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1. TS50 EEHEANYEILIETRE
1kl oeeR, t>0

B(t) = Brown HEZ)DOWFA| ¢t TONLE

b
Pr()b(B(t) € |a, b]‘B(s) = .’I}) = / p(t — s, yle)dy, t>s>0.

1 A
p(t y|5{’) - \/Q_MGXP {_(‘LQ—{(J)}: t > ;LY E R.

Brownian motion (BM) O#BHERRE

. 0
BEZ . —p(t.yla) =
% at“ ylw)

lim p(¢, y|)




Bp(x))
BQ($)7 Cee

B(t) = (Bl(ilf)?g j

oz BM |

D kot




D Rt Bessel 18F8

D ot BM O@EVEER (JER0 B O )

X(t) (t)] = /Bi(t)2 + Ba(t)2 + - - - + Bp(t)?

Z D RITT Bessel 181 & 1 5.

Y3
A
I




D kot BM OGN T F b = ThoDEETHS |B(t) b7 v 4 A

BIRRREDORE  — FEROAT

D—1 dt
dX(t) =dB(t :
()= dB(t) + == o, >0

MEE 7 A 2L stochastic differential equation (SDE)

o TN 1D B(t) 1% B;(t),1 <j <D L3772 1 %ot BM.

fle=R 22 m] (Q, F,P), W51 B[]

{F(t):te€]0,00)}, F(t) =0c(B(s),s € [0,t]), usual conditions
~IVTF U=V E[B(t)|F(s)] = B(s) as. s<t
%Sy (B,B)y =t ([FHET T U L EdE))

D —1

e D>14+L35L > ().

D—1 1
> X(1)

A0 2 =R U 7 ME: FEsbohmE @< R

X)), DT =

/I\



XX(1)

RaMhoDREEER «— “IT>hAE—H”
FRICIHRUS R D 72 < IRl TidZe .,
7272, ot D NEmWEWANWARR GFTICITITSD.
ZOPTHBICR D V— FOEA (FIE) IT/NE<72>TLE)D.
(M=o AL D WonZEl] RP R THE LI Tn s )
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W eRBIEREE  pP(tylr) : (0,2) ~ (t,y) T D
Fokker-Planck (Kolmogorov) 772\
0 1 07 D—-110
— (D) _ -~ _
ot" (7. yl) 2 922" 2 xlx

D), y2) + P (t, y|x)




HERS TR E R p D (¢, ylx) : (0,2) ~ (t,y) 16T 5
Fokker-Planck (Kolmogorov) 772\
J 19 ) D—-110

(D) ¢ - D) /
5 (t,ylz) = 55,27 J(t,ylx) + SR (t,y|z)
lim p'P) (¢ — 5(x — 1),
m p (t,ylz) = d(z —y)
lylf‘|—l 2+y Ty
PO ole) = 1o e (- ) 1 ()
V:%(D—Q) e D=2w+1)
o0 2n—+v
modified Bessel function I, ( Z e l)T(ln 1) (%)

n=0

['(z) = / e "u*"'du (Gamma function).
0
—> [Bessel 8f2] &£\ D BIROEXK
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z >0 HFE LT D IRIT Bessel 2D H)D THRAIZRIZEST AL 2 T, &

M
Tx:inf{t>O:X§3:0}.
() D>2 — T,=o00 x>0 R M1 TR o,
(D > 2) %[ transient
i) 1<D<2 = T,<oo, x>0 DR THY L.

BIFH) recurrent

>

D<?2

> time

> time 0



D—3@&%,y—%@—m— 1

|2 . L
I2(2) = Esmhz:m(e — e %)

PO (tyle) = 2{p(t.yl2) - plt.yl - o) §

x>0MnHAX— b L7 3 kIt Bessel MED R HIZ R D HEER=0

DN | =

(H#EFZHY)
D, y @ y
X ©) XW
. .,
D=2=0 = D—3=0 D—-3>0
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3 IRt L iatE

RO IEFFAL % %

JFURIZR B2, DFEVIEFEIZE E>TWDH 1R 7 7 U v El)
(IEBEHUCE £ 2 L WO RIS D 1 RITLT 7 v 1EH))
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3 IRt L iatE

l I e RO IEFRAL x%

JFURIZR B2, DFEVIEFEIZE E>TWDH 1R 7 7 U v El)
(IEBEHUCE £ 2 L WO RIS D 1 RITLT 7 v 1EH))
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X(t),t >0: 3 ko~ y ol (Q,FP,), E. {F(),t>0}
W(t),t>0:1%&x7 70 #EE P, E,

