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Question: What is is a natural geometric structure mod-

eled on any real hypersurface M*" 13 in a quaternionic man-
ifold A4 t4 (e.g., H'T1)?

Fact: A CR structure is a natural geometric structure on
every real hypersurface in a complex manifold (e.qg., C”‘H).



Quaternionic analogues of CR structures:

e Kuo (1970). Almost contact 3-structure. Sasakian 3-structure
e Boyer-Galicki-Mann (1993): 3-Sasakian manifolds

e Hernandez (1996): Hyper f-structure. Hyper PS-structure

e Biquard (2000): Quaternionic contact structure (QQC)
(Duchemin (2006): QC hypersurface)

e 1000 (2004): DO ODOODOODOO3-0000D0OODOO

e Alekseevsky-Kamishima (2004): Pseudo-conformal quaternionic CR
structure.

e K.-Nayatani(2001, 2013)*: Quaternionic CR structure (QCR).

e Marchiafava-Ornea-Pantilie (2012): CR quaternionic structure

Question: What are different?

*The notion of QCR str. of the 2001 version was defined for a real hy-
persurface in a certain (but not general) quaternionic manifold (e.g.,
H"*1); So we change the definition of QCR str. so that any real hyper-
surface in a quaternionic manifold naturally admits such a structure.

3



Extracted from Machida (2004):
In 2n-dimensions:

Jdo0o00dodood «— Kahler o — Oo0Qgo.
In (2n + 1)-dimensions:

D000 « Sasaki OO — CR OO.



In 4n-dimensions:
ODo0dooodoodn
In (4n + 3)-dimensions:

O0O000* <« 0O SasakioOT — 0 crROOY.

*This is also called tri-contact structure (00O O0O0O) of quaternionic
type (400 3-0000).

TThis is usually called a 3-Sasakian metric.
This may be equivalent to our HCR str. in the 2001 version.



Twistor theory

e Penrose (1976)
e Atiyah-Hitchin-Singer (1978)
e Salamon (1982, 1986): quaternionic-Kahler / quaternionic manifolds

e LeBrun (1984): Twistor CR manifolds and three-dimensional con-
formal geometry

Cf. Sato-Yamaguchi (1989): Lie contact manifolds
e Machida-Sato (2000)
e LeBrun-Mason (2007)



Quaternionic contact case (Biquard):

e Typical examples: S4"t3(sphere), HA"*+3(quaternionic
Heisenberg group).

e Analogue of the Tanaka-Webster connection:

Biquard connection DPid,
e [ he twistor CR spaces for QC manifolds are constructed.

e (QC structures sufficiently close to the standard one on
g4n+3 exist, and are realized as the conformal infinity
of Bﬁ"’l with a certain complete Einstein metric.



Quaternionic CR case (Nayatani-K.):

e Typical examples: §47+3 2447+3 and
any real hyersurface in a quaternionic manifold

e Analogue of the Tanaka-Webster connection:

canonical connection D" under “ultra-pseudoconvexity”

Twistor CR spaces should be constructed.



Main Result The twistor space for a QCR manifold has a
natural partially integrable almost CR structure.

In the reminder of this talk, unless otherwise stated, we
assume dimpM > 7.



§1. Review of CR structure

Definition: Let M be an odd-dim. (orientable) manifold.
An almost CR str.on M is a pair (Q,J) of a corank 1
subbundle Q C TM and a complex str.J : Q — @ (that is,
J? = —idg).

e (Q,J) is partially integrable if it satisfies
[JX, Y]+ [X,JY] el (Q), X,Y €I (Q)

e (Q,J) is integrable if it further satisfies
[JX,JY] - [X,Y]-J(JX, Y]+ [X,JY]) =0,
X,Y e M'Q).

