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deg H = #[H N (general line)]
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(d) How about the case of a projective variety X in PV?
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Wirtinger
dim X v
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(4) Let Opn (1) be the hyperplane section bundle on PV, and consider
the first Chern class c;(Opn(1)|x) € A'(X) of its restriction to X. Then

deg X = [ ci(@pn(1)]x) ™.
X
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(a) First of all, the Grassmann variety is

G(d,r) := {S C E : corank d subspace of E},

where E a vector space of dimension r with 0 < d < r.
(b) For a vector bundle £ over a variety X, the Grassmann bundle is
a relative version of Grassmann variety, precisely speaking,
the Grassmann bundle Gx(d, £) is a variety parametrising corank d subbundles of &:

Gx(d, &) := {S C &€ : corank d subbundle of £ over X},

where
Gx(d,€) + n(x) ~G(d,r)

7 1
X +— A{x}.
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(c) Consider a functor from the category of schemes over X to the category of sets:

Gx(d,€) : Schx — Sets,

defined by
Gx(d,E)(X") := {S8" C € xx X' : corank d subbundle of £} (X’ € Schy).
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(c) Consider a functor from the category of schemes over X to the category of sets:

Gx(d,€) : Schx — Sets,

defined by
Gx(d,E)(X") := {S8" C € xx X' : corank d subbundle of £} (X’ € Schy).

Then Gx(d, £) is represented by a scheme G over X, i.e., 3 a scheme G over X s.t.
HomX(X', G) = Gx(d, g)(X/)

for any X’ € Schx. The above G is denoted by Gx(d, &), and

called the Grassmann bundle over X parametrising corank d subbundles of £.
In fact, set X’ := G, and let

[1(;] <> [8C8XXG],

where S a corank d subbdle of £€ X x G over GG, called the universal subbundle on G.
Then for any X’ € Schy,

f: X' > G] < [f'SCExx X].
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if
G := G(2,4) the Grassmann variety parametrising
codim 2 subspaces of a 4-dim vector space,
with respect to the Plucker embedding:

G — P°.

Answer | deg G = 2.

Proof| Well-known as a classical fact, and also easily verified.

For instance, a projective geometric proof is here:

[3] J.Harris: Algebraic Geometry. A First Course. GTM 133.

Springer-Verlag, New York, 1992.
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Proof

G(2,4) x C
2
G

Plucker
embedding X

—

1c

P> x C
|

deg G = 20deg L, if G = G¢(2, LP?).

< | Ops (1)RLD?|

— ]P)(;'(/\ZEGM) = Pc(([«@z)@ﬁ) — PM,

pN

1
C
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Proof Pliicker v, 1
embedding C
G(2,4) x C — P> x C
2 2 | EE]
G — Pc(/\ZEGM) = ]PDC'((E@)Z)@G) — PM,
¢ d
C

~> Og(l) = O]PM(]-)lG ~ OI[D5(]_) &L®2|G(2,4)XC = OG(2,4)(1) |X|£®2, and
deg G = (Og(1))g = (Og(z,0)(1) B LZ?)

= (D (Oc2,9(1)E 2.0 (L% )¢
=5-degG(2,4) - 2deg L

deg G(2,4) =2|~ =5-2 -2degl
= 20deg L. ]
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X a proj variety over a field £, € a vector bundle over X,
Gx(d, €) the Grassmann bundle of corank d subbundles of £ over X,

Assume that A%E is very ample, and set M := h%(X, A9€) — 1.

relative
Pliicker ’o
embedding/ X

G := Gx(d, £) —  Px(A4E) — PM,

IP’X(/\d“f)(l)‘

T N\ 1
X
Question How to calculate the degree of G C PM? i.e.,

How to calculate the self-intersection number as follows:
deg G = [ c1(Om(1))™C, e (Om(Dle) = ei(Q),
G

where Q < w*&€ the universal quotient bundle of rank d on G.

After my talk, you will be able to do this calculation!
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deg Gx(d, £) = / e D" = /X (e (Q)M),

G
where N = dim Gx(d,€) = d(r — d) + n. Thus,

formulae for 7, ch(det Q) |~ degree formulae for Grassmann bundles.
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I (ki—kj+i—19)
1<i<j<d
7. ch(det Q) = Z =k . H sk, (€),
k H (r+ ki —12)! 1<i<a
1<i<d
where
k = (ki,...,kq) € Z2, a non-negative integer vector,

s;(€) the i-th Segre class of £, and
1/m!:=0if m < 0.

Remark | (definition of Segre classes)

The Segre classes s;(€) here are the ones satisfying
s(E,t)c(E, —t) = 1,
where
s(E,t) =, s:(E)t* the Segre series, and
c(€,t) the Chern polynomial of € in t.

Our s;(€) differs by the sign (—1)* from the one in the textbook
“Intersection Theory” by Fulton.



Theorem 2| (Schur polynomial type)

[T i—=x+35—4)
1<i<j<d

. ch(det Q) = Z H ) Ax(s(€)),

1<i<d

Remark | (definition of Segre classes)

The Segre classes s;(€) here are the ones satisfying
s(E,t)c(E, —t) = 1,
where
s(E,t) =, s:(E)t* the Segre series, and
c(€,t) the Chern polynomial of € in t.

Our s;(€) differs by the sign (—1)* from the one in the textbook
“Intersection Theory” by Fulton.



Theorem 2| (Schur polynomial type)

[T i—=x+35—4)
1<i<j<d

. ch(det Q) = Z H ) Ax(s(€)),

1<i<d

where
A = (A1,...,Aq) a partition, i.e., integers, A\; > -+ > Ay > 0, and
Ax(s(€)) = det[sx+j—i(E)]1<ij<a € AN(X) with [A] = 37, A,
the Schur polynomial of £.

Remark | (definition of Segre classes)

The Segre classes s;(€) here are the ones satisfying
s(E,t)c(E, —t) = 1,
where
s(E,t) =, s:(E)t* the Segre series, and
c(€,t) the Chern polynomial of € in t.

Our s;(€) differs by the sign (—1)* from the one in the textbook
“Intersection Theory” by Fulton.



Corollary

X a proj variety of dim n , £ very ample, N := dimGx(d,€) = d(r — d) + n.

(degree formulae for Grassmann bundle)

deg Gx(d,E) = N! >

k|=n
=N Y
Al= n

H1§i<j§d(ki - kj +J— 7')

H1§i§d("“ + ki — 1)!
[Li<icjca(Xi = Aj+7 — 1)

H1gigd("° + A — 2)!

[ 11 sut@

1<i<d

/X Ax(s(E)),

where |k| := > . k;, and || := ). A,

Remark

(1) If n = 0, then



Corollary

(degree formulae for Grassmann bundle)

X a proj variety of dim n , £ very ample, N := dimGx(d,€) = d(r — d) + n.