P,[X(t) € dy] = P.[W(t) € dy, T, > t]g

0<t<T <oo, +XTO F(T)-7JHIEE F (2% LT

EL[F(X())] = Ex |FOV ()T > 1)

1) — 1, & w W7 shd e &
W)=19 0.zt

FriZ F 3Rz CiBAdL (F(—2) = F(x)) THDEE, BM DR OXFME
(reflection principle) & ¥
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X(t),t >0: 3 ko~ y ol (Q,FP,), E. {F(),t>0}
W(t),t>0:1%&x7 70 #EE P, E,

P.[X(t) € dy] = P,[W(t) € dy, T, > ﬂ%

0<t<T <oo, +XTO F(T)-7JHIEE F (2% LT

EL[F(X())] = Ex |FOV ()T > 1)

1) — 1, & w W7 shd e &
W)=19 0.zt

FrliZ F &L THREEE (F(—2) = F(x)) Th 5 EZ, BM ORI O FE
(reflection principle) & ¥
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X(t),t >0: 3 ko~ y ol (Q,FP,), E. {F(),t>0}
W(t),t>0:1%&x7 70 #EE P, E,

P.[X(t) € dy] = P,[W(t) € dy, T, > ﬂ%

0<t<T <oo, +XTO F(T)-7JHIEE F (2% LT

EL[F(X())] = Ex |FOV ()T > 1)

1) — 1, & w W7 shd e &
W)=19 0.zt

FrliZ F &L THREEE (F(—2) = F(x)) Th 5 EZ, BM ORI O FE
(reflection principle) & ¥

E.[F(X()] = E. [F(W(-))X(T)]

xT
’ ’ SEAT R (h-T i)

BRI FHHY
BH7BM
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F. Spitzer, A Tauberian theorem and its probability interpretation, Trans. Amer. Math. Soc. 94, (1960), 150-169.

D. L. Iglehart, Functional central limit theorems for random walks conditioned to stay positive, Ann. Probab. 2, (1974),
608-619.



2. SN LITHIERME 5 A ALE 1

. . D —1 3—1
e 3 /RJT Bessel 18 FE T:Tzl

1
dX(t) = dB;(t) + mdt, t>0
U 1It N KLARIZHLHE
1
dX;(t) = dB;(t) +
J : 1§k§ZN::k'7éj X;(t) = Xi(t)

ZIZT, Bi(t),1<j< N ITAWIMNLZ 1 kot BM

dt, 1<j<N

o X(1) = (X1(£), Xa(t), ... Xn (1))

FATOR R, KRBT R
FRADMEK 1 IRoTBh1-F

Dyson {2%!

(Dyson’s BM model with g = 2, 1962)




“Bessel/Dyson ®ffits~ @) two aspects 20

[aspect 1]

o JMSZ72 1 RoC BMs

5 - 5 = N? f#
o N x N =/ I— M7 BM
[ Bl —5(Bult) +iBalt) - (Bt +iB(®)
y —=(Bult) - iBua(t) Balt) - 5B (0) + B (1)
M(t) =
Lo
\ \/— (Bin(t) = iBin(1)) 5\ Bav(t) —iBan(t)) -+ Byn(t) }

o  Hy~— {N « N Hermite ﬁ?iu} ~ RV

M(t)eHy <  N2®WiBMeRY
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o KWLt >0 — HUMH): Nx N =2=%U174

.. ( ) M@)U(t) = Alt )
= diag( Ai(f), A N(t))
A(t ) ( 1(1), A2(1), - ( ))
i WA = {x € RN < Ty <---<xy} An_p % Weyl chamber

o DHEDAR GFHVETERRR S — 2 )
dA(t) = dU@)TM@)U(t) + U@ dM U (t) + U(t) M(t)dU (t)
+%dU(t)*dM(t)U(t) + %dU(t)TM(t)dU(t) + %U(t)dM(t)dU(t)

4
[Bru (1991), K-Tanemura (2004)]

d\;(t) = dB;(t) + Z at 1<j<N, t>0

1<k<N:k#j

SF Y, IEAE7 2% 2 = Dyson E5 /L]
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laspect 1]
3 It Bessel 18f2 <= 3 &Jt BM OEIEEE Sy
N Bif- Dyson i/ <« N x N =/ I— MTHIME BM @
[ A oy
X3
A

