and let U(g)
be the enveloping algebra of g. The quaternification g = (H® U(g), [ Jgu)
of g is defined by the bracket

[z@X,w@Y]gH =(w-z2)® (XY) - (z-w)® (YX),

for z, w € Hand X, Y € U(g). Let S°H be the ( non-commutative ) algebra of
H-valued smooth mappings over S% and let S3gH = S3H @ U(g). The Lie algebra
structure on S3gH is induced naturally from that of gH. As a subalgebra of S?H we
have the algebra of Laurent polynomial spinors C[qﬁi(m’l’k)] spanned by a complete
orthogonal system of eigen spinors {(bi(m’l’k)}m,l,k of the tangential Dirac operator
on S3. Then C[p*T("!F)] ® U(g) is a Lie subalgebra of S3gH. We introduce a 2-
cocycle on C[pT™LR)] @ U(g) by the aid of the radial vector field a@n on S3 C C2.
Then we have the corresponding central extension g(a) = (C[p=™HR] @ U(g)) @
(Ca). Finally we have a Lie algebra g which is obtained by adding to g(a) a
0

derivation d which acts on g(a) as the radial derivation 5-. That is the C-vector
space g = (Clp™ ™% @ U(g)) & (Ca) @ (Cd) endowed with the bracket

[¢1® X1+ M+ md, d2 @ Xo + Maa+ pad J5 = (d162) ® (X1 X3) — (d2¢1) ® (X2 X1)
—i—/hagn% ® Xy — M2§n¢1 ® X1 + (X1|X2)e(¢r, ¢2)a.
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When g is a simple Lie algebra with its Cartan subalgebra h we shall investigate
the weight space decomposition of g with respect to the subalgebra /h\ = (¢+(0,0,1) ®
h) @ (Ca) @ (Cd).

The previous versions (v1-v6) of this arXiv text contained many incorrect asser-

tions and here we have corrected them.
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0 Introduction

The set of smooth mappings from a manifold to a Lie algebra has been a subject of
investigation both from a purely mathematical standpoint and from quantum field the-
ory. In quantum field theory they appear as a current algebra or an infinitesimal gauge
transformation group. Loop algebras are the simplest example. Loop algebras and their
representation theory have been fully worked out. A loop algebra valued in a simple Lie
algebra or its complexification turned out to behave like a simple Lie algebra and the
highly developed theory of finite dimensional Lie algebra was extended to such loop al-
gebras. Loop algebras appear in the simplified model of quantum field theory where the
space is one-dimensional and many important facts in the representation theory of loop
algebra were first discovered by physicists. We aim the three-dimensional generalization
of this theory. It turned out that in many applications to field theory one must deal with
certain extensions of the associated loop algebra rather than the loop algebra itself. The
central extension of a loop algebra is called an affine Lie algebra and the highest weight
theory of finite dimensional Lie algebra was extended to this case. [K], [K-W], [P-S] and
[W] are good references to study these subjects. In this paper we shall investigate a gen-
eralization of affine Lie algebras to the Lie algebra of mappings from three-sphere S® to
a Lie algebra. As an affine Lie algebra is a central extension of the Lie algebra of smooth
mappings from S! to the complexification of a Lie algebra, so our objective is an extension
of the Lie algebra of smooth mappings from S? to the quaternification of a Lie algebra.
As for the higher dimensional generalization of loop groups, J. Mickelsson introduced an
abelian exension of current groups Map(S®, SU(N)) for N > 3, [M]. It is related to the
Chern-Simons function on the space of SU(N)-connections and the associated current
algebra Map(S?, su(N)) has a abelian extension Map(S?, su(N)) @ A} by the affine dual



of the space A% of connections over S* [Ko4]. There does not exist non-trivial central
extension of a complex Lie algebra and we are led to consider the quaternification of Lie
algebras. Now we shall give a brief explanation of each section.

Let H be the quaternion numbers. In this paper we shall denote a quaternion a+ jb €

H by < Z ) . This comes from the identification of H with the matrix algebra

mj(2, C) = . a,beC

H becomes an associative algebra and the Lie algebra structure (H, [, Jg ) is induced on
a
it. The trace of a = ; € H is defined by tra = a +a. For u,v,w € H we have

tr([u,vlg-w) = tr(u-[v,w]a).

Let (g, [ , ]g) be a complex Lie algebra. Let U(g) be the enveloping algebra. The
quaternification of g is defined as the vector space g = H ® U(g) endowed with the
bracket

[Z@X,W@Y}QH:(Z-W)®(XY)—(W'Z)®(YX), (0.1)

forz,w € Hand X,Y € U(g). It extends the Lie algebra structure (g, [ , }g) to
(gH, [ , ]9H> . The quaternions H give also a half spinor representation of Spin(4).
That is, A = H® C = H® H gives an irreducible complex representation of the Clifford
algebra Clif(R*): Clif(R*) ® C ~ End(A), and A decomposes into irreducible repre-
sentations A* = H of Spin(4). Let ST = C? x A% be the trivial even ( respectively
odd ) spinor bundle. A section of spinor bundle is called a spinor. The space of even
half spinors C*°(S3, ST) is identified with the space S*H = Map(S®, H). Now the space
S3gH = S3H ® U(g) becomes a Lie algebra with respect to the bracket:

[0 X, @Y [gagn = (00) ® (XY) — (1) @ (Y X), (0.2)

for X, Y € U(g) and ¢, ¢ € S?H. In the sequel we shall abbreviate the Lie bracket [, |g
simply to [, |. Such an abbreviation will be often adopted for other Lie algebras.