[Ti<icj<q(ki — kj +3 — 1)
deg Gx(d, &) = N! Z —= kj N / H sk;(€)
k|= n [licica(r + ki — 2)! X

1<i<d

icicaXi = Aj +5 — i
" B / Ax(s(8)),
|Al=n HlSiSd(r + A —2)! x

where |k| := > . k;, and || := ). A,

Remark

(1) If n = 0, then one recovers a classical fact:

(d(r — d))! H1gk§d—1 k!
e = [li<k<a(r — k)! ’

where G(d, r) the Grassmann variety of codim d subspace of an r-dim vec space.
(2) If d =1, then




Corollary

(degree formulae for Grassmann bundle)

X a proj variety of dim n , £ very ample, N := dimGx(d,€) = d(r — d) + n.

[Ti<icj<q(ki — kj +3 — 1)
deg Gx(d, &) = N! Z —= kj N / H sk;(€)
k|= n [licica(r + ki — 2)! X

1<i<d

icicaXi = Aj +5 — i
" B / Ax(s(8)),
|Al=n HlSiSd(r + A —2)! x

where |k| := > . k;, and || := ). A,

Remark

(1) If n = 0, then one recovers a classical fact:

(d(r — d))! H1gk§d—1 k!
e = [li<k<a(r — k)! ’

where G(d, r) the Grassmann variety of codim d subspace of an r-dim vec space
(2) If d = 1, then the definition of the top Segre class follows:

deg Px(€) = / sn(E),

X
where Px (€) the proj space bdle ass to £ on a proj variety X of dim n.




Proposition | (Answer to Quiz 3)

deg G = 5040, if G = Gpa(2, Tps).

Proof

(15)



Proposition | (Answer to Quiz 3)

deg G = 5040, if G = Gpa(2, Tps).

Proof

Apply our formulae to the case X := P4, £ := Tps with corank = 2,

and use a simple fact that the Segre classes of T4 are: s;(Tpa) = (if):

Formula 1| (monomial type)

degG:...



Proposition

(Answer to Quiz 3)

deg G = 5040, if G = Gpa(2, Tps).

Proof

Apply our formulae to the case X := P4, £ := Tps with corank = 2,

and use a simple fact that the Segre classes of Tps are: s;(Tps) = ( 1

i—|—4) :

Formula 1| (monomial type) (4 = dim X, 4 = rk € and 2 =corank)

deg G = (2(4 —2) +4)! )

[Ti<icj<o(ki — kj + 3 — 1) 1 (z 4 4)

k;>0



Proposition | (Answer to Quiz 3)

deg G = 5040, if G = Gpa(2, Tps).

Proof

Apply our formulae to the case X := P4, £ := Tps with corank = 2,

and use a simple fact that the Segre classes of T4 are: s;(Tp1) = (Hf):

Formula 1| (monomial type) (4 = dim X, 4 = rk € and 2 =corank)

i< k; — k; + J — 1 . 4
deg G = (2(4 — 2) + 4)! E [icicj<a( i ) H (z—l— )
k1 +hog—2 [[i<ico2(4+ ki —7) (Ziea
k;>0

=Y @roeeml 1 1) (ckem

0<k<4

5040. ]



Proposition | (Answer to Quiz 3)

deg G = 5040, if G = Gpa(2, Tps).

Proof

Apply our formulae to the case X := P4, £ := Tps with corank = 2,

and use a simple fact that the Segre classes of T4 are: s;(Tp1) = (Hf):

Formula 2| (Schur polynomial type) (4 = dim X, 4 = rk £ and 2 =corank)

deg G



Proposition | (Answer to Quiz 3)

deg G = 5040, if G = Gpa(2, Tps).

Proof

Apply our formulae to the case X := P4, £ := Tps with corank = 2,

and use a simple fact that the Segre classes of Tps are: s;(Tps) = ( 1

Formula 2

deg G

=(2(4—2)+a)! >

i—|—4) :

(Schur polynomial type) (2 = dim X, 4 = rk £ and 2 =corank)

[i<icj<2(Xi — Aj +7 — 1)

A1+Ag=4 H1§i§2(4 + A — 1)
A12A92>0

det | (M



Proposition | (Answer to Quiz 3)

deg G = 5040, if G = Gpa(2, Tps).

Proof

Apply our formulae to the case X := P4, £ := Tps with corank = 2,

and use a simple fact that the Segre classes of T4 are: s;(Tp1) = (Hf):

Formula 2| (Schur polynomial type) (4 = dim X, 4 = rk £ and 2 =corank)

deg G

. B : [i<icj<2(Xi — Aj +7 — 1)

= (2(4 — 2) +a)! }\1%:4 I
A1>A9>0

_ql 2A —3 37D ) X

=8! ) (3+>\)!(6_)\)!det !(H) (8_A>] («r A= Aq)

2<A<4 4

det | (M

4

5040. L]



Contents

3. Sketch of Proof

(a) Set-up —“The double structure” of flag bundles—

(b) Laurent Series
Show that the push-forward, m,.(c;(det Q)¥) is given as
the constant term of a certain Laurent series Py (t) with
coefficients in the intersection ring A*(X) of X.

(c) An Expression of Constant Term (monimial type)
(d) Another Expression of Constant Term (Schur polynomial type)
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3 Sketch of Proof |, (c:(Q)N) =7 € A*(X), in terms of s;(€)

(a) Set-up —“The double structure” of flag bundles—

Gi=F,(Q) :={[Q: C Qi-1 C --- C Q:1(C Q)]|corkQ; = 5}
partial flag bundle of O over G, parametrising
flags of subbundles with corank 1 up to z in Q, and

X a scheme of finite type over a field k,

€ a vector bundle of rank r on X,

Gx(d, ) the Grassmann bundle of codim d subbundles of £ over X,
7 : Gx(d,E€) — X the projection,

O <+ m*&, the universal quotient bundle of rank d,

ch(det Q) := > o 77¢1(Q)Y the Chern character of det Q,
A*(...) the intersection ring of ...,

T : A*(Gx(d,E)) @ Q — A*~4"~d)(X) ® Q the push-forward.
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3 Sketch of Proof |, (c:(Q)N) =7 € A*(X), in terms of s;(€)

(a) Set-up —“The double structure” of flag bundles—

G =F(Q) :={[Qi C Qi1 C -+ C Q:(C Q)]| cork Q; = 5}
partial flag bundle of O over G, parametrising
flags of subbundles with corank 1 up to z in Q, and

partial flag bundle of £€ over X, parametrising
flags of subbundles with corank 1 up to z in £.

X a scheme of finite type over a field k,

€ a vector bundle of rank r on X,

Gx(d, ) the Grassmann bundle of codim d subbundles of £ over X,
7 : Gx(d,E€) — X the projection,

O <+ m*&, the universal quotient bundle of rank d,

ch(det Q) := > o 77¢1(Q)Y the Chern character of det Q,
A*(...) the intersection ring of ...,

T : A*(Gx(d,E)) @ Q — A*~4"~d)(X) ® Q the push-forward.