)x2



[aspect 2]

e 3 XL Bessel RO MEREE (D=3 <+— v=1/2)

PP (t, ylz)

Y
2{p(t,yla) = plt, gl - 2)]
o(y)

RIS t,

e ge{;ef.fgn(a)p( ylo(x))

plt.ylo) = e I BN DA

o) =2 o) =0, o0)=0

i F1BEZL (harmonic function)

@ y

o

23
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o JEEE BM = Weyl chamber W4 HOWLINEE BM + FHF1Z54#L (h-transform)

Wa ={x = (z1,20,...,28) ERY 12y <29 < --- <2y} An_; 5 Weyl chamber

X2

X

ER

> W? = {(Tng) € RQ 1 < Tg}
Y1 OHROWINEE 2 Yot BM DX

.TC:(QCl,iUQ,...,SIIN), y:(ylnya---vyN)ewﬁ

N
pnOHCOH‘(t,y|w) — ; ngn(o)HP(ta%‘xo(j))

Karlin-McGregor 174120 (1959)
hny(x) = H (xp —x;) = det {x?_l]

1<j,k<N
1<j<k<N

Vandermonde {7417 x (—1)VV-1)/2
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o JEEE BM = Weyl chamber W4 HOWLINEE BM + FHF1Z54#L (h-transform)

Wa ={x = (z1,20,...,28) ERY 12y <29 < --- <2y} An_; 5 Weyl chamber

Xy

X

ER

> Wi = {(21,20) € R* : 2 < 29}
I OROWINEE 2 kot BM DX

m:($1,$2,...,$N), y:(ylnya---vyN)ewﬁ

hx(y) .

noncoll. N

p (t,yle) = sgn(o) | | p(t, yjloog))

N ;N E HEXn
hn(y)

hn(x) 1<jk<N
Karlin-McGregor 174120 (1959)
_ _ k—
EE D ECEN R TN
1<j<k<N

Vandermonde {7417 x (—1)VV-1)/2




Ahy(x) = Z WhN(m) =0 N Z2%% harmonic function
T4

ﬁpnoncoll.(t y|117) — lApnoncolI.(t y|:1:) _i_i Z 1 a pnoncoll.(t y|:1:)
ot ’ 2 ’ x |

— T 0T
J=1 1<k<N:k#j "I k2

Fokker-Planck-Kolmogorov J7F&=\

dt
dX;(t) = dB;(t) + e
1<k;\;:k7éj Xj (t) — X (t)

SDE
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[aspect 2]

3 kIt Bessel 1tz JE WUV EE DS & D BM + h-Z28H#4
IS 57z BM
Wa HHOWLEE BM + h-Z8#4

HE RS D N K1 BM

N Kif Dyson f=#H!

[




[aspect 1]

3 ¥XJT Bessel 12
N Ki-f Dyson f7H

—

= N x N =/l — MTHIE BM ®

3 kot BM OEhFEE Y

LIESR (45 %y

l[aspect 2]

3 ot Bessel 1fE

N Ri-f- Dyson #&7!

[

JFSIZIRINEED & 5 BM + h-Z5 i
IEAEIZ ST Biiz BM

Wa HOWILEE BM + h-Z5
ML T o N ki1 BM

27

T «— HIRfE 7ot 2x «— EREEHEAET
‘T hr = (REEMOHIE) <= 47— U8 )
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FIEH, S [FEEZOERE - 75 EERE - 1750 E |
[%c5%] |, Vol. 61, No.3, July 2009, pp.225-247 (2008)

M. Katori, H. Tanemura: Noncolliding processes, matrix-valued processes
and determinantal processes. Sugaku Expositions (AMS) 24, 263-289 (2011)



Dyson model = noncolliding Brownian motion
= Vicious Walker Models

*As a model of Wetting or Melting Transitions
(Fisher (J. Statistical Physics 1984))

*As a model of Commensurate-lIncommensurate Transitions
(Huse and Fisher (Physical Review B 1984))

)

@)

\%\. \k
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*As a model of Directed Polymer Networks
(de Gennes (J. Chemical Phys. 1968),
Essam and Guttmann (Phys. Review E 1995))

(a) polymer with star topology (b) polymer with watermelon topology

Y

30



ViciousWalks/Random Matrix ¥ ics 31

» There are 10 CLASSES of Gaussian Random Matrix Theories.