Then (Q,J) is called a CR structure.
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Let (Q,J) be an almost CR str.on M with 1-form 6 on M
such that ker 8 = Q. Define a bilinear form Lg on @Q by

Lo(X,Y) :=do(X,JY), X,Y €Q.

e [y is symmetric and J-invariant on @
(i,e., dO(X,JY) =do(Y,JX), XY € Q)
iff (Q,J) is partially integrable.
(6 is unique up to 8 — fO for f #= 0, and
satisfies Ly = fLy, because d(f0) = df N0+ fdo.)
Ly is called the Levi form for (Q, J)

e (Q,J) is strongly pseudoconvex if Ly > 0 for some 0,
and such a 6 is called a pseudohermitian structure.
Then da vector field T' on M satisfying
O(T) =1 and dO(T,-) = 0 (Reeb vector field).
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§2. Quaternionic CR structures:

Unless otherwise stated, (a,b,c) denotes a cyclic permutation of (1,2, 3).

Definition A hyper CR str.on M3 s a triple of almost
CR str.s (Qqa,1s),a = 1,2,3, satisfying

(i) Qq and Qp are transverse to each other;

(i) 1a(QaNQp) = Qa N Qc;

(iii) Iglpy = I on QN Q¢ and Il = —1. 0N Qg N Q¢;

(V) [LaX,Y]+[X,1.Y] €T (Qa), X,Y €T (Q);

(V) [UaX, Y] = [X, Y] = La([laX, Y] + [X, [Y]) € T(Q),
X,Y e (Q).

3
Here, Q := () Qa, and I,I, = —II, = I hold on Q.

a=1
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Definition (Strong integrability) A hyper CR structure
{(Qa,Ila)} on M is said to be strongly integrable if Jan
so(3)-valued 1-form (~,;) on M such that

I ([X,Y] = [1aX,1.Y]) = [X,1.Y] + [1oX,Y]
—((Yap — vacola) N 1) (X, Y)
+((ab — Yacola) A Ip)(1a X, 1aY),
X,Y eM(Q).

Definition A quaternionic CR (QCR) str.is a covering by
local hyper CR str.s satisfying an appropriate gluing con-
dition.

Note The local str.s {(Qq,Is)} Of any real hypersurface in
a quaternionic manifold satisfy the strong integrability.
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Proposition For a hyper CR str. (Qq, 1s),a = 1,2, 3, there
exists an R3-valued 1-form 6 = (61, 65,03), called a com-
patible 1-form, that satisfies ), = ker 6,, and

9@ — (9a O Ib on Qb, 0@ — _eb O Ia on Qa.

(6 is also unique up to conformal change 0 — f6.)

Definition (Levi form) The Levi form Ly is a symmetric
bilinear form on @ invariant by all I;'s , defined by

1
Lo(X,Y) = _{d0a(X, oY) + da(IpX, [:Y)}, X,Y € Q.

(The RHS is independent of the choice of (a,b,c).)
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Note The Levi form, the strong pseudoconvexity, and the
notions of pseudohermitian str. and strong integrability can
also be defined for a QCR str.. A strongly pseudoconvex
QCR str. has a natural CSp(n)-Sp(1)-str. (Q, [Lyg],I).

Definition (CSp(n)-Sp(1)-str.) Let Q@ — M be a real vector
bundle of rank 4n. A CSp(n)-Sp(1)-str.on Q is a pair ([v],1)
of a conformal class [y] of metrics on @ and an S2-bundle
I over M consisting of complex str.s on @) satisfying

(i) T locally admits sections I,,a = 1,2,3 that satisfy the
quaternion relation Iyl = —I>I; = I3 and

[ = {vlll + vols 4+ v3l3 | v12 + v22 F v32 = 1} .

(i) v(IX, 1Y) =~(X,Y), X,Y € Q, for any I €.
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§3. Real hypersurface

Let NV be a real (4n + 4)-dim. quaternionic manifold, that
is, a GL(n+ 1,H)-Sp(1)-manifold admitting a compatible
torsion-free connection. Here,

e A GL(n+ 1,H)-Sp(1)-str.on TN is given by

J = {v151 + 2T +v3J3 | v1% + v2? + w3 = 1}
for some (local) triple of almost complex str. 7, that sat-

isfies jajb = Jc= —jbja-

e A torsion-free affine connection D on N is compatible
with 7, if Ja local so(3)-valued 1-form (~,,) such that

DJa = Yab & jb + Yac & Je.
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Let M = p~1(0) c NV be a real hypersurface and set

Qa p— TM M ja,TM, Ia — ja|Qa.
Then {(Qa, I4)} is a local hyper CR structure on M, which
defines a QCR structure on M equipped with compatible
1-form 6 = (91,92,93),
1
HCL — _Ejadp|TM7 a — 17273°

The GL(n,H)-Sp(1)-structure (@Q,I) of this QCR structure
IS called the standard underlying structure.
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34. Almost CR structure on the twistor space

Let M be a strongly integrable QCR manifold and n: Z =
I — M the associated S2-bundle

Z ={Iy = vily +volo +v3l3 | v = (v1,v2,v3) € S°}.