(19)

Tower of proj space bundles

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

l
X2 = IP)Xl (81)

I m
0= & = pg€ — Opye)(1) = 0, X, :=Px(E)

4 Do
E X

¢

Claim: X2 = Fz E [Fi (%) flags of subbdles of cork 1 up to %
X *




Tower of proj space bundles

0 —= & — pg€ — Opy(e)(1) — 0,

E

Claim:

(19)

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

1

Xy :=Px,(&1) > 9
I D 1
X, = IP)X(“:) > U
4 Do 1
X > Yo
¢

Xp = F%(€)

[F% (%) flags of subbdles of cork 1 up to ¢




(19)

T f proj bundl
ower ol proj space bundles 7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

= Y2 € FX(€)
+ 0
0 — & — pi&1 — Opy (g)(1) = 0, Xy :=Px,(&1) 3 w2 > [E2(y2) C Ei(y1)(C E(yo))]
I D 1
0 =& = pp€ = Opye)(1) =0, Xq :=Px(E) > w1 < [Ei(y1) = E1 C E(yo)]
4 Do 1
E X > Yo
{ Px(€) x x k(yo) = {cork 1 subspaces E; of £(yo) := £ ® k(yo)}

Claim: X2 = Fz E [Fi (%) flags of subbdles of cork 1 up to %
X *
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Tower of proj space bundles

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

: Y2 € Fx(€)
+ ?
0 — & — pi&1 — Opy (g)(1) = 0, Xy :=Px,(E1) 2 y2 < [E2(y2) C E(y1)(C E(yo))]
I D 1
0= & = pg€ = Opye)(1) =0, X; :=Px(E) > w1 <« [E1(y1) = E1 C E(yo)]
4 Do 1
E X > Yo
i Px(€) Xx k(yo) = {cork 1 subspaces E; of £(yo) := € Q k(yo)}
X = F_zx (5) [F? (x) flags of subbdles of cork 1 up to ¢

¢

inductively, set X, ;:= Px,(&) =F% () (0<i<d—1)

i D
0—& —pf &1 — Ox,(1) -0, X;




0L, | —q ,Qd4-—2—L, ,—0,

0— Qd—Z — q;_3gd—3 — E:i_3 — 07

0— Q1 —qsQ — Ly, — 0,

0 >8> n*€ —> Q9 —0,

o L) :

(20)

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

Ga_1:="Pq, ,(Qu_2) =FL(Q) Fd (€) = Px,_,(E4—1) =: Xa 0— Es—p_1E4-1— La—1 — 0,
qdd—2 Pd—1
Ga_2:="Pg, ,(Qa_s) =FL3%(Q) FEME) = Px, ,(Ea2) =: Xa_1 0— E4—1 = pj_s€d—2 — La—2 — 0,
qdd—3 Pd—2
q1 P2
G1:=Pc(Q) =F5(Q) F%(€) = Px, (&1) =: X 0— & — pi& — L1 20,
qo P11
G :=Gx(d, &) FL(€) = Px(€) =: X, 0— & — pi€ — Lo — 0,
\ Po
X £

OPGi(Qi)(]‘) € PicG;44,

Ei = OPXZ(Sz)(]‘) - Pic X’i—l—l-



0L, | —q ,Qd4-—2—L, ,—0,

qd—2

0— QZd—Z — q;__3£2d—3 _9'1:&_3 — 07

gd—3

q1

0— Q1 —qsQ — Ly, — 0,

0 >8> n*€ —> Q9 —0,

L L; = OPGZ(Q’L)(]_) - Pic Gi—i—lv

(20)

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

Gy-1:="Pg, ,(Qa—2) =F& 1(Q)

Ga s :=Pq, ,(Qa—3) = ch_2(9)

\

F% (&) =Px,_,(Ea—1) =: Xa

F% 1 (€) = Px,_,(Ea—z2) =t Xa—1

F%(€) = Px, (&1) =: X

FL (£) = Px(€) = X;

00— & —py_1€a—1 — Lg—1 — 0,
Pd—1
0—=E3_1—pj €12 — Lg_2—0,

Pd—2

P2
0— & — pi€&1 — L1 — 0,
pP1

0— & — p{& — Lo — 0,

Po

X E

Ei = OPXZ(Sz)(]‘) - Pic X’i—l—l-
 [§8ci(Q) = (L) + -+ +ea(L)_)) € AYFEH(Q))-

[F* (*) flags of subbdles of cork 1 up to ¢




(20)

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

0Ly =43 Qa2 Ly 5,0, Gy-1:="Pg, ,(Qa—2) =F& 1(Q) F% (&) =Px,_,(Ea—1) =: X4 0—>& —py 1€a—1— La—1—0,

qd—2

0— Qa2 —q)_3Qa—3— L) 53— 0, Ga s :="Pg, ,(Qa_s) =FL2(Q) Fit 0— Eq—1 — pjj_s€a—2 = La—2 — 0,

gd—3

q1

O—>Q1—>q3‘Q—>£6—>0, Glz]P)G(Q)ZFé( 0—)82—)17;51—)‘&1—)0,

08— mE—Q—0, G :=Gx(d,£) 0— & — pi€ — Lo — 0,

L ,Cg = OPGi(Qi)(l) - Pic Gi—i—lv ,Ci = OPXi(Si)(l) - Pic Xz'—i—l-
[ ) q* Cl(Q) = C (Lé)) —+ e+ Cl(‘CZi—l) - Al (Fé_l(g)) [F* (*) flags of subbdles of cork 1 up to ¢

e ‘7 the induced morphism s.t. [£; — [p*E€ | = r*[S — 7w*E].
° ...




0— L:i—l — q;_zgd—2 — L::j_z — 07 Gd—l = ]PGd_z(Qd—Z) = ]FdG_l(Q)

qd—2

0— Qd—Z — q;_3gd—3 — E:i_3 — 07

0— Q1 —qsQ — Ly, — 0,

0 >8> n*€ —> Q9 —0,

L ,C,/L = OPGZ(Qz)(]‘) - Pic Gi—i—lv

o q* Cl(Q) = Ci (LE)) —+ .o 4 Cl(‘CZi—l) € Al (Fé_l(g)) [F* (*) flags of subbdles of cork 1 up to ¢

(20)

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

Ga s :=Pq, ,(Qa—3) = ch_2(9)

FdX(g) = PXd_l(gd—l) =: X4 0— & — p;_lgd—l —Lg 1 — 0,

T

F‘;‘{—l 0—Eq—1 > Pl _o€a—2— L2 — 0,

0— & — pi€&1 — L1 — 0,

0— & — p{& — Lo — 0,

Ei = OPX,L(Sz)(]‘) - Pic X’i—l—l-

e r the induced morphism s.t. [£; — p*E | = r*[S — w*E].
o FL(Q) =TFL(E) over G, ci1(L)) = c1(L;) =: &
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7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

0— L:i—l — q;_zgd—2 — L::j_z — 0’ Gd—l = ]PGd_z(Qd—Z) = ]FdG_l(Q)