Standard (Wigner-Dyson)
GUE Star configurations
GOE ><
GSE Banana configurations

Nonstandard (chiral random matrices)  Particle Physics of QCD

chGUE —
chGOE ———— Realized by Noncolliding Systems of
chGSE — 2D Bessel processes and Generalized Meanders

Nonstandard (Altland-Zirnbauer) Mesoscopic Physics with Superconductivity

class C
class ClI \ Star config. with Absorbing Wall

class D
class DIII \ Banana config. With Reflection Wall

All of the 10 eigenvalue-distributions can be realized by the
Noncolliding Diffusion Particle Systems (Vicious Walks).

Katori and Tanemura, J.Math.Phys.(2004)
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JFEMES S LBER (directed polymers) D RAD—
& ST LTHORTREDERRE (two-matrix models)

A [
¢ T
GOE A GSE
A A
GUE }
GUE { GUE
0, X



JEFES A LR (directed polymers) QRO —
& SO LITHORHEDER (two-matrix models)
BE TS (MU EE, RGTEE)

=== Bogoliubov-de Gennes class (Altland-Zirnbauer)

[
A p
— 'l D" class D 11T
class T A
A
class D
> class D
> 0 >




Time

(b)

Figure 1. Samples of paths for (a) X%°(¢) and (b) X%*(t),¢t € [0,T], generated by

simulating the corresponding eigenvalue processes of random-matrix models.

Y O,R+ / -

0 Time

(b)

T

Figure 2. Samples of paths for (a) Y°(¢) and (b) YO®+(¢),t € [0, T).

Kobayashi-lzumi-K. : Phys. Rev. E 78 (2008) 051102

34



Eigenvalue process for 100 x 100 C(7)

—-‘-l" ety i ol .
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A O L N e, e

I """*""‘ T =
S N o =,

T I T T 1 [ime
0.0 0.2 04 0.6 0.8 1.0

We use 50 X (2 X 50+ 1)=5050 independent Brownian
bridges.




e The particle distribution p; with the Airy kernel is highly asymmetric: As a matter of fact,
the particle density pa;j(x) = Ka;(x|r) decays rapidly to zero as @ — oo, but it diverges

1
pai() ~ =(—2)/? - 00 as x — —oo.
T

e Let R be the position of the rightmost particle on R in ps;. Then its distribution is given
by the celebrated Tracy-Widom distribution (Tracy-Widom (1994))

(R < @) = exp [— [ (v — o) al)dy] .

where ¢(x) is the unique solution of the Painlevé II equation ¢” = xq + 2¢* satisfying the
boundary condition ¢(x) ~ Ai(z) in x — .

probability density function of

the Tracy-Widom distribution
0.5

rightmost path

0.4
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Case t=T
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Vicious Walker Models 38
-~
Physics

Focus: How Animals Avoid Each Other

Published November 12, 2010 | Phys. Rev. Focus 26, 20 (2010) | DOI: 10.1103/PhysRevFocus.26.20

Foraging animals or other randomly moving entities can more easily avoid each other by taking more long-distance jumps,




ECOLE DE PHYSIQUE 56

des HOUCHES

Vicious walkers and random matrices

May 16t — 27, Catherine Donati-Martin, Sandrine Péché,
Grégory Schehr Orateurs

Cours introductif: J.B. Zuber (Paris)

Partie mathémathique: K. Johansson (Stockholm) et C. Krattenthaler
(Vienne)

Partie physique: S.N. Majumdar (Orsay) et M. Katori (Tokyo)
Objectifs

Cette école s'articule autour des développements récents en théorie
des matrices aléatoires et leur connexion avec les marches aléatoires
répulsives. Depuis les travaux pionniers de P.G. de Gennes et M.E.
Fisher, les marches aléatoires répulsives ont ét¢ abondamment
étudiées en physique statistique, dans différents contextes comme la
physique des polymeéres, la transition de mouillage ou les problémes
de temps de premier passage. Par ailleurs, il est maintenant bien
connu, depuis le "mouvement Brownien de Dyson" que ces modéles
de marches aléatoires répulsives sont intimement reliés aux valeurs
propres de matrices aléatoires. Durant ces derniéres années, ces
modéles de marches aléatoires répulsives, en connexion avec les - :
matrices aléatoires ont également été beaucoup étudiés par les T
mathématiciens dans divers contextes comme les statistiques ?RIER 4 i ' ! ;
d'extrema ou les problemes de pavages aléatoires. Il apprarait donc  Geswn P ROG R AMME 20] 1
clairement qu'il s'agit d'un domaine ou les interactions entre < :

physiciens théoriciens et mathématiciens peuvent étre bénéfiques. Le ' http://houches.ujf-grenoble.ir
but de cette école est donc d'apporter aux étudiants la connaissance ' '