In section 2 we shall review the theory of spinor analysis after [Ko2, [Ko3]. Let D : ST —
S~ be the ( half spinor ) Dirac operator. Let D = fy+(a%—@) be the polar decomposition on
S3 C C? of the Dirac operator, where @ is the tangential Dirac operator on S® and 7, is the

Clifford multiplication of the unit normal derivative on S3. The eigenvalues of @ are given



by {Z, =™ m = 0,1, -}, with multiplicity (m + 1)(m + 2). We have an explicitly

written formula for eigenspinors {¢+(m’l’k) o corresponding to the

(m, L,k }
0<i<m, 0<k<m+1
m—+3 respectively and they give rise to a complete orthogonal system
in L?(S3,S1). A spinor ¢ on a domain G C C? is called harmonic spinoron G if D¢ = 0.

Each ¢+(™bF) s extended to a harmonic spinor on C?, while each ¢~ (™% is extended to

eigenvalue 7 and

a harmonic spinor on C?\ {0}. Every harmonic spinor ¢ on C?\ {0} has a Laurent series

expansion by the basis ¢*(mHk).

z) = Z Citmuipyd 9 (2) + Z C iy " (z). (0.3)

m,l,k m,l,k

If only finitely many coefficients are non-zero it is called a spinor of Laurent polyno-

mial type. The algebra of spinors of Laurent polynomial type is denoted by C[g*(™H%)].
1

C[pTmIM)] is a subspace of SH that is algebraically generated by ¢+(0%1) = .

0 z z
¢+(0,0,0) _ < )7 ¢+(1,0,1) _ ( i ) and (bf(o,o,o) _ < _2 ) .
—1 —2Z1 Z1

Recall that the central extension of a loop algebra Lg = C|z, 27 !]®g is the Lie algebra
(Lg ® Ca,[, |.) given by the bracket

)

PR X,Q®Y].=PQ®[X,Y]+ (X|Y)c(P,Q)a

with the aid of the 2-cocycle ¢(P, Q) = res,—o(£P - Q) = 5= [o =P - Qdz. Here (-|-) is
a non-degenerate invariant symmetric bilinear form on g. We shall give in section 3 an

analogous 2-cocycle on C[¢p=™LR)]. For ¢y, ¢y € C[pT™F)] we put

1 0
c(¢1, 2) = o2 . tr( on ——¢1 - ¢z )do (0.4)
Then ¢ defines a 2-cocycle on the algebra C[¢™(™!%)] | That is, ¢ satisfies the following
equations:
(¢, ¥) = —c(¥, ¢)
and

c( @1+ P2, ¢3) + (P2 @3, ¢1) +c(P3- d1, ¢2) =0

Let a be an indefinite number. The C-vector space g(a) = C[p=™H] @ U(g) @ Ca is
endowed with a Lie algebra structure by the following bracket: For X,Y € U(g) and



¢, ¥ € C[p*™] we put

(60X, veY]" = (¢-4)® (XY) = (¢-¢) @ (Y X) + c(¢,)(X[Y) - a,

la, 02 X" = 0.

(g(a), [, ]") becomes an extension of the Lie algebra g(a) with 1-dimensional center

Ca. In section 4 we shall construct the Lie algebra which is obtained by adding to g(a)

a derivation d which acts on g(a) as radial derivation dy = |z[:% on S. The radial
derivation is defined by dy = |2|Z = %(218%1 + 228%2 + 218%1 + 228%2). We have the

following fundamental property of the cocycle c.

c(dogr,d2) +c(d1,dog2) = 0.

Let § = (Clp*™R] @ U(g) ) @ (Ca) @ (Cd). We endow g with the bracket defined by

[beX,vaY] = [¢0X, veY]", [0,¢0X=0,
Then (g, [, J) is an extension of the Lie algebra g(a) on which d acts as d.

In section 5, when g is a simple Lie algebra with its Cartan subalgebra b, we shall
investigate the weight space decomposition of g with respect to the subalgebra H =
(¢+00D @ B) @ (Ca) ® (Cd), the latter is a commutative subalgebra such that ad(h)
is diagoniable. For this purpose we look at the representation of the adjoint action of
b on the enveloping algebra U(g). Let g = > .1 8o be the root space decomposi-
tion of g. Let Il = {ay;i = 1,---,r = rankg} C b* be the set of simple roots and
{o 5 i=1,---,r} C bhbe the set of simple coroots. The Cartan matrix A = (a;; )i j=1,.
is given by a;; = (o, ;). Fix a standard set of generators H; = o/, X; = X,, € ga,,
Y = X_q, € g-q,, so that [X;, ;] = H;0,;, [H;, X;] = —a;;X; and [H;, Y;] = a;;Y;. We
see that the set of weights of the representation (U(g), ad(h)) becomes

S={) kaeb; keZi=1--r} (0.5)
i=1

The weight space of A € ¥ is by definition

gy = {£ € Ulg); ad(h) = A(h)¢, Vh € b}, (0.6)



when g # 0. Then, given A =Y/, k;a; , we have

gg:C[}/lql}/rquilelﬂrXlefrapla qis ZZGNUO, kZ:pz_qla,L:]-a ,T].
(0.7)

The weight space decomposition becomes

U(g) = Saex gy, a5 D U(D). (0.8)

-~

Now we proceed to the representation (g, ad(h) ). The dual space h* of h can be regarded
naturally as a subspace ofg*. So X C h* is seen to be a subset ofa*. we define 9, Ay € 6*
by putting (Ag, h;) = (0,h;) = (Ao, d) = (§,a) = 0,1 =i < r and (Ag,a) = (0,d) = 1.
Then the set of weights 3 of (g, ad(h) ) is

S = {%5+)\; )\EZ,mGZ,m#—l,—Q}
U{%é; mGZ,m#—l,—Q}. (0.9)

The weight space decomposition of g is given by

9= @ g5 EB Omsia EB(Ca)EB(Cd). (0.10)

m#—1,—2 AES, m#£A—1,—2

Each weightt space is given as follows:

Gusn = Clp™™H0<i<m 0<k<m+1]®gy, (0.11)
§omingy = Clo™™0<1<m 0<k<m+1]®g, (0.12)
gzs = Clp™™H0<i<m 0<k<m+1]®gf, (0.13)
Gomiy = Clo™™P0<i<m 0<k<m+1] @y, (0.14)
for m > 0.
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1 Quaternification of a Lie algebra

1.1 Quaternion algebra

The quaternions H are formed from the real numbers R by adjoining three symbols i, j, k
satisfying the identities:

i’ = =k =1,

iy = —ji=k,  Jk=—-kj=1i, ki=—k=7. (1.1)
A general quaternion is of the form = = xy + x91 + 235 + x4k with zq, x9, 23,24 € R. By
taking x3 = x4 = 0 the complex numbers C are contained in H if we identify ¢ as the
usual complex number. Every quaternion z has a unique expression x = z; + jzo with

21,29 € C. This identifies H with C? as C-vector spaces. The quaternion multiplication

will be from the right * — xy where y = w; + jw, with wy, we € C:
rYy = (Zl + jZQ )(U}l + ng) = (zlwl — 52’11]2) —+ j(%lwg -+ zle). (12)

The multiplication of a ¢ = a + jb € H to H from the left yields an endomorphism in
H: {zr — gz} € Endg(H). If we look on it under the identification H ~ C? mentioned

above we have the C-linear map

a —b
029<Zl>—> <Zl>ec? (1.3)
) b a )

This establishes the R- linear isomorphism

a —b
H>a+jb — € mj(2,C), (1.4)
b @
where we defined
a —b
mj(2,C) = :oa,beC . (1.5)
b a



The complex matrices corresponding to i, j, k € H are

i 0 0 —1 0 ¢
- , €1 =

0 —1 1 0 v 0

€3

I
@
N

|

These are the basis of the Lie algebra su(2). Thus we have the identification of the
following objects

H ~mj(2,C) ~ R @ su(2). (1.6)

The correspondence between the elements is given by

a a —b
a+jbz(b> — +— s+ pe; + qes + reg, (1.7)
b a

where a = s +ir, b = q + ip.

H becomes an associative algebra with the multiplication law defined by

z w 21W1 — ZoW
1 . 1 _ 1wy 2Wo 7 (1.8)
29 Wo Z1W3y + 22w

which is the rewritten formula of (I2) and the right-hand side is the first row of the

matrix multiplication

21 —Z2 w; —wWa2
Z wy W

It implies the Lie bracket of two vectors in H, that becomes

[() (w)] :(<wl—m>22—<zl—z>wz>' )

These expressions are very convenient to develop the analysis on H, and give an

interpretation on the quaternion analysis by the language of spinor analysis.

z w
Proposition 1.1. Letz:( 1>,W:< 1>€H. Then the trace of z-w € H ~

Z9 W2
mj(2, C) is given by
tr(z-w) = 2Re(zyw; — Zowy), (1.10)



and we have, for zy, 7o, z3 € H,

tr ([z1, 20| -23) = tr (z1- ][22, 23]). (1.11)

t
The center of the Lie algebra H is { < 0 ) ceH;te R} ~ R, and (LL6]) says that

H is the trivial central extension of su(2).

R? being a vector subspace of H:

P |
R® > — | " )=ir+jqripen (1.12)
q Jaip | ST EH -

we have the action of H on R?.

1.2  Lie algebra structure on H® U(g)

Let (g, [ , }g) be a complex Lie algebra. Let U(g) be the enveloping algebra of g.
Let g = H® U(g) and define the following bracket on g:

[ ] (Heg) x (Hog) — HoU(g). (1.13)

by
[Z®X,W®Y}BH =(z-w)® X, Y], + [z, w] ® (YX), (1.14)

forz,w € Hand X, Y € g. [-, -}BH is extended naturally to H® U(g) . Thus, for
X,Y €eU(g) and z, w € H, we have

2z X, weY]|n=(2-w)® (XY)-(w-z2)®(YX). (1.15)

By the quaternion number notation every element of H® g may be written as X 4+ jY

with X,Y € g. Then the above definition is equivalent to

[ X147V, X, Jrjyz}gn = [X1, X5y — (V1Y — VoY)

+7 (X1Ys — Vo X1 + Y1 Xo — XoY7) (1.16)

where X is the complex conjugate of X.



Proposition 1.2. The bracket [-, -]gH defines a Lie algebra structure on H® U(g) .

In fact the bracket defined in ((ILTH]) satisfies the antisymmetry equation and the Jacobi
identity.

Definition 1.3. The Lie algebra (gH =H®U(g), [ , ]gH> is called the quaternifi-
cation of the Lie algebra g .

2 Analysis on H

In this section we shall review the analysis of the Dirac operator on H ~ C?. The general
references are [B-D-S] and [G-M], and we follow the calculations developed in [Kol], [Ko2]

and [Ko3].

2.1 Harmonic polynomials

The Lie group SU(2) acts on C? both from the right and from the left. Let dR(g) and
dL(g) denote respectively the right and the left infinitesimal actions of the Lie algebra
su(2). We define the following vector fields on C?:

1 1
Qi =dR (561) y T, = dL (561) y 1= 1, 2, 3, (2].)

where {e;; i = 1,2,3} is the normal basis of R3. Each of the triple 6;(z), i = 1,2, 3, and
7:(2), i =1,2,3, gives a basis of the vector fields on the three sphere {|z| =1} ~ S3.