]FdX(f) = PXd_l(gd—l) = Xd 0— gd — p;_lgd—l — Ed—l — 07

T

qd—2

0— Qa2 —q)_3Qa—3— L) 53— 0, Ga s :="Pg, ,(Qa_s) =FL2(Q) Fit 0— Eq—1 — pjj_s€a—2 = La—2 — 0,

O—>Q1—>qSQ—>£6—>0, 0—)82—)]7;81—)‘&1—)0,

0 >8> n*€ —> Q9 —0, 0— & — p{& — Lo — 0,

o L := (’)pai(gi)(l) € PicG;y1, L;:= OPXi(gi)(]_) € Pic X; ;.
® ¢*ci(Q) = ci(L) + -+ + (L) € AYFE(Q)). Fi (%) flags of subbdles of cork 1 up to i
e r the induced morphism s.t. [£; — p*E | = r*[S — 7*E].
o FL(Q) =TFL(E) over G, ci1(L)) = c1(L;) =: &
-~ A subbdle & C p*E containing £; corresponds bijectively to a subbbdle Q' C r*Q by
0 - r*S§ —» p*&€ —- r*"9d — 0
[ U U

00— & — & — Q9 — 0,
and ﬁ; = Qi/Qi—{—l ~ gi/gi_|_1 = ﬁz L]




(20)

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

0— L:i—l — q;_zgd—2 — L::j_z — 07 Gd—l = ]PGd_z(Qd—Z) = ]FdG_l(Q)

qd—2

0—> Q4 2—>qh 3Qa-3— L, 3 —0, Ga s :="Pg, ,(Qa_s) =FL2(Q) Fit

0— Q1 —qsQ — Ly, — 0,

0 >8> n*€ —> Q9 —0,

L ﬁ,’L = OPGi(Qi)(l) - Pic Gi—i—lv ,Cz = OPXi(gi)(l) c Pic X’i—l—l-

——F% (&) =Px,_,(Ea-1) =: Xa

00— & —py_1€a—1 — Lg—1 — 0,

0—=E3_1—pj €12 — Lg_2—0,

0— & — pi€&1 — L1 — 0,

0— & — p{& — Lo — 0,

o q* Cl(Q) = Ci (LE)) —+ .o 4 Cl(‘CZi—l) € Al (Fé_l(g)) [F* (*) flags of subbdles of cork 1 up to ¢

e r the induced morphism s.t. [£; — p*E | = r*[S — w*E].
o FL(Q) =FL(E) over G, ci(L)) = c1(L;) =: &;.
e g ci(Q) =& + -+ &i1-
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7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

0— L:i—l — q;_zgd—2 — L::j_z — 0’ Gd—l = ]PGd_z(Qd—Z) = ]FdG_l(Q)

F% () =Px, ,(Ea—1) =: X4 0= & —py 1Ea—1— Lg—1—0,

qd—2

0— Q42— qy 3Qd—3— Ly 50, Ga s :="Pg, ,(Qa_s) =FL2(Q) Fit 0— E4—1 = pj_s€d—2 — La—2 — 0,

O—>Q1—>qSQ—>£6—>0, 0—)82—)17;81—)‘&1—)0,

0 >8> n*€ —> Q9 —0,

0— & — p{& — Lo — 0,

o L := OPGi(Qi)(l) € PicG;y1, L;:= OPXi(gi)(]_) € Pic X; ;.

® ¢*ci(Q) = ci(L) + -+ + (L) € AYFE(Q)). Fi (%) flags of subbdles of cork 1 up to i
e r the induced morphism s.t. [£; — p*E | = r*[S — 7*E].

o FL(Q) =FL(E) over G, ci(L)) = c1(L;) =: &;.

¢ ¢ci(Q) =& + -+ &i1- (

o m.(ci(Q)Y) = mJgu(&h &+ €4 @ (1 (QY))

d—1 _x

q; : P4~ bdle w/ tautlgcl cls §i>
~ o= qi.(§'qf o)
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7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

FdX(g) = PXd_l(gd—l) =: X4 0— & — p;_lgd—l —Lg 1 — 0,

0— L:i—l — q;_zgd—2 — L::j_z — 07 Gd—l = ]PGd_z(Qd—Z) = ]FdG_l(Q)

qd—2

0—=E3_1—pj €12 — Lg_2—0,

0= Q42— q) 3Qa—3— L) ;—0, Ga s :=Pq, ,(Qa—3) = ng_2(g) Fy "

O—>Q1—>q3‘Q—>£6—>0, 0—)82—)17;81—)‘&1—)0,

0— & — p{& — Lo — 0,

0 >8> n*€ —> Q9 —0,

L ﬁ,’i = OPGi(Qi)(l) - Pic Gi—i—lv ﬁi = OPXi(gi)(l) - Pic Xz'—i—l-
[ ) q* Cl(Q) = C (LE)) —+ e+ Cl(‘CZi—l) - Al (Fé_l(g)) [F* (*) flags of subbdles of cork 1 up to ¢
e r the induced morphism s.t. [£; — p*E | = r*[S — w*E].
o FL(Q) =FL(E) over G, ci(L)) = c1(L;) =: &;.
e g*ci1(Q) =&+ -+ + &i-1. dei—1

1 od— ; + P97 *"*-bdle w/ tautlgcl cls &;
e m.(c1(Q)N) = m @ (&) &y - €L L@ (e (Q)N)) ( a /d—i *g . >

— d—1ed—2 &1 N ~ o=l ge)
= T4 g« ('Eo 1 €d—2(€0 + + fd—l) )
= PR ET gl (G0t Ea)N) € A(X).




How to calculate the push-forward in the RHS below?:
T (el (QN) = pa(&5 1617 €y 5 (€0 + -+ &)™)




How to calculate the push-forward in the RHS below?:
e X1 = Px,(Ei+1) T (c1(Q)N) = p.(65'el2... € (o + -+ &a)N).

pid _
X, is a P"~*"1l_bundle,
~ A" (X)) = A (XH)[&]/ (& —51_(&')55_@_1 o (1) e i(E))
— @ogjgr—i—1 A*(Xi)fij-
e Therefore,



® Xit1 = Px,;(Ei41)

Di 4

How to calculate the push-forward in the RHS below?:
T (el (QN) = pa(&5 1617 €y 5 (€0 + -+ &)™)

X; isa ]P""_i_l-bundl_e, |
~ A*(Xit1) = AN(XH)[&] /(& —51_(81-)52“_@_1 Foe g (=) e (&)
— @ogjgr—i—1 A*(Xi)gij-

e Therefore,

® p.