" s - - Iy | . . . .
d outils lheonques pOll[’ aborder CEs 1hema£|ques cn raplde ¢volution ics Schoolis offiliated with Université Joseph Fourier - Grenoble (UJF) and Grenoble+INP, and is supported by the Université
et favoriser les échanges entre ces deux communautes. rloble the Canire National de'la Reche;che Scten‘hﬁquo (CNRS) and ﬂ'le Dir.cﬁon des Sciences de la Mafiére du
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3. A RE DRI RE TR T

R mmp |Sl(7“) = P2 r OMJE |




3. AV RE DRI RE TR T

R mmp |Sl(7“) = £ r OMJFE |

WA ={x = (z1,...,2n) ERY 12y <29 < --- <ax} Weyl chamber of type Ay_;

AAN_l:{:c:(:cl,...,a:N)ERN:xl<:1:2<---<:CN<3:1+27TT}

2mr

a scaled alcove of the affine Weyl group of type Ay_; (with scale 27r)




A l‘/‘/ﬁﬂdﬂ;ﬁﬂ BESHERE AR E
R mmp |S'(r) = ¥ r OMF

WA ={x = (z1,...,2n) ERY 12y <29 < --- <ax} Weyl chamber of type Ay_;

Agﬁ_l:{CC:(CE1,...,:UN)ERN1331<:1:2<---<:CN<3:1+27TT}

a scaled alcove of the affine Weyl group of type Ay_; (with scale 27r)

Dyson model

dX (1) = ) + Z (t)dt,

1<k<N
k]

1<j<N,tel0,00), B;: independent BMs on R.

elliptic Dyson model

dX ) =dBj(t)+ Y  AF(t. —t, X;\(t) - XAt + AZT (¢, — t, X5 (t))dt,
1<k<N,
k#j

1 <j<N,te|0,t,), B:: independent BMs on S*(r).

J




elliptic Dyson model

dX\(t) =dBj(t)+ Y AV(t. —t, XN (t) = X} (0)dt + AF" (¢ — £, X

1<k<N,
=y

1 <j<N,telo.t,), B

independent BMs on S*(r).

5 (t))dt,

1 d
AN (L —t,x) = {—— log ¥4 (v; T)]
211 dv v=a/0,T=2miN (t.—t) /0?2
1 Oz 2miN(t. —t)/a?)
 2ardy(x/o; 2miN (t, — t)/a?)
= [C(a:|2w1, 2&)3) - @]
! wi=a/2w3=miN(t+—t)/a
_ C(fc N 2miN (. — t)) C2m(t - t)xj
o
7T2 1 o0 nq2n
it —t) = — (__22 2n)
Wi 12 n=1 1 - q W1=C¥/2,q=e*2“2N(t*ft)/a2
272

1 o0 7,116—471'2nN(th—?5)/0:2
a 12 2 1 1 — e—4n2nN(t.—t)/a2 |

44



elliptic Dyson model

dX\(t) =dBj(t)+ Y AV(t. —t, X\(t) — X (1)dt + AF (¢,

1<k<N,
k#j

1 <j<N,tel0,t,), Bj: independent BMs on S*(r).

i=v—-1Lv,7€C, z=z@w)=e", q=q(r)=e".

The Jacobi theta function

Di(viT) = iy (—1)rgn At

= QZ )t =720 gind (2n — 17l

The Weierstrass zeta function ¢ (wi, ws FEAJE )

C(z) = C(=|2wr, 2ws)

| I |
DY L—Qm,n+g

(m,n)eZ2\{(0,0)} m.n

W
T=—, 7 >0, Qn = 2mwy + 2nws,

2|
Qm,n

m,n € 7.

45



elliptic Dyson model

dX\(t) =dBj(t)+ Y AV(t. —t, X \(t) — X ()dt + AF (¢

1<k<N,
=y

1 <j<N,tel0,t,), Bj: independent BMs on S*(r).