It is more convenient to introduce the following vector fields:

0 0
ey = —zQa— + zla — /=105, (2.2)
21 22
e. = —zi+z 0 =0, +v—10 (2.3)
- — 28 2 182’2 1 25 .
R NS (2.4)
N 1821 2622 162_1 622 N 5 .
0 0
é+ = 8 + 29— 821 =71 —V —]_7'2, (25)
ML A +/-1 (2.6)
T %en Yo, ™ '
- 0 0 0
0 = 8 + 21— 821 — 29— 822 — 21 821 2\/ 1 73. (27)

10



We have the commutation relations;

[97 6+] = 26+7

[év é-l—] = 2é+7

[97 6—] =

[év é—] =

—2e_, [ey,e | =—0. (2.8)

—2¢_, [éy,6.]=—0.

(2.9)

Both Lie algebras spanned by (e.,e_,0) and (é,,é_,0) are isomorphic to sl(2, C).

In the following we denote a function f(z,z) of variables z, z simply by f(z). For

m=20,1,2,---,and [,k =0,1,--- ,;m, we define the polynomials:
UZ,mfz) = (e_)Fzlam (2.10)
Wiy = (E-)2hzl (2.11)

Then vz,mfl) and wz’mfl) are harmonic polynomials on C?;
Av/(kl,m—l) == Awé?m_l) == 0,

_ o2 52
Where A T 021071 + 022072 °
{ ﬁvl(kl,mfl) im=0,1,--- , 0< k[ < m} forms a complete orthonormal basis of the

space of harmonic polynomials, as well as {

Proposition 2.1.

k
C+V1m-1) =

ﬁwwamf”;m:O,l,---,OSk:,lgm}.

—k(m —k+ 1)’05;_”,

Uiy (2.12)
(m — 2k)v57mfl) .
—k(m —k+ 1)wZTW1H),

(i) (2.13)

(m — 2k;)w57m_l).

Therefore the space of harmonic polynomials on C? is decomposed by the right action
of SU(2) into > > Hpy. Each Hyyp =30, Cvfl,mfl) gives an (m+1) dimensional
irreducible representation of SU(2) with the highest weight .

11



We have the following relations.

wéﬁl,mfl) - (—1)km?ﬁ;€_k), (2.14)
k!
m—Il—k m—k
,Uégl,mfl) = (1) mv(m,u)- (2.15)

2.2 Harmonic spinors

A =H® C =H @ H gives an irreducible complex representation of the Clifford algebra
Clif (RY):
Clif R") ® C ~ End(A).

A decomposes into irreducible representations A* = H of Spin(4). Let S = C? x A
be the trivial spinor bundle on C?. The corresponding bundle ST = C? x AT ( resp.
S™ = C? x A7) is called the even ( resp. odd ) spinor bundle and the sections are called
even ( resp. odd ) spinors. The set of even spinors or odd spinors on a set M C C? is

nothing but the smooth functions on M valued in H:
Map(M,H) = C>(M,S™). (2.16)
The Dirac operator is defined by
D=cod (2.17)

where d : S — S @ T*C? ~ S ® T'C? is the exterior differential and ¢ : S ® TC?* — S
is the bundle homomorphism coming from the Clifford multiplication. By means of the

decomposition S = ST @ S~ the Dirac operator has the chiral decomposition:

0 Df
D= <D o) L C°(C2, St @ S7) = C°(C, ST @ S). (2.18)

We find that D and D' have the following coordinate expressions;

[} 0 0 0

0 0% 05 0%
D= , Df = : (2.19)
o 0 _0 0
0z2 021 0za Oz

An even (resp. odd) spinor ¢ is called a harmonic spinor if Do =0 ( resp. Di¢o =0 ).

12



We shall introduce a set of harmonic spinors which forms a complete orthonormal

basis of L%(S%,ST) .
Let v and p be vector fields on C? defined by

0 0 0 0
— e P 2.2
vea 021 + 2 0zy p=2 029 tAa 0% (2:20)

Then the radial vector field is defined by

0 1 1
- = ) = — ). 2.21

The vector field 0 in ([2.4]) is also written by 6 = 2\%(1/ — D).
We shall denote by ~+ the Clifford multiplication of the radial vector g , 21). ~
changes the chirality:

v:STEST — S @St =1

The matrix expression of v becomes as follows:

1 21 —Z9 - 1 21 Z9
ST =—1|" , ST = R (2.22)
|Z‘ Z9 21 ‘Z| —Z22 Z

In the sequel we shall write v, (resp. v_) for v|S™ (resp. v|S™T).

Proposition 2.2. The Dirac operators D and D' have the following polar decompositions:

0
D:nyr(a_n_ )7

0 3
Df = — - _
<an””2\z|>” ’

where the tangential (nonchiral) Dirac operator @ is given by

3 —1p
1 1 €
I (=6) Vo == *
|z = 2]
=1

1
—e_ 20

Proof. In the matrix expression (ZI9) of D and D', we have aa L

?

el (Z1v — z9e_) ete.,
and we have the desired formulas. O

13



The tangential Dirac operator on the sphere S® = {|z| = 1};

P|S® 1 C(S3, 5T) — C*(S3, 5T)

is a self adjoint elliptic differential operator.

We put, for m =0,1,2,---;0=0,1,--- ,;mand k=0,1,---

(m.1,k) (m+1—F)!
orIE) K (m — 1))
(k) (m+1—k)!
¢ (2) K (m — 1)

From Proposition 2.1 we have the following

Proposition 2.3. On S = {|z| = 1} we have:

m

k-1
Y(1m—1)

k
“Y(1,m—1)

1 m—+2
(75)

+(m,lk) D0 4 (mylk)
79 Sgrmii),
—(m m+3 .,
(%5 (mk) _T(b (m.Lk)
The eigenvalues of @ are
3
%’ _%; mzo’]_’.‘.’

7m+]‘7

k
Wimt1-1,1)

k
Wim—1,1+1)

and the multiplicity of each eigenvalue is equal to (m + 1)(m + 2).