A*(X)[fm Ela sy gd—l]

A*(Xg) =

d—1

= @

0<y;<r—

& — () + -+ (—1)"e (€),
{_1 T 01(81)5;_2 Rl (_1)r_1cr—1(81)7

iU = e(Ea )€+ A (D) e g (Ea)

AN (X)E & T
-1

(0<i<d—1)

L A%(X) — A*(X),



How to calculate the push-forward in the RHS below?:
e X1 = Px,(Ei+1) T (c1(Q)N) = p.(65'el2... € (o + -+ &a)N).

pi
X; is a ]P’""_i_l-bundl.e, |
~ A*(Xi) = ANX)[&]/ (€T —aE)ET T+ + (1) emi(£)
— @09’94-1 A*(Xi)gij-
A*(X)[fm Ela sy gd—l]
& —ci(E) + -+ (=) (E),
{_1 T 01(81)5;_2 aal o (_1)r_1cr—1(81)7

e Therefore,
A*(Xaq) =

2:;”1 —C (Sd_l)ffli‘f + e+ (=) e _gi1(Eq1)

— @ A* (X)E’LOEH .. —€d_1zd_1-
<y <r-l-1
(0<I<d-1)

e p,: A*(Xy) — A*¢(X), the push-forward by p: X; — --- — X; — X is given by
o —> coeffg—o,”_,m(a; r—1,r—2,...,7r —d)

= (the coefficient of « in the leading monomial, 5’"‘1 ‘e Ed_lr_d),
where c := ) ;4 ,(r — i — 1) the relative dimension of X;/X.



How to calculate the push-forward in the RHS below?:
¢ Xiy1 = Px,;(&it1) m(c1(Q)Y) = pu (€577 (G0 + -+ Eam)N).
pid
X; is a P"* 1 pundle,
~ AN (Xig1) = AN(XG)[E]/ (& — a(E)E T T 4 4 (1) Temi(E)))
— @ogjgr—z‘—l A*(Xz)gj
A*(X)[&05&15 - - - 5 €a—1]

& — ()& "+ + (1) e (E),
e (ED)ET e (D) e (&),

e Therefore,
A*(Xg) =

2:;”1 —C (Sd_l)fgi‘f + e+ (=) e _gi1(Eq1)

— @ A* (X)E’LOEH .. —€d_1zd_1-
<y <r-l-1
(0<I<d-1)

e p,: A*(Xy) — A*¢(X), the push-forward by p: X; — --- — X; — X is given by
o —> coeffg—o,”_,a(a; r—1,r—2,...,7r —d)

= (the coefficient of « in the leading monomial, 5’"‘1 ‘e Ed_lr_d),
where c := ) ;4 ,(r — i — 1) the relative dimension of X;/X.

- ma(en(Q@N) = pu(&TET & (G0 -+ &)™)
= coeffg—o,m,m(ﬁg_l 2ol (ot F ) ir— 1,0 — 2. ,r —d),




(b) Laurent series

(22)

7. (c1(Q)Y) =7 € A*(X), in terms of s;(E)

Proposition 3

Recall:

For a non-negative integer IV,

me(c1(Q)") = consty(Pn (1)),

m.(c1(Q)N) = coeffg

€a—1

(€ 1el 2. €l (o+ -+ € )5 —1,...,r —d)




(22)

(b) Laurent series T (e (Q)N) = 7 € A*(X), in terms of 5,(£)

Proposition 3| For a non-negative integer IV,

me(c1(Q)") = consty(Pn (1)),

where
7, : A*(Gx(d, E)) = A*~4=d)(X) the push-forward,
consty(. .. ) the constant term in the Laurent expansion of . .. w.r.t. t := (£o,...,%4-1),
s(€,t) the Segre series of € in t, and

Py@t):= [] ti-t)( X [1 &“ " st

0<i<j<d—1 0<i<d—1 ¥ 0<i<d—1

1\N

Recall: | m.(c1(Q)N) = coeffg, (&5 & "+ &l o+ F+&a1)Vsr —1,...,r — d)




(22)

(b) Laurent series T (e (Q)N) = 7 € A*(X), in terms of 5,(£)

Proposition 3| For a non-negative integer IV,

me(c1(Q)") = consty(Pn (1)),

where
7, : A*(Gx(d, E)) = A*~4=d)(X) the push-forward,
consty(. .. ) the constant term in the Laurent expansion of . .. w.r.t. t := (£o,...,%4-1),
s(€,t) the Segre series of € in t, and

Py@t):= [] ti-t)( X [1 &“ " st

0<i<j<d—1 0<i<d—1 ¥ 0<i<d—1

1\N

Recall: | m.(c1(Q)N) = coeffg, (&5 & "+ &l o+ F+&a1)Vsr —1,...,r — d)

Lemma 4

Pd—
coeffg 7 (gg” e r— 1,000, — d) =



(22)

(b) Laurent series T (e (Q)N) = 7 € A*(X), in terms of 5,(£)

Proposition 3| For a non-negative integer IV,

me(c1(Q)") = consty(Pn (1)),

where
7, : A*(Gx(d, E)) = A*~4=d)(X) the push-forward,
consty(. .. ) the constant term in the Laurent expansion of . .. w.r.t. t := (£o,...,%4-1),
s(€,t) the Segre series of € in t, and

Py@t):= [] ti-t)( X [1 &“ " st

0<i<j<d—1 0<i<d—1 ¥ 0<i<d—1

1\N

Recall: | m.(c1(Q)N) = coeffg, (&5 & "+ &l o+ F+&a1)Vsr —1,...,r — d)

Lemma 4
coeffg & — (Sg” e e — 1,0, — d) = consty (A(z) H t;pi+r_ds(8, ti)>,
0<i<d—1
where

A(t) := Jlo<icj<q_1(t: — t;) the Vandermonde polynomial of t := (to,..., ta—1)-



(22)

(b) Laurent series T (e (Q)N) = 7 € A*(X), in terms of 5,(£)

Proposition 3| For a non-negative integer IV,

me(c1(Q)") = consty(Pn (1)),

where
7, : A*(Gx(d, E)) = A*~4=d)(X) the push-forward,
consty(. .. ) the constant term in the Laurent expansion of . .. w.r.t. t := (£o,...,%4-1),
s(€,t) the Segre series of € in t, and

Py@t):= [] ti-t)( X [1 &“ " st

0<i<j<d—1 0<i<d—1 ¥ 0<i<d—1

1\N

Recall: | m.(c1(Q)N) = coeffg, (&5 & "+ &l o+ F+&a1)Vsr —1,...,r — d)

Lemma 4
coeffg & — (Sg” e e — 1,0, — d) = consty (A(z) H t;pi+r_ds(8, ti)>,
0<i<d—1
where

A(t) := Jlo<icj<q_1(t: — t;) the Vandermonde polynomial of t := (to,..., ta—1)-

Lemma 4 follows from ...



Lemma 4

. —pitr—d
coetfz & ( 0 €T — 1y — d) = consty (A(i) To<ica—1t: " 3(5ati)>-

follows from an equality, s(&;11,t;11) = (1 — &t;11)s(E;5t41), and

Lemma 5

Proof

coeffe (&sr —i—1) = constti(ti_p#r_i_ls(gi,ti)) (0<:<d—-1).