L — 1, X (1))dt,

XA0)=ue AN

27r
N
Us E(S—O—Zuj (0,27r), o€ nrZ
j=1
p N
Xyt)=0+> Xt), te[0.t.).

j=1

46



a7

= Z Oxam(), te€(0t)

PMIEIAE Z(0,-) =&(1) = Z;\Ll (5%(.)71{, = (uy,...,uy) € Aé‘lﬁ]\; 1

T € |0,t,). F: F(T)-measurable observable (symmetric function).

—T,W'(T))

(Z oW ) h‘]‘%(t*, v)

Ee[F(Z"())]

hf&;(t* —t,x) = e—N(N—l)(N—Q)t*/48r2n(€—N(t*—t)/r2)—(N—1)(N_2)/2
Ts iN(t. —1) vy —x; iN(t, —t)
XU : 9 ,
1 (27’”“j 2mr? H 1 ( 2 2mr?
1<j<k<N

Dedekind’s n-function

LL’) _ $1/24 H(l . xn).

n=1
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= ZéXA(t c 0,1,)

PMIEIAE Z(0,-) =&(1) = Z;\;l 5%(.)7“ = (uy,...,uy) € Aé‘lﬁf\; 1

T € |0,t,). F: F(T)-measurable observable (symmetric function).

- T, W'(T))
Ec[F(Z4(- 5
[ =Ff& = Jacobitheta D& ]
hf\‘; (t* ¢, a:) _ e—N(N—l)(N—Q)t*/48r2n(€—N(t*—t)/-r2)—(N—l)(N—Q)/Q
Ts iN(t. —1) xp — x5 N(t, —1)
XV (27?.'“’ 27r? ) 1<?1<—£<N191 ( 2 272 )

Dedekind’s n-function

LL’) _ $1/24 H(l . xn).

n=1
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Z(SXA(t c 0,1,)

HIINLE E&J:ﬂJ:ZﬁﬁM%u:mhn

A
) € AQ?TE\;‘ 1

T e

Ee[F(Z(-))]

0,t,). F: F(T)-measurable observable (symmetric function).

(Z vt ) (. v)

—T,W'(T))

elliptic Dyson model

(3 < HTLAER T 2K T-R)

W' (t) =
(SY(r) Lo N @ B A7 BM)

(Wi (t),...,Wx(t))

ha(t, —t,x) = e

X?91 (

Dedekind’s n-function

—N(N-—

1)(N—2)t*/48r2n( -

€ N(
Ts iN(t. —t)
b 2 ) H

27T 27T

te—t)/7?

1<j<k<N

—(N-1)(N-2)/2

391 (zk 7, iN(t. —t))

2T 2772

LL’) _ $1/24 H(l . xn).

n=1



ha(t, —t, W'(t
N( hA (t U) ( )) B 1<51§t<N[Mgluk (t’ Wj (t))}’ L€ [O’t*)'
N *’ —_ 2 —_—

) e—w‘z/zt )
M2 (tz) = /d{[i SN (x+iw
Euk( ) Ji \/Tﬂ_t ftk( )

— E[@), (x+iW(1))].
dL (2) Oy ((Ts + 2z — ug) /27y iNt./2mr?)
L (z) =
o 191(%/27rr-z'Nt /2m72)
((z — up)/2mr; iNt, /27r?)
8 z e C,
1<]4;[N ((ux — wg)/2mr;iNt, [2mr2)
(#k

H. Rosengren, M. Schlosser: Elliptic determinant evaluations and the Macdonald
identities for affine root systems. Compositio Math. 142, 937-961 (2006)
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K = HzEE R
191((@5 + 2 —u)/27r;iNt, /27r?)
(55/27?1“ iNt, [27r?)

y H ((z —uy)/27r;iNt, [27r?)
191 ((up — up)/2mwr; iNt, /2772)’

e (2) =

z € C,

1<U<N,
£k

Zr(t) = Wr(t) +iW(t) : S'(r) x R _LoE#HET T v L 1EH)

BT T ER) TR

$

OL, (Z7(1)),t > 0: HERILF T =)
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o2, (Z7(t),t > 0: HENTF T =)L

0<s<t<oo ThOHILEDIEILERZ s, ¢t 126 LT,

E[®., (Z(1)|F(s)] =®., (Z(s)) as. 1<j<N.