The set of eigenspinors

1

V21 V2

forms a complete orthonormal system of L*(S3,

The constant for normalization of ¢*(™*) is determined by the integral:

/ |20 25 do = 27
S3

14

SH).

a!b!
(a+b+ 1)

{—as*(’”’““), %as—(m’l”“); m=01,,0<1<m 0<k<m+1
T

|

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



where o is the surface measure of the unit sphere S?* = {|z| = 1}:

/ dog = 2% (2.30)
S3

m,l,k)

¢TmbE) is a harmonic spinor on C? and ¢~ is a harmonic spinor on C?\{0} that

is regular at infinity. If ¢ is a harmonic spinor on C? \ {0} then we have the expansion

P(2) = Y Cotmun® ™M (=) + ) Cpmund ™M (2), (2.31)

m,l,k m,l,k

that is uniformly convergent on any compact subset of C?\ {0}. The coefficients Ct(mi k)

are given by the formula:

1

37 s (p, oK) do, (2.32)

CY:I:(rrL,l,k:) -

1
where (, ) is the inner product of S*. In particular, since ¢! = ( . ) and J =

/53 trodo = 4r*Re.CTOOD, (2.33)
/ trJodo = 4x’Re.CHO00)
3

Definition 2.4. 1. We call the series (231)) a spinor of Laurent polynomial type if
only finitely many coefficients C'y (1) are non-zero . The vector space of spinors

of Laurent polynomial type is denoted by C[¢*(m40)].

—C_
2. For a spinor of Laurent polynomial type ¢ we call the vector res p = < o 00.1) )
—(0,0,0)
the residue at 0 of ¢.

We shall see later that C[¢*(™!*)] with the multiplication law coming from (L)
becomes an associative algebra.

We have the residue formula. See, for example, Proposition 4.2 of [Ko3].
1
resy =5 Y1 (2)p(2)o(dz). (2.34)
™ S3

15



2.3  Algebraic generators of C[¢p* (™)

We investigate the generators of the algebra C[¢pT(™!*)] First we observe the following

facts.

1. We have the following product formula for the harmonic polynomials vé“ by &I10).

a.

a1+a2+b1+b2
k1 ko o o127 0 kitke—j
Y(ar,b1)Y0az,b2) — E : C]|Z| Y(a1+az—7j, by +ba—7) (2.35)
7=0

for some rational numbers C; = Cj(ay, ag, by, ba, k1, k2), see Lemma 4.1 of [KoI].

2. Let k = k14 ko, a = a; +as and b = by + by. The harmonic polynomial vé“%b) is equal

to a constant multiple of vézl bl)v& ba) modulo a linear combination of polynomials
k—i . .
U(afj,b,j), 1 <j <min(k,a,b).

k
0
3. < v(l”gl) ) and ( fit ) are written by linear combinations of ¢t(™tE+1) and

Y(1,m—1)
(bf(mfl,k,l).

4. Therefore the product of two spinors ¢=(mbuki) . gEmzl2k2) helongs to ClpTm:bHk)],
C[pT(™!R)] becomes an associative algebra and the Lie algebra structure follows

from it.

5. ¢=(mbk) i written by a linear combination of the products @=(milukn) . gt(ma.lz.k2)

for0§m1+m2Sm—1,0§11+12Slandogkl—l—kQSk.

Hence we find that the algebra C[¢*(™!+)] is generated by the following I, J, &, ju:

1 0

J = 40,01 _ . J= +(0,0,0) _ ’
¢ 0 o) »
—Z1 Z1
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The others are generated by these basis, For example,

z —z
A= gt@LD = < z1 ) — k], v=¢ 00D ( _ 1 ) S
2 2

¢+(1,0,0) _ \/§ 0 — LJ(/{ + ,u), ¢+(1,0,2) _ \/Q
—Z2 \/5

2.4  2-cocycle on C[gbi(mal,k)]
Let S°H = Map(S?, H) = C°(S3,5%) be the set of smooth even spinors on S3. We

u
define the Lie algebra structure on S*H after (IJ)), that is, for even spinors ¢; = ( 1)
U1

and ¢y = <u2>7 we have the Lie bracket

V2

V1V9 — V1V9
(61, 2] = . (2.37)

(Ug — ﬂQ)’Ul — (Ul — ﬂl)’Ug

17



Let o 2 e the radial vector field (Z2I). For ¢ = ( B ) € S*H we put
v

o (@
on %v
We have the following Leibnitz rule.
0 0 0
8—n(¢1 “a) = (0_n¢1) “ Qo+ @1 (a—n¢2) : (2.38)
Lemma 2.5. 1.
9 4 Lk) _ F(mlk) 9 . _m+3 L)
=T " —¢\mh m 2.
ot ANt S (2:39)

2. Let ¢ be a Laurent polynomial spinor:

_ Z CJr(m,l,k)gb-i-(m,lk + Z C mlk)( )
m,l,k m,lk
Then 5
/ tr n? do = 0. (2.40)

The formula ([239) follows from the definition (223)). If ¢ is a spinor of Laurent
Polynomial type then |z|5%g0 is also a spinor of Laurent polynomial type and, since the

coefficient of ¢*(®% in the Laurent expansion of |22 vanishes, the formula (ZZ0)

follows from (Z33)).
Definition 2.6. For ¢; and ¢, € Cl¢p*™!F)] | we put

1

C(gbl,gbg) = 2—71_2 . t’l"[(gingbl) 'gbz]dg. (241)

Proposition 2.7. ¢ defines a 2-cocycle on the algebra Clgp*(™bR)]. That is, ¢ satisfies

the following equations:

c(P102) = — (g2, 01), (2.42)
c(¢1 - d2, @3) + (P2 03, 1) + c(ds- d1, ¢2) = 0. (2.43)

18



In fact (240) and the Leibnitz rule (2Z38) imply (Z42). The following calculation
proves (2.43)).

