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0 Introduction of Introduction

What is degree?

(a) For an algebraic curve C in P2, the degree of C is given as follows:

degC = #[C ∩ (general line)]

= deg F (X,Y, Z),

where C = {(x : y : z) ∈ P2|F (x, y, z) = 0} with homogeneous polynomial F (X,Y, Z).

(b) More generally for a hypersurface H in PN , the degree of H is given as follows:

degH = #[H ∩ (general line)]

= deg F (X0, . . . , XN),

whereH = {(x0, . . . , xN) ∈ PN |F (x0, . . . , xN) = 0} with homog poly F (X0, . . . , XN).

(c) For an algebraic curve C in PN , the degree of C is given as follows:

degC = #[C ∩ (general hyperplane)].

(d) How about the case of a projective variety X in PN?
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What is degree? (continued)

For a projective variety X in PN of dimension n, the degree of X is given as follows:

(1) For general linear subspace L of dimension N − n = codimPN X,

degX = #[X ∩ L],

(2) Set φX(l) := dimC[C[X0, . . . , XN ]/I(X)]l (l ∈ Z) the Hilbert function of X ⊆ PN .

; ∃ a polynomial PX(z) ∈ Q[z] s.t. φX(l) = PX(l) for all l≫ 0. Then

degX := (dimX)!(the leading coefficient of PX in z).

In fact,

PX(z) =
degX

(dimX)!
zdimX + (terms of lower degree in z).

(3) Let ω be the standard Kähler form on PN (ass to the Fubini-Study metric). Then

degX =

∫
X

ωdimX

Wirtinger

↓
= (dimX)! Vol(X).

(4) Let OPN(1) be the hyperplane section bundle on PN , and consider

the first Chern class c1(OPN(1)|X) ∈ A1(X) of its restriction to X. Then

degX =

∫
X

c1(OPN(1)|X)dimX.



(2)

What is degree? (continued)

For a projective variety X in PN of dimension n, the degree of X is given as follows:

(1) For general linear subspace L of dimension N − n = codimPN X,

degX = #[X ∩ L],

(2) Set φX(l) := dimC[C[X0, . . . , XN ]/I(X)]l (l ∈ Z) the Hilbert function of X ⊆ PN .

; ∃ a polynomial PX(z) ∈ Q[z] s.t. φX(l) = PX(l) for all l≫ 0. Then

degX := (dimX)!(the leading coefficient of PX in z).

In fact,

PX(z) =
degX

(dimX)!
zdimX + (terms of lower degree in z).

(3) Let ω be the standard Kähler form on PN (ass to the Fubini-Study metric). Then

degX =

∫
X

ωdimX

Wirtinger

↓
= (dimX)! Vol(X).

(4) Let OPN(1) be the hyperplane section bundle on PN , and consider

the first Chern class c1(OPN(1)|X) ∈ A1(X) of its restriction to X. Then

degX =

∫
X

c1(OPN(1)|X)dimX.



(2)

What is degree? (continued)

For a projective variety X in PN of dimension n, the degree of X is given as follows:

(1) For general linear subspace L of dimension N − n = codimPN X,

degX = #[X ∩ L],

(2) Set φX(l) := dimC[C[X0, . . . , XN ]/I(X)]l (l ∈ Z) the Hilbert function of X ⊆ PN .

; ∃ a polynomial PX(z) ∈ Q[z] s.t. φX(l) = PX(l) for all l≫ 0. Then

degX := (dimX)!(the leading coefficient of PX in z).

In fact,

PX(z) =
degX

(dimX)!
zdimX + (terms of lower degree in z).

(3) Let ω be the standard Kähler form on PN (ass to the Fubini-Study metric). Then

degX =

∫
X

ωdimX

Wirtinger

↓
= (dimX)! Vol(X).

(4) Let OPN(1) be the hyperplane section bundle on PN , and consider

the first Chern class c1(OPN(1)|X) ∈ A1(X) of its restriction to X. Then

degX =

∫
X

c1(OPN(1)|X)dimX.



(2)

What is degree? (continued)

For a projective variety X in PN of dimension n, the degree of X is given as follows:

(1) For general linear subspace L of dimension N − n = codimPN X,

degX = #[X ∩ L],

(2) Set φX(l) := dimC[C[X0, . . . , XN ]/I(X)]l (l ∈ Z) the Hilbert function of X ⊆ PN .

; ∃ a polynomial PX(z) ∈ Q[z] s.t. φX(l) = PX(l) for all l≫ 0. Then

degX := (dimX)!(the leading coefficient of PX in z).

In fact,

PX(z) =
degX

(dimX)!
zdimX + (terms of lower degree in z).