K e

(23)



(23)

Lemma 4| coeffg +— ( Poooghtlsr —1,..0,r — d) = consty (A(g) [To<i<a—1 ti_p"+r_ds(8, tz)>

follows from an equality, s(&;11,t;11) = (1 — &tiq)s(E;ytia1), and

Lemma 5| coeff—(&P:r —i — 1) = consty. (£, T s(E, 1)) (0<i < d—1).
€7, 1 1\

1 c(&i+1,ti) 1+ c1(Eip)ti + -+ + cric1 ()t !
Proof ) ¢ — — .
1L+ &ti  c(&,t;) c(&;,t:)

LHS |eo -




(23)

Lemma 4| coeffg +— ( Poooghtlsr —1,..0,r — d) = consty (A(g) [To<i<a—1 ti_p"+r_ds(8, t,))

follows from an equality, s(&€;11,t;01) = (1 — &tir1)s(E;yti11), and

Lemma 5] coeffg (§r—i—1) = constti(ti_p#r_i_ls(&,ti)) (0<:<d—-1).

1 c(Eiv1,ti) 14+ ci(Eixr)ti + -+ croim1(Eipr)ti" !
Proof * —— = = .
14+ &t c(&i, t;) c(&iyt;)
LHS | e const,, (ti_pi coeffy (ﬁ, r—1— 1)) 0 —>&411 & —>L; —0
= coeffg ( consty, (ti_pi Zkzo(—fiti)k>;r — 17— 1) & = c1(Ly)

= coeffg((—&)Pisr —i — 1) = (—1)Picoeffg (& r —i— 1).
RHS [e .-




Lemma 4

Lemma 5

Proof

LHS

RHS

coetfz & ( 0 €T — 1y — d) = consty (A(i) [To<ica—r ti " "s(E, tz)) :

follows from an equality, s(&€;11,t;01) = (1 — &tir1)s(E;yti11), and

coeffe (&sr —i—1) = constti(ti_p#r_i_ls(&,ti)) (0<:<d—-1).

1 C(gi—l-lv ti) . 1+ ¢ (gi—l—l)ti 4 e 4 Cr_i_1(£i+1)tir_i_1>

L+ &t c(&nts) \ c(&iyt;)
® consty, (ti_p" coeffy (# r—1— 1))

1+ iti,

coeffg ( consty, (ti_pi Zkzo(—fiti)k>;r — 7 — 1) & = c1(L;)

D;

coeffg ((—&i)Pisr —i—1) = (—1)Picoeffg(

i

0—>&41—& —L;—0

“sr—1—1).

e c;(&;) € A*(X;), and by c(&;,t) = c(Eit1, 1) (1 + &it),
ci(Eit1) = (&) + (&) (=&)Y 1+ - +ci(&)for 1 <j<r—i-—1.



Lemma 4 Coeff€0 ..... sd 1 ( Po b Zd 11, r — ]., e e e r — d) — COIlStL (A(i) HOS'LSd—l tz_pl-i_r_dS(g, tz)> .

follows from an equality, s(&€;11,t;01) = (1 — &tir1)s(E;yti11), and

Lemma 5] coeffg (§r—i—1) = constti(ti_p#r_i_ls(&,ti)) (0<:<d—-1).

1 c(Eit1,t:) 1+ ci(Eivr)ti + oo+ croim1(Eip)tim !
Proof * — — .
1+ &:t; C(gi, t') C(gz'a ti)
LHS | e const,, (ti_p" coeffy (1+£t ST — 1 — 1)) 0 —>&411 & —>L; —0
= coeffg ( consty, (t- pi Zk>0(—€it')k>’ r—1— 1) & = c1(Ly)

= coeffg((—&)Pisr —i — 1) = (—1)Picoeffg (& r —i— 1).

RHS

® ¢;(&;) € A*(X;), and by ¢(&;,t) = (€41, 1) (1 + &it),
cj(Eiv1) = (—&) + (&) (=&)Y "+ + (&) for 1 <j <7 —i—1.

~s {Cl(gz—l—l)’ co9Cr—i— 2(£z—|—1) S @r - 2A*(X )gﬂ, and

eroic1(Eiv1) = (=€)~ mod @i A*(X)E in A*(Xi1) = @I A*(X)E.



Lemma 4 Coeff€0 ..... sd 1 ( Po b Zd 11, r — ]., e e e r — d) — COIlStL (A(i) HOS'LSd—l tz_pl-i_r_dS(g, tz)> .

follows from an equality, s(&€;11,t;01) = (1 — &tir1)s(E;yti11), and

Lemma 5| coeff—(&P:r —i — 1) = consty. (£, T s(E, 1)) (0<i < d—1).
57, 1 1\

1 c(Eit1,ts) 1+ ci(Eivr)ti + oo+ croim1(Eip)tim !
Proof * — — .
1 —|— €iti C(gi, t') C(gz', ti)
LHS | e const,, (ti_p" coeffy (1+£t ST — 1 — 1)) 0 —>&411 & —>L; —0
= coeffg ( consty, (t- pi Zk>0(—€it')k>’ r—1— 1) & = c1(Ly)

= coeffg((—&)Pisr —i — 1) = (—1)Picoeffg (& r —i— 1).

RHS | e ¢;(&;) € A*(X;), and by c(&;,t) = c(E;iy1,t)(1 + &it),
ci(Eir1) = (&) + 1 (E)(—=&) 1+ --- +cj(€) for 1 <j<r—i-—1.
s {Cl(gz—l—l)a cosCr—i—2(Eiy1) € @r . 2A*(X )g]a a"d .
cri-1(€iy1) = (=€) " ' mod @T - 2A*(X )éz in A*(Xi1) = @r - 1A*(Xi)gj°

c(&i1,ti)
" Coeffgi (c(%,ltl); r—1— 1) =



Lemma 4 Coeff€0 ..... sd 1 ( Po b Zd 11, r — ]., e e e r — d) — COIlStL (A(i) HOS'LSd—l tz_pl-i_r_dS(g, tz)> .

follows from an equality, s(&€;11,t;01) = (1 — &tir1)s(E;yti11), and

Lemma 5| coeffg(&;7 — i — 1) = consty,(t; """ 1s(E i) (0< i < d—1).
1 C(gi_|_]_, tz) 1 —|— C1 (g’l,—{—l)tz —|— o o _|_ CT—i—1(£i+1)tir_i_1
Proof ) ¢ — — .

14+ &t et \ c(Ei, t;)

LHS | e const,, (ti_p" coeffy (1+£zt ST — 1 — 1)) 0 —>&411 & —>L; —0
= coeffgi ( consty, (t- pi Zk>0(—€iti)k>;r — 1 — 1) & = Cl(ﬁi)
= coeffg((—&)Pisr —i — 1) = (—1)Picoeffg (& r —i— 1).

RHS | e ¢;(&;) € A*(X;), and by c(&;,t) = c(E;iy1,t)(1 + &it),
cj(€iy1) = (&) +cr(E)(—&) "+ -+ (&) for 1 <j<r—i—1.

s {Cl(gz—l—l)a cosCr—i—2(Eiy1) € @r . 2A*(X )gja a"d .

cr—i—1(&i11) = (=&)"* " mod @T - 2A*(X )éz in A*(X;41) = @r T A*(Xz)gj

(Eisrt) G i T .
. coeffy (cc(5+,1m’ r—1— 1) = coeffy ( E) T — 1 — 1)
= St = () s (E ). (. D)s(x, 1) = 1

~> COIlStti (tz—pz coeffgi <%, T —1— 1)) = Constti(t;pi(—ti)r_i_ls(gi’ _tz))

e Thus, ---.