0
r 0. 00) = g3 [ irlGlon ) n)do
1 0 1 0
- o2 /s tr<3_¢ 1 (2 ¢3) )do + 2—7T2/53 tr(a—n@ (@3- ¢1) )do

= (P, P2 P3) +c(pa, P3-¢1) = —c(P2- @3, 1) — c(ds- P1, P2).

The last equality follows from (2.42]). O

Example.

1

1
) ’ +(1,0,2) _ _— 4(1,1,1) _ 0.0.1)) — 94/2. 9 44
(¢ ¢ \/ﬁaﬁ fﬂﬁ ') = (2.44)
We introduce the derivation dy = %( v+v) =z |8i acting on the algebra C[p*(™Lk)]:
do(@1- ¢2) = do1- g2 + ¢1- dogsa (2.45)
Lemma 2.8.
c(door,P2) +c(¢1,dogp2) = 0. (2.46)

In fact, we have doo|gs = 8%¢|53. Hence

0
c( o1, d0¢2):2i7r2/53 tr(a—n%'do@)dazc(@, dopr) .

3 Extensions of the Lie algebra C[¢p™™!¥)] @ U(g)

3.1 Extension of C[¢p*(™!¥] @ U(g) by a 1-dimensional center

From Proposition L2 we see that S?gH = S*H®U(g) endowed with the following bracket

[, ]ssgu becomes a Lie algebra.

[0 X, P @Y Jgagn = (¢-9) @ (XY) = (¥ ¢) ® (Y X), (3.1)

for XY € U(g) and ¢, ¢ € S°H . And C[¢*™!M] @ U(g) is a Lie subalgebra of S3gH.
We take the non-degenerate invariant symmetric bilinear C-valued form (-|-) on g
and extend it to U(g): for X = X' ... X and Y = Y - .. V*= written by the basisi of g,
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(X]Y) is defined by (X|Y) = tr(ad(X") - - - ad(X")ad(Y}F") - - - ad(YEm)) . We extend this
form by linearity to a C[¢*(™!"]-valued bilinear form on the Lie algebra C[p(™4F)] @
U(g). Then we can define a C-valued 2-cocycle on the Lie algebra C[¢p*™%)] @ U(g) by

(1 ® X1, o2 ®Xy) = (X[|Y) (01, P2). (3.2)

The 2-cocycle property follows from the fact (XY|Z) = (Y Z]|X) and Proposition 2.7
Let a be an indefinite element. Denote by g(a) the extension of the Lie algebra
C[pT™!M] © U(g) by a 1-dimensional center, associated to the cocycle c¢. Explicitly we

have the following theorem.

Theorem 3.1.
d(a) = (C[p*"™"M @ U(g)) @ (Ca), (3.3)

and the bracket is given by

[0 X, pRY] = (¢-¢)© (XY)=(¢-0) @ (VX)+ (X[Y)c(d,¢)a, (34)

la, 9@ X] = 0, (3.5)

for X,Y € U(g) and ¢, 1p € C[p=mih]

3.2 Extension of g(a) by a derivation

The derivation dy on C[¢p*(™!*)] is extended to a derivation of the Lie algebra g(a). In
fact , if we define the action of dy on g(a) by

[do, 0@ X] = (dop)® X, (3.6)

[dO 9 CL] = 0 ) (37)
then we have from (273

do ([¢1 ® X1+ tia, ¢ x Xo+taa] ) =do ((d102) ® (X1X2) — (d26h1) ® (X2X1))

= (do¢1 - ¢2) ® (X1Xa) — (d2 - doh1) ® (X2 X1) + (91~ dog2) @ (X1 X2) — (doga - ¢1) ® (X2 X1),
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for o1 ® X1 +t1a € g(a) and ¢y ® Xo + toa € g(a) . On the other hand

[do(p1 @ X1+ t1a), po @ Xo+taa] + [d1 @ X1+ tia, do(pa X Xo + taa)]
= (dod1 - ¢2) @ (X1X2) — (¢2 - doo1) @ (XoX1) + (@1 - doop2) ® (X1Xa) — (doga - ¢1) ® (X2X7)

+ (Xl‘X2) (C(d0¢17 ¢2) + C(¢1, d0¢2)) a.
Since ¢(dop1, ¢2) + (@1, dodpa) = 0 from Lemma we have

do ([¢r ® X1+ tia, ¢ x Xo +taa] )

= [do(¢1 @ X1 +tha), g2 ® Xo+toa] + [¢01 @ X1 +tia, do(d2 x Xo +taa)] .

Thus dy is a derivation that acts on the Lie algebra g(a).
We denote by g the Lie algebra that is obtained by adjoining a derivation d to g(a)

which acts on g(a) as dy and which kills a. More explicitly we have the following

Theorem 3.2. Let a and d be indefinite numbers. We consider the C vector space:
g = (Clp"™ M@ U(g)) ® (Ca)® (Cd), (3.8)

and define the following bracket on'g. For X,Y € U(g) and ¢, ¢ € C[pT™LR)] | we put

(6@ X, Yv@Y]f = [¢0X,9YQY] (3.9)

= (0 ¢)© (XY) = (¢ 0) @ (VX)+ (X[Y)c(d,¥) - a,

la, 90 X]; = 0, (d,¢p® Xz = dop® X, (3.10)
la,d]; = 0. (3.11)
Then (g, [+, -lg) becomes a Lie algebra.

Proof
It is enough to prove the following Jacobi identity:

Hda ¢1®X1]§7 ¢2®X2]§+H¢1®X1a¢2®X2]§7 d]ﬁ + [[¢2®X2a d]ﬁ) ¢1®X1]§:0
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In the following we shall abbreviate the bracket [, |3 simply to [, |. We have

[[d, 61 @ X1],02® Xo] =[doh1 @ X1, 2 @ Xo]
=(dop1 - 2) ® (X1X32) — (¢2-doo1) ® (X2X1)

+ (Xq|X2)e(dogn , ¢2) - a.