(3) Let ω be the standard Kähler form on PN (ass to the Fubini-Study metric). Then

degX =

∫
X

ωdimX

Wirtinger

↓
= (dimX)! Vol(X).

(4) Let OPN(1) be the hyperplane section bundle on PN , and consider

the first Chern class c1(OPN(1)|X) ∈ A1(X) of its restriction to X. Then

degX =

∫
X

c1(OPN(1)|X)dimX.



(2)

What is degree? (continued)

For a projective variety X in PN of dimension n, the degree of X is given as follows:

(1) For general linear subspace L of dimension N − n = codimPN X,

degX = #[X ∩ L],

(2) Set φX(l) := dimC[C[X0, . . . , XN ]/I(X)]l (l ∈ Z) the Hilbert function of X ⊆ PN .

; ∃ a polynomial PX(z) ∈ Q[z] s.t. φX(l) = PX(l) for all l≫ 0. Then

degX := (dimX)!(the leading coefficient of PX in z).

In fact,

PX(z) =
degX

(dimX)!
zdimX + (terms of lower degree in z).

(3) Let ω be the standard Kähler form on PN (ass to the Fubini-Study metric). Then

degX =

∫
X

ωdimX

Wirtinger

↓
= (dimX)! Vol(X).

(4) Let OPN(1) be the hyperplane section bundle on PN , and consider

the first Chern class c1(OPN(1)|X) ∈ A1(X) of its restriction to X. Then

degX =

∫
X

c1(OPN(1)|X)dimX.



(3)

What is Grassmann bundle?

(a) First of all, the Grassmann variety is

G(d, r) := {S ⊂ E : corank d subspace of E},

where E a vector space of dimension r with 0 < d < r.

(b) For a vector bundle E over a variety X, the Grassmann bundle is

a relative version of Grassmann variety, precisely speaking,

the Grassmann bundle GX(d, E) is a variety parametrising corank d subbundles of E:

GX(d, E) := {S ⊂ E : corank d subbundle of E over X},

where
GX(d, E) ←↩ π−1(x) ≃ G(d, r)

π ↓ ↓
X ←↩ {x}.
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What is Grassmann bundle? (continued)

(c) Consider a functor from the category of schemes over X to the category of sets:

GX(d, E) : SchX → Sets,

defined by

GX(d, E)(X ′) := {S′ ⊂ E ×X X ′ : corank d subbundle of E} (X ′ ∈ SchX).

Then GX(d, E) is represented by a scheme G over X, i.e., ∃ a scheme G over X s.t.

HomX(X ′, G) = GX(d, E)(X ′)

for any X ′ ∈ SchX. The above G is denoted by GX(d, E), and
called the Grassmann bundle over X parametrising corank d subbundles of E.
In fact, set X ′ := G, and let

[1G]↔ [S ⊂ E ×X G],

where S a corank d subbdle of E ×X G over G, called the universal subbundle on G.

Then for any X ′ ∈ SchX,

[f : X ′ → G]↔ [f∗S ⊂ E ×X X ′].



(4)

What is Grassmann bundle? (continued)

(c) Consider a functor from the category of schemes over X to the category of sets:

GX(d, E) : SchX → Sets,

defined by

GX(d, E)(X ′) := {S′ ⊂ E ×X X ′ : corank d subbundle of E} (X ′ ∈ SchX).

Then GX(d, E) is represented by a scheme G over X, i.e., ∃ a scheme G over X s.t.

HomX(X ′, G) = GX(d, E)(X ′)

for any X ′ ∈ SchX. The above G is denoted by GX(d, E), and
called the Grassmann bundle over X parametrising corank d subbundles of E.
In fact, set X ′ := G, and let

[1G]↔ [S ⊂ E ×X G],

where S a corank d subbdle of E ×X G over G, called the universal subbundle on G.

Then for any X ′ ∈ SchX,

[f : X ′ → G]↔ [f∗S ⊂ E ×X X ′].



(4)

What is Grassmann bundle? (continued)

(c) Consider a functor from the category of schemes over X to the category of sets:

GX(d, E) : SchX → Sets,

defined by

GX(d, E)(X ′) := {S′ ⊂ E ×X X ′ : corank d subbundle of E} (X ′ ∈ SchX).

Then GX(d, E) is represented by a scheme G over X, i.e., ∃ a scheme G over X s.t.

HomX(X ′, G) = GX(d, E)(X ′)

for any X ′ ∈ SchX. The above G is denoted by GX(d, E), and
called the Grassmann bundle over X parametrising corank d subbundles of E.
In fact, set X ′ := G, and let

[1G]↔ [S ⊂ E ×X G],

where S a corank d subbdle of E ×X G over G, called the universal subbundle on G.

Then for any X ′ ∈ SchX,

[f : X ′ → G]↔ [f∗S ⊂ E ×X X ′].