Then one can define a hyperplane Qv C 1IgM, g € M on
which Iy makes sense. In fact, Qv = Ker 0y, where 6y =

v161 + v2b02 + v303.
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Assume that M is ultra pseudoconvex and fix a pseudoher-
mitian str..

Definition A quaternionic CR str.is ultra pseudoconvex if

3
hg = (2n+4)Lg— > dba(-,1a")|gxg > O.

a=1
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Set I =1y € Z and q =« (1).

Using the canonical connection D" we decompose T/ Z =
Vi®H;, where V; = Ty~ 1(g) and #H; is the horizontal space
with respect to D",

Define a complex str.J = J;y on Py = Vi & @Tf where
Qv = (m«lz,) " 1(Qv), so that

(i) Jly, is the natural complex str. of 7= 1(g) = 52.
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Theorem J :P;— Py is independent of the choice of 6.
Then we have a well-defined almost CR str. (P, J) on Z.
Moreover, (P, J) is also partially integrable.

It remains to see whether (P, J) is integrable.

Note

e It is known that for an HCR str. with integrable CR struc-

tures {(Qq,Is)} on M, the product space Z = M x S? has
a natural CR str..

e Recently, Marchiafava et al.introduce "“CR quaternonic
structure” and “co-CR quaternionic structure’.
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§5. Comparison of QCR with QC

Definition (Quaternionic contact str.) A quaternionic con-
tact (QC) str.on a (4n+ 3)-dim. manifold M is a corank 3

subbundle Q C T'M equipped with a CSp(n)-Sp(1)-str. ([v],I)
such that @ is locally the kernel of an R3-valued 1-form

n = (n1,7m2,n3) that satisfies

dna(X, LY) =v(X,Y), X, Y € Q (a=1,2,3).

Note dna(-,Ia-)IQXQ > 0 and is invariant by all I,'s.
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Proposition Let (Q,[v],I) be any QC str.. Take any 3-
plane field Q1 satisfying TM = Q @ Q+. Then we can
define a QCR str. {(Qu, I4)} compatible with (Q,I). If one
takes QL = (Ry), the bundle generated by the “Reeb vector
fields" Rg, a = 1,2,3, then the corresponding QCR str. is
strongly integrable.

Note In this sense, the geometry of QCR str.s contains
that of QC ones. The latter statement of this proposition
can be verified by using the Biquard connection DP9,
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Theorem (K.-Nayatani) Let (Q,I) be a GL(n,H)-Sp(1)-
str. compatible with both a QC structure (@, [v],I) and a
QCR structure {(Qa,Ia)}. Then [y] = [Ly] and

Lo(X,Y) = dbo(X, 1Y), X,Y €Q (a=1,2,3).

Note Such a QCR str. {(Qa,Is)} is ultra pseudoconvex.
Thus, for each choice of a pseudohermitian st. 8 = (6,)
together with Q1+ = (R,), the Biquard connection DP9 for
QC and the canonical connection D" for QCR restrict the
same (-partial connection on @, that is, DE’('QY = Dg(a”Y
for X,Y € M(Q).

Recall: a quaternionic CR str. is ultra pseudoconvex <

3
hg = (2n+4)Ly — Z dea('ala')leQ > 0.

a=1
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Corollary There exists a GL(n,H)-Sp(1)-str. compatible
with a QCR str., but never compatible with a QC str..

Example A deformation of the quaternionic Heisenberg
group has a GL(n,H)-Sp(1)-str. compatible with a QCR,
but never compatible with QC str., when some of df,(-, Ia-)|QXQ
is indefinite or degenerate.