Similarly

[[¢2 ® Xy, d], 01 @ X1 ] =(1 - doa) ® (X1X2) — (doga - 1) @ (X2X7)
+ (X1|X2) c(¢1, dod2 ) a.
(1 ® X1, 000 X5, d] == [d, (¢1- ¢2) @ (X1 X3) — (92 ¢1) @ (XoX1) + (X1]X2)c(or, ha) a ]

=— do(¢1 - P2) @ (X1X2) + do(P2 - ¢1) ® (X2 X7).

The sum of three equations vanishes by virtue of (Z45]) and Lemma 2.8 O

4 Structure of g

4.1 The weight space decomposition of U(g)

Let (g, [, ]s) be a simple Lie algebra. Let h be a Cartan subalgebra of g and g = h &
Y aca 8a be the root space decomposition with the root space g, = {X € g; ad(h)X =
<a,h>X, VYhebh}.A=A(gh) is the set of roots and dim g, = 1. In the following
we summarize the known results on the representation (ad(h), U(g) ), [Dl Mal]. Let IT =
{aj;i=1,---,r =rankg} C h* be the set of simple roots and {«;";i=1,--- ,r} C b be
the set of simple coroots. The Cartan matrix A = (a;; )i j=1,... » is given by a;; = (o, o).
Fix a standard set of generators H; = o/, X; = X, € ga;, ¥Vi = X 0, € §_a,, S0 that
(X;, Y, = H;diy, [Hiy Xj] = a;;X; and [H;, Y;] = —a;;Y;. Let A+ be the set of positive (

respectively negative ) roots of g and put

ny = Z Ja -

aEA L
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Then g = n, ®h@dn_. The enveloping algebra U(g) of g has the direct sum decomposition:

U(g) =U(n-)-U(h) - U(ny). (4.1)
The set
{le quHil"'Hyl»anl"'an; 1 Smia n; §T> lz Z 0 }

forms a basis of the enveloping algebra U(g). The adjoint action of b is extended to that
on U(g):
ad(h)(z -y) = (ad(h)x)-y + x- (ad(h)y).

A € b* is called a weight of the representation (U(g), ad(h) ) if there exists a non-zero
x € U(g) such that ad(h)x = hx — xh = A(h)x for all h € . Let ¥ be the set of weights
of the representation (U(g), ad(h)). The weight space for the weight A is by definition

o = {zcU(g); ad(h)x=X\h)x, Vheh}.
Let A =q,, +- - +ap, —am, — - —ap, €0, 1 <n;,;m; < r. We can easily verify that
X\=Y,, - quHil"'Hier“'an cgl

Therefore A = Y"F | o, — > 0, iy, is a weight of the representation (U(g), ad(h)) with

the weight vetor X,. Conversely any weight A may be written in the form A = %, «a,,, —

q

4 | @, . We note that this A may be written also in the form A = (3_7

i1 Ony o) —
(>°L, au, + ay) for an oy € II, and that it is written in the form A = >0 | pa; —
> iy Gity, though p; ¢; are not uniquely determined.

Lemma 4.1. 1. The set of weights of the adjoint representation (U(g), ad(h)) is

If we denote

then Z:I: NA = A:I:-

2. If A € X then —\ € X.

23



3. For each A= Y1 kia; €3, g{ is generated by the basis
Xy=Y"...yergh.. g X" X

with p;, ¢, l; ENUO such that ki =p; —q;, i=1,--+,r.

In particular gi is generated by the basis
Xy=YPr... KPTH{I---HT{TX{“---X?
with p;, ;b e NUO , i1 =1,---,r, and

U(h) C gg -

[g)l{v gg] - gg—i—uv (44)

4.2  Weight space decomposition of g

In the following we shall investigate the Lie algebra structure of
g = (Clp*"™M®U(g)) ®(Ca)® (Cd). (4.5)
Recall that the Lie bracket was given by the formulas:
[peX,paY] = (0¢)@XY) - (Y9) @ (YX)+ (X[Y) (o ¢)a,

la,p@ X [3=0, [a,d] =0,
1
for X,Y € U(g). Since ¢+ (00D = (O) we identify X € U(g) with 7% & X. Thus
we look g as a Lie subalgebra of g:
[6*00 g X, 6t 0D @ Y]~ [X,Y], (4.6)

and we shall write ¢t(©%) ® X simply as X.
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Let
h=((CoptODYxh) & (Ca)® (Cd) =h@ (Ca)® (Cd). (4.7)

B is an abelian subalgebra of g and ad(iz) is diagonalizable for any he H
We write h = h+sa+td € H with h € h and s, t € C. An element )\ of the dual space
h* of b can be regarded as an element of H* by putting

a) = (\d) = 0. (4.8)

So A C bh* is seen to be a subset of H* We define the elements 6, Ag € /b\* by

,aY) = (Aal) =0, (1i<n) (49)
(6,a) =0, (6,d) =1, (4.10)
<A0,a> = 17 <A0,d> = O (411)
Then the set { oy, -+, ., §, Ag } forms a basis ofﬁ*. Similarly ¥ is a subset of H*

For any h € b, ¢ € C[¢pT™!] and X € U(g), it holds that

(0T @ h, o0 Xz = ¢©(hX — Xh),
[d, 0@ X5 = (dot) @ X,

[¢+(07071) ® h’ a]a — [¢+(07071) ® h7 d]ﬁ = [d’ a]a = 0 .
The adjoint actions of h = h + sa + td € B on g is written as follows.
ad(h) (¢ @ X + pa +vd) = ¢ @ (hX — Xh) +tdep © X (4.12)

for E =¢p® X + pa+vd €73.