¥

A]

O

T RTORFZEFAE B

WREE D




M e N.
t = (tl,.. tj\[) 0<t <<ty <t..

f — (ft]a' "7ftj\-[) € CO(A) II-
T— A MRS (BRSO T 7T AL )

eXP{Z fr,. (@ m,d:z:)}] .

(72 MBI xi,, () = efm) — 1,1 <m < M (ZBET 2 JRBIfRE L LT TREZEH
BRI DEE D

(m) T (m) (1) (M)
Z / [Thi—: -’4271'L D=1 {dwNm 1_[1 Xt (wj ) } Pe (tl’ Ty Lo LNs

0< N <N,
1<m<M

[I]

\Ijg [ Ef
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M e N.
t = (tl,.. tj\[) 0<t <<ty <t..

f — (ft]a' "7ftj\-[) € CO(A) II-
T— A MRS (BRSO T 7T AL )

exp {Z ft, (2)=(tm, dx) }] .

m=1 SI(T)

U f] = Ee

(72 MBS v, () =efm) — 1.1 <m < M IZBET 2 EBRAGRELE LT TREZEH
%) BNEED

- 3 T T (57) b st
n=1 ™ m=

0< N, <N,
1<m<M

[ Fir 22 48 B BE 3K ]
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DUFOR TR EED S : (pF 1X S(r) L0 BM OHERHERE )

Ke(s,x5t,y) = . )f(du)p"’(s;x\u)M‘éu(tjy) —1(s>t)p"(s—t,zly).

TAHL, T—AMEEIZIADO T L REALLITIIRTEZ NS

WAlF) = Dot [8d(y) + Ke(s st yh(y)]
> (s,t)e{t1,..tar }?,

(w.y)e(S(r))?

_ det
§ E H Xtm ( ) 1SjSNT”?1SkSN”’

0<Nm<N, (m) cA An—1 j 1 T<m.n< M
1<m<M Nm 2wy ~m,n>
o 1<m<M

K§ (tma mgm); tn, "I:E;:n))] :
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LT, TRTOMZERBEBEKITE OB K, TEE TR TE 2 bR 5:

(1), . (M)\ _ (m), ()
Pe (tl’le’ ' "’tﬁ'f’mNM) B 1§j§NS§tgngﬂ,, [Kﬁ(tn“mj 3 ns Ty, )]
1<m.n<M
time
A

=T £ £ XMLy x,(M+1)
tM X(M) _)..X3(M)
{ x.(m) —>x5(m)

m xl(””) xz(m)

M
) } X2 —>x,

q

tl X(l) —)—X3(1)

PIEABCE &




8 BE 7% = 18 BE B 2

S7

| Ke(s, z58,y) =

St(r)

g(dU) pr(sa ZE‘U)Méu(t, y) /] 1(8 > t)p’r(s o t: :‘U‘y)

RILVFUT—IL = ELE
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elliptic Dyson model

AXA() = dBi(t) + S At —t, X(t) — X{(0)dt + AT (4 — t, X5 (8)d,

1 <j<N,tel0,t,), Bj: independent BMs on S*(r).

R HE TR = FFfF R ¢, — oo

1
lim A" (t, —t,x) = — cot (ﬁ)

t—00 2’]“ 2?"

| XA(t) — XA(t) 1 X (1)
dX2(t) = dB" (#)+— § t | 2 ’ dt+— cot o dt. +>0.
j (1) ;( )+ . CO ( : +2'r CO o , >
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elliptic Dyson model

dX\(t) =dBj(t)+ Y AV(t. —t, X \(t) — X ()dt + AF (¢

1<k<N,
k#j

1 <j<N,tel0,t,), Bj: independent BMs on S*(r).

L — 1, X (1))dt,

<HiZ, MEE=—=R F:r—

1 T 1

27r L _ . —

fim Jim ARt~ ) = Jim oot () = 2

dX;(t) = ) + Z XA(t)dt’ 1<j<N, t>0
1<k<N | k

k#j




60

11420 HE (determinantal process)

F2e FCOHBE T /LI A8

M. Katori, H. Tanemura: Complex Brownian motion representation of the Dyson

model. Electron. Commun. Probab. 18, no.4, 1-16 (2013)

M. Katori: Determinantal martingales and noncolliding diffusion processes.
arXiv:math.PR/1305.4412

M. Katori: Elliptic determinantal processes. arXiv:math.PR/1311.4146
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