Lemma 4 Coeff€0 ..... sd 1 ( Po b Zd 11, r — ]., e e e r — d) — COIlStL (A(i) HOS'LSd—l tz_pl-i_r_dS(g, tz)> .

follows from an equality, s(&€;11,t;01) = (1 — &tir1)s(E;yti11), and

Lemma 5| coeffg(&;7 — i — 1) = consty,(t; """ 1s(E i) (0< i < d—1).
1 C(gi_|_]_, tz) 1 —|— C1 (g’l,—{—l)tz —|— o o _|_ CT—i—1(£i+1)tir_i_1
Proof ) ¢ — .

1+ &t c(Eint) \ c(Eiyti)

LHS | e const,, (ti_p" coeffy (1+£zt ST — 1 — 1)) 0 —>&411 & —>L; —0
= coeffgi ( consty, (t- pi Zk>0(—€iti)k>;r — 1 — 1) & = Cl(ﬁi)
= coeffg((—&)Pisr —i — 1) = (—1)Picoeffg (& r —i— 1).

RHS | e ¢;(&;) € A*(X;), and by c(&;,t) = c(E;iy1,t)(1 + &it),
cj(€iy1) = (&) +cr(E)(—&) "+ -+ (&) for 1 <j<r—i—1.

s {Cl(gz—l—l)a cosCr—i—2(Eiy1) € @r . 2A*(X )gja a"d .

cr—i—1(&i11) = (=&)"* " mod @T - 2A*(X )éz in A*(X;41) = @r T A*(Xz)gj

(Eisrti) G i T .
. coeffy (cc(g#, r—1— 1) = coeffy ( E) T — 1 — 1)
= St = () s (E ). (. D)s(x, 1) = 1

~> COIlStti (tz—pz coeffgi <%, T —1— 1)) = Constti(t;pi(—ti)r_i_ls(gi’ _tz))

® Thus, (—1)Pi coeffa(ffi; r — 1 — 1) = consty, (¢; 7(—t;)" " 1s(&iy —ti))-
° ..




Lemma 4 Coeff€0 ..... sd 1 ( Po b Zd 11, r — ]., e e e r — d) — COIlStL (A(i) HOS'LSd—l tz_pl-i_r_dS(g, tz)> .

follows from an equality, s(&€;11,t;01) = (1 — &tir1)s(E;yti11), and

Lemma 5| coeffg(&;7 — i — 1) = consty,(t; """ 1s(E i) (0< i < d—1).
1 C(gi_|_]_, tz) 1 —|— C1 (g’l,—{—l)tz —|— o o _|_ CT—i—1(£i+1)tir_i_1
Proof ) ¢ — .

1+ &t c(Eint) \ c(Eiyti)

LHS | e const,, (ti_p" coeffy (1+£zt ST — 1 — 1)) 0 —>&411 & —>L; —0
= coeffgi ( consty, (t- pi Zk>0(—€iti)k>;r — 1 — 1) & = Cl(ﬁi)
= coeffg((—&)Pisr —i — 1) = (—1)Picoeffg (& r —i— 1).

RHS | e ¢;(&;) € A*(X;), and by c(&;,t) = c(E;iy1,t)(1 + &it),
cj(€iy1) = (&) +cr(E)(—&) "+ -+ (&) for 1 <j<r—i—1.

s {Cl(gz—l—l)a cosCr—i—2(Eiy1) € @r . 2A*(X )gja a"d .

cr—i—1(&i11) = (=&)"* " mod @T - 2A*(X )éz in A*(X;41) = @r T A*(Xz)gj

(Eisrti) G i T .
. coeffy (cc(g#, r—1— 1) = coeffy ( E) T — 1 — 1)
= St = () s (E ). (. D)s(x, 1) = 1

~> COIlStti (tz—pz coeffgi <%, T —1— 1)) = Constti(t;pi(—ti)r_i_ls(gi’ _tz))

® Thus, (—1)Pi coeffa(ffi; r — 1 — 1) = consty, (¢; 7(—t;)" " 1s(&iy —ti))-
e Replace —t; — t,. [l




(c) An Expression of Constant Term

Theorem 1| (monomial type)

7. ch(det Q) = Z

Proof of Theorem 1

k

H1§i<j§d(ki - kj +J— ’L)

H1§igd("° + k; —1)!

I su(&).

1<i<d



(c) An Expression of Constant Term

Theorem 1| (monomial type)

ki — ki —i
W*Ch(det Q):ZHIS <J§d( J J 7/) H Ski(“:),

3 H1gigd("° + ki —2)! 1<i<d

Proof of Theorem 1

1
Recall that ch(det Q) := Z —'cl(Q)N, and
NS0 N

Proposition 3| For a non-negative integer N, m,(c1(Q)Y) = consty(Pn(t)),

where

Pyt):= ] (ti—tj)< 3 tl)N T @97 (&0 ta).

0<i<j<d—1 0<i<d—1 0<i<d—1



(c) An Expression of Constant Term

Theorem 1| (monomial type)

ki — kst —
. ch(det Q):Zl_hgzqu( itJ—1) H o1 (£).

3 H1gi§d("° + ki —2)! 1<i<d

Proof of Theorem 1

Recall that ch(det Q) := » —c1(Q)", and

Proposition 3| For a non-negative integer N, m,(c1(Q)Y) = consty(Pn(t)),

where

Pyt):= ] (ti—tj)< 3 %)N T @97 (&0 ta).

0<i<j<d—1 0<i<d—1 0<i<d—1

Just expand Py (t) with the multinomial theorem, and
calculate its constant term. []



(d) Another Expression of Constant Term

We give two proofs for

Theorem 2| (Schur polynomial type)

[icicj<ahi —Aj +3 — )
7. ch(det Q) = — :
; H1§i§d("° + A —0)!

Ax(s(£))-

Proof 1 of Theorem 2




(d) Another Expression of Constant Term

We give two proofs for

Theorem 2| (Schur polynomial type)

Ilicicj<a(Xi —Aj+3 — 1)
7. ch(det Q) = g —— ,
X H1§z‘§d("° + Ai —7)!

A)\(S(g))

Proof 1 of Theorem 2

Just expand Pp(t) with the multinomial theorem,
calculate its constant term, as in the proof of Theorem 1, with

Lemma 7 ﬁ s(E,t;) = ) Ax(s(E))sa(t).

Proof




(d) Another Expression of Constant Term

We give two proofs for

Theorem 2| (Schur polynomial type)

Ilicicj<a(Xi —Aj+3 — 1)
7. ch(det Q) = g —— ,
X H1§z‘§d("° + Ai —7)!