Since H is a commutative subalgebra of g, g is decomposed into a direct sum of the
simultaneous eigenspaces of ad (h), h € h. For A =~ +kod € h*, v = Yory ki € %,
kie€Z,i=0,1,---,r, we put,

~

ﬁA:{geﬁ; (h, €] = (AR e for w}eﬁ}. (4.13)
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A is called a weight of g if gy # 0. gy is called the weight space of A. It holds that
5 C 8(a). (414

Let 3 denote the set of weights of the representation (ﬁ, ad(B)).

Theorem 4.2. 1.
- m
S {§5+>\; )\EE,mGZ,myé—l,—Q}
U{%é; mEZ,m;é—l,—Q}.
2. Let A € ¥ and X # 0.

gzsn = Clpt™M0<i<m,0<k<m+1]®gy, form>0,

§meas, = Clo ™M 0<i<m 0<k<m+1]ogl, form>0.

gns = Clp"™M.0<i<m 0<k<m+0]®gy, form>0,

= Clp ™. 0<i<m,0<k<m+1] @gl, form>0.

4. @ has the following decomposition:
- @ i D e @O@e)  u
m#—1,—2 AEY, m#—1,—2

Proof
First we prove the second assertion. Let X € g¥{ for a A € X, A\ # 0. We have, for any
h € hand m > 0,

[(bJr(O,O,l) ® h, (b:t(m,l,k) ® X]ﬁ _ ¢:l:(m,l,k) ® (hX . Xh) _ <)\’ h,> (b:t(m,l,k) ® X,
d, 6" o X]g = Tt g X,

_m+3

[d, ¢~ @ X]g = 2

¢_(m’l’k) ® X,
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that is, for every he H, we have
bt @ x]; = ( 204+, h ) (00 @ X) (4.16)
[h, ¢~ M0 @ Xz = <—mT+35 + A h> (p~ MM @ X)) . (4.17)

Therefore, for m > 0, we have ¢*™") @ X € gmsyy and ¢~ ™M @ X € /g\_mT-HS6+>\.

Conversely we shall show that any £ € g_ IFE PN is written by a linear combination
of {p~ MM X, 0<I<m0<k<m+1, Xecg{}. Leté=0¢®X + pa+ vd for
¢ € C[pT™tR)]) X € U(g) and u, v € C, where ¢ is a Laurent polynomial spinor;

o= Z C,(n,hk)(b—(n,l,k) + Z CJr(n’l’k)(b-i-(n,l,k) .

n,lk n,l,k

We have
7,6 =[OV @ h+td, 0@ X +pal = [h, @ X]

n+3 —(n n n
+t (Z(_ 5 )i " 4 §C+(n,z,k)¢+( ’l’k)> ® X

n,l,k

for any i = ¢*©0) @ h + sa + td € §. From the assumption we have [h, {] = (-85 +
A, h)E, that is,

3 3
(—%5 A, h)E <)\h>¢®X+(—%t+<>\h>)(/w+ud)

m + 3 n
(Z Cmim®™ ") + Cy i ™ ’l’k)> ® X.

n,lk

Comparing the above two equations we have Cy(, ;) = 0 for all n > 0, while C_(,; 1) = 0
except for n = m, and p = v = 0 . Therefore ¢ = Zoglgm,ogkgmﬂ C_(mvlvk)gb*(m’l’k), and
h,&] = ¢ @[h,X] = (A h)¢® X for all h = ¢TOOD @ b+ sa +td € . Hence X € oy
and & = <Zoglgm,0§kgm+1 Cf(m,l,k)(b_(m’l’k)) ®X e /g\_mT-HS6+)\. We have proved

~

g_mTH6+)\:C[(Z§ mlk). 0 <l<m,0<k<m+1] ®gy, form>0.
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The same argument proves also
9 1500 =025, =0. (4.18)
Similarly we have
§%5+)\:C[¢+(m’l’m; 0<I<m,0<k<m+1] ®@g{, form>0.

The proof of the third assertion is also carried out by the same argument as above if we

revise it for the case A = 0 . Always the same argument as above yields

g—%é—i—a = 92510 = 07

NN

5=0. (4.19)

|
)

NN

1 pu—
g_1s

From the above discussion follow the first and the fourth assertions.

Proposition 4.3. We have the following relations:

1.
[G254a: B3s18]5 € Brtnsrats - (4.20)
(G5, 05], C Gomgns. (4.21)

2.
/’5%64_&,/’571‘2%354»6]5 - ﬁm%nfaﬁoﬁﬁ, form <norm>n+3, (4.22)

and form=m—1 orn=m — 2,

[ﬁgﬂa,ﬁ,%%w =0 (4.23)

3.
[5%5,/9\71;35}5 C am*271735, form <n orm >n+3, (4.24)
[ﬁgs ) ﬁ—%a}ﬁ C Gu@h, (4.25)



and form=m—1 orn=m — 2,

[ﬁga, ﬁn;:’:g}ﬁ = 0. (4.26)
/.
[ﬁ—*’%gém ) ﬁ—"T“’MBL C Gmn g)5rats (4.27)
[ﬁ‘ngag,ﬁnyw}ﬁ C Brmin g (4.28)
Proof

Let o @ X € /g\%(pra and Yy ®Y € §%5+5. Then we have, for h € b,

[h o2 X veY]]|=-[¢@ X, [v@Y,h]]-[¢vaY,[h ¢ X]]
=<B,h>[0 XYY+ <a,h>[0R X, pRY]
=<a+B,h>[00X,pRY]

On the other hand,

=mJRW®x¢®Yy
Hence
[ﬁ,[gb@X,@Z)@Y]]:<m;n5+a+ﬁ,/fz>[¢®X,w®Y] (4.29)

for any he H Therefore

K C Om

|3

S4a anw}

]
The same calculation for ¢ ® H € /j%(; and Y ® H' € E%(s yields

[

The rests are proved in the same way. The second assertion for the commutativity in case

)
|3

of n=m —1or n=m — 2 is proved by virtue of (£I9]). O
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