Example A non-quaternionic ellipsoid £€ admits no QC str.
having the standard underlying GL(n,H)-Sp(1)-str. defined
by the defining function of £.
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Real ellipsoid Let & = p~1(0) c H**T1 = C27t2 with

n—+1
p(z,w) = i {A;(2°+7%)+ BiziZi+Ci(wi+w;*)+ Diwgw; } - 1
i=1
(A;,C; € R, B;, D; € Ry: constants). Then
Ly, = 2§(Bidzidz_i-l—DidUidwi)
o
Ly, = ReY {(Bi+ D)(dudz + dwidw;)
S(Ai + Ci)(dz + dwi*)}
Ly, = Re f{(Bi + D;)(dzidz + dwidw;)

=1
+2(A; — C;)(dz? — dw;?)}.

In particular, all Ly ,a = 1,2,3, coincide if and only if
B, =D; and A; = C,;, =0, i.e., £ is a quaternionic ellipsoid.
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Example (Deformation of H*"13) Take the following vec-

tor fields X on

R4™ x R3:

0 0 0 0
N Al A2~ A33
8:1:8 T O‘%c‘?tl T aa}a@tg T A “8753’
i _ B0 9 32x3i + B3 Qi

Ozl R T ety

«

——I—Clx T—ngo o —C3$1 o
1

8:135 Y “Oto @ aat3’
o o o o
- Dl 2 7 D2 1 - D3 O_,
8:1:3 O‘xo‘c‘?tl T axaatz axaat:g

where A% B2 C% D2 € R (constants).

Set T, = 20/0tq and define Q, (Qq, 1) by

Q = span{X,ti<a<n,0<a<3> Qa=Q ®RT,d R,

I, X9 = X8, I,X° = XS, I,T, = Te.
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Then almost CR structures (Qa, Is),a = 1,2,3, on R4 x R3
always satisfy (iv).

If {(Qa,Ila)} is strongly integrable (or all (Qa,Is) are CR
structures), then A% + B2 + C% + D2 does not depend on
a (though may depend on «).



Then an R3-valued 1-form 6 = (61, 65,63) given by

T ]
01 = 5 dt1 + ) (—Aéxédacg -+ Béxgdacé — C(}éazgdaf;g + Déaf;gdaﬁg)
! Q 1

LT -

O = 5 dto + ) (—Agxgd:vg -+ Bo%a:g’éd:r;é + Cga:gd:vg — Dgxédazg)
! 2 1

T -

03 = 5 dto + Z (—Aga}gdmg — Bga;gd:r;(ly + ngclxd:cg + Dg:r;gdazg)
! a i

is compatible with the hyper CR structure and satisfies
0a(Tp) = Sap-
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The Levi forms (restricted to Q) for CR structures (Qq, Ia)
are
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Then the Levi form Ly is
_ 1 0)2 1)2 2\2 3\2
Lo = 3 3 Ao ((402)” + (dnd)” + (d22)" + (a22)°)
where Aq := A% + B3 + C§ + D3

If Ao > O for all o, then the hyper CR structure is strongly
pseudoconvex.
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Well-definedness of (P,J): Need to show the vanishing of

9(V' = V[, D) + g(V/ = V)11, 1) =
4n
4u| Y. 9((DyeDIW), Ie) = {(d61 (T2, KW) + 61 (T3, TW)
1=1
+(d05(To, W) — dB3(T3, W) — d0>(T3, TW) = db(T, TW)) }

4n

40| 3 g((Dice,NIW), Tei) = { (~dbs (T2, TW) + db1 (T3, KW))
=1

+(d05(T5, W) = d03(T3, TW) + d62(T3, W) + db3(To, W) } |

for = uJ +vK.
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Lemma

(d8 ~ V/=Td03) (T, ~ V=113, 2) =0, 1)
> allear 1. eaden2) = ¥ tdoy (1, - VIT3,2),  (2)
k=1

v—1

g(Dgesp_1,e0r) = ——

do1(To —v—=1T3,2), k=1,2,.. (3

for any Z € Q10 = {Z € Q®C | 1Z = /=1Z} Here,
{e1,...,eo,} is a local unitary frame field on Q19 with
respect to the Levi form g = Ly satisfying Izepp_1 =
esr, Ioerp. = —es_1, k=1,2,...,n.
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