A)\(S(g))

Proof 1 of Theorem 2

Just expand Pp(t) with the multinomial theorem,
calculate its constant term, as in the proof of Theorem 1, with

d—1
Lemma 7| [[ s(&,t:) =) Ax(s(E))sa(t).
i=0 A>0
Pl Cauchy Jacobi Trudi
H s(€,ti) = H (g . ) —Z sxa(a@)sa(t) = Z Ax(s(€))sa(?),
:/;l(l)ere =0

a = {ai,...,a,} the Chern roots of the vector bundle £. ]



Proof 2 of Theorem 2

symmetrisation
w.r.t. ¢

1

Our strategy to obtain the constant term of Psymm(t) = S;(Pn (1)) is

symm 1

to calculate it as the “residue” of Py

) 1

to’ ’td—1 tortg—1’
( l)d(d 1)
1 1 1 —1)"z N 1
PjQ,”“'“(-, ) = : 11 (t,-—tj)2( > ti> 11 t;’“s<£,—>.
to ta—1/ %o ta—1 d! 0<i<j<d—1 0<i<d—1 0<i<d—1 ti
symmetrisation w.r.t. ¢ )
? + X tae--t
taking the inverse of ¢ 0 d—1
1\N —(d—1—i)+r—d
Py@y= [ @-w( > 7) II & (Eos ).
0<i<j<d—-1 0<i<d—1 * 0<i<d—1

Note the constant term is invariant under
the symmetrisation w.r.t. t = (tg,...,t4_1) and
taking the inverse of variables t:

consty(Pn(t)) = consty (P (1))

1
= const; (Pﬁmm <t—, . o
0

)



symmetrisation

Proof 2 of Theorem 2 w.r.t. t
|
Our strategy to obtain the constant term of Psymm(t) = S;(Pn (1)) is
to calculate it as the “residue” of Py™"(=,...,—)—:
to’ td—l totg_1’
d(d—1)
1 1 1 (—1)= N 1
pym™(—, ..., = (t; — t;)? t; t;"s(E,—).
N <t0 td—1>t0"'td_1 d! ogiqlldq J (OS;_I ) oggj—1 < tz->

To calculate the residue, we establish

Proposition 7| (Kadell type formula for confluent Selberg integral)



symmetrisation
Proof 2 of Theorem 2 w.r.t. t

!
Our strategy to obtain the constant term of Psymm(t) = S;(Pn (1)) is

to calculate it as the “residue” of PY™"(=,...,——)r—
0’ td—l totg_1’
d(d—1)
1 1 1 —1)"= ~ )
Pjs\l;mm<—,..., > — ( )' H (t; — tj)z( Z ti) H ti_rs<£,—>,
to tg—1/tg--tg_1 d! 0<i<j<d—1 0<i<d_1 0<icd-1 t;

To calculate the residue, we establish

Proposition 7| (Kadell type formula for confluent Selberg integral)
Set
d—1 d—1

Iconf(Aa w) = ‘/[ H(t t])z H eXp(_tz) H t?_ls)\(t)dta

00 d
where



symmetrisation
Proof 2 of Theorem 2 w.r.t. t

1

Our strategy to obtain the constant term of Psymm(t) = S;(Pn (1)) is
to calculate it as the “residue” of Py™" (= )—

to’ ’td 17 totg—1"
d(d—1)
symm (1 1 1 (—1)7= 0 N . 1
R e i 0 | MRS 0D DI M | QRS )
0 d—17 to d—1 ! 0<icicdn < o Z

To calculate the residue, we establish

Proposition 7| (Kadell type formula for confluent Selberg integral)

Set
d—1 d—1

Iconf(Aa w) = / H(t t])z H eXp(_tz) H t?_ls)\(t)dta
[0,4-00)4 5 5 i=0 i=0
where
A= (A1,...5,Ag) a partition, r=1—r7r

sx(t) the Schur poly in t := (%g,...,t4_1) for A, and
dt = dt() s dtd_l.
Then ...



symmetrisation
Proof 2 of Theorem 2 w.r.t. t

1

Our strategy to obtain the constant term of Psymm(t) = S;(Pn (1)) is
to calculate it as the “residue” of Py™"(=,...,—)—:
to” td 17 totd—1"
d(d—1)

Pﬁmm<%,..., ! )to.ftd_lz(_lc)uz I1 (ti—tj)z( D ti)N I1 t;’“s<£,tii>.

ta—1 0<i<j<d—1 0<i<d—1 0<i<d—1

To calculate the residue, we establish

Proposition 7| (Kadell type formula for confluent Selberg integral)
Set

d—1 d—1
Iont( N, ) := / H(tz — tj)2 H exp(—t;) H tf_lsA(L)dL,
[0,4-00)d i<j 1=0 1=0
where
A= (A1,...5,Ag) a partition, r=1—r7r

sx(t) the Schur poly in t := (%g,...,t4_1) for A, and
dt = dt() s dtd_l.
Then for a real number > 0,

d
Lot M) =d! [ i=X+5—-d)][T@E@+d—i+N).

1<i<j<d i=1



Summary

where

m, ch(det Q) = Z {TA_ﬁk;'—_iz}! H sk, (E)
B AN —i) _8
= - {T—I—)\i—’i}!AA( (8))a

{ai}! == 1], aily A(a;) = Hz'<j(ai — a;),




(27)

Summary

. ch(det Q) = Z {TA_S:__Z)}' H Sk, (E)

<:1<d

i
—Z{TH — A (s(6)

where

{ai}! == 1], aily A(a;) = Hz’<j(ai — a;),

k = (ki,...,kq) € Z2, a non-negative integer vector,

A= (A1,...,Aq) a partition, i.e., integers, A\; > --- > A\g > 0,
Ax(s(€)) := det[sy,+j—i(€)]1<i,j<a the Schur polynomial of £,
ch(det Q) := > o %HN the Chern character of det Q,

s;(€) the i-th Segre class of &,

. : A*(Gx(d,E)) ® Q — A*~"=9)(X) ® Q the push-forward,




(27)

Summary

. ch(det Q) = Z {TA_S:__Z)}' H Sk, (E)

<:1<d

i
—Z{TH — A (s(6)

where

{ai}! == 1], aily A(a;) = Hz'<j(ai — a;),

k = (ki,...,kq) € Z2, a non-negative integer vector,

A= (A1,...,Aq) a partition, i.e., integers, A\; > --- > A\g > 0,
Ax(s(€)) := det[sy,+j—i(€)]1<i,j<a the Schur polynomial of £,
ch(det Q) := > o %HN the Chern character of det Q,

s;(€) the i-th Segre class of &,

. : A*(Gx(d,E)) ® Q — A*~"=9)(X) ® Q the push-forward,
X a scheme of finite type over a field k,

£ a vector bdle of rank r over X,

Gx(d, E) the Grassmann bdle of cork d subbdles of &,

7 : Gx(d,€) — X the projection,

Q <+ w*&€ the universal quotient bdle of rank d.




Thank you for your attention!
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