(5)

1 Introduction

Quiz 1 degG = ???

if
G := G(2, 4) the Grassmann variety parametrising

codim 2 subspaces of a 4-dim vector space,
with respect to the Plücker embedding:

G ↪→ P5.
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G ↪→ P5.

Answer degG = 2.

Proof Well-known as a classical fact, and also easily verified. �



(5)

1 Introduction

Quiz 1 degG = ???

if
G := G(2, 4) the Grassmann variety parametrising

codim 2 subspaces of a 4-dim vector space,
with respect to the Plücker embedding:

G ↪→ P5.

Answer degG = 2.

Proof Well-known as a classical fact, and also easily verified. �

For instance, a projective geometric proof is here:

[3] J.Harris: Algebraic Geometry. A First Course. GTM 133.
Springer-Verlag, New York, 1992.
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Quiz 2 degG = ???

if
G := GC(2,L⊕4) the Grassmann bundle over a proj curve C parametr

cork 2 subbdles of L⊕4 w/ very ample L ∈ PicC,
embedded in a proj space PM , as follows:

relative
Plücker

embedding/C

∣∣∣OPC(∧2L⊕4)(1)
∣∣∣

G ↪→ PC(∧2L⊕4) ↪→ PM

↘ ↓ (M :=h0(∧2L⊕4)−1).

C

e.g., degGP1(2,OP1(1)
⊕4) = ???
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Proposition degG = 20 degL, if G = GC(2,L⊕4).

Proof ...
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Proposition degG = 20 degL, if G = GC(2,L⊕4).

Proof Plücker
embedding× 1C

G(2, 4)× C ↪→ P5 × C

≃ ≃ ↪→ |OP5(1)�L⊗2|

G ↪→ PC(∧2L⊕4) = PC((L⊗2)⊕6) ↪→ PM .

↘ ↓

C

; OG(1) ≃ OG(2,4)(1) � L⊗2, and
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Quiz 3 degG = ???

if
G := GP4(2, TP4) the Grassmann bundle over P4 parametrising

corank 2 subbundles of the tangent bundle TP4,
embedded in a proj space PM , as follows:
relative
Plücker

embedding/P4

∣∣∣∣OPP4(∧
2TP4)

(1)

∣∣∣∣
G ↪→ PP4(∧2TP4) ↪→ PM .

↘ ↓

P4

Note: ∧2TP4 is very ample with h0 − 1 = 125 = M .
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More generally,

X a proj variety over a field k, E a vector bundle over X,

GX(d, E) the Grassmann bundle of corank d subbundles of E over X,

Assume that ∧dE is very ample, and set M := h0(X,∧dE)− 1.
relative
Plücker

embedding/X

∣∣∣OPX(∧dE)(1)
∣∣∣

G := GX(d, E) ↪→ PX(∧dE) ↪→ PM .

π ↘ ↓

X
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2 Main Results

Formulae for π∗ ch(detQ) written in terms of Segre classes of E

Notation X a scheme of finite type over a field k,

E a vector bundle of rank r on X,

GX(d, E) the Grassmann bundle of corank d subbundles of E over X,

π : GX(d, E)→ X the projection,

Q ← π∗E, the universal quotient bundle of rank d

ch(detQ) :=
∑

N≥0
1
N !

c1(Q)N the Chern character of detQ,

A∗(. . . ) the intersection ring of . . . ,

π∗ : A
∗(GX(d, E))⊗ Q→ A∗−d(r−d)(X)⊗ Q the push-forward by π.
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Theorem 1 (monomial type)

π∗ ch(detQ) =
∑
k

∏
1≤i<j≤d

(ki − kj + j − i)

∏
1≤i≤d

(r + ki − i)!

∏
1≤i≤d

ski(E),

where
k = (k1, . . . , kd) ∈ Zd

≥0 a non-negative integer vector,
si(E) the i-th Segre class of E, and
1/m! := 0 if m < 0.
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Remark (definition of Segre classes)

The Segre classes si(E) here are the ones satisfying

s(E, t)c(E,−t) = 1,

where
s(E, t) =

∑
i si(E)ti the Segre series, and

c(E, t) the Chern polynomial of E in t.

Our si(E) differs by the sign (−1)i from the one in the textbook
“Intersection Theory” by Fulton.
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Theorem 2 (Schur polynomial type)

π∗ ch(detQ) =
∑
λ

∏
1≤i<j≤d

(λi − λj + j − i)

∏
1≤i≤d

(r + λi − i)!
∆λ(s(E)),

where
λ = (λ1, . . . , λd) a partition, i.e., integers, λ1 ≥ · · · ≥ λd ≥ 0, and
∆λ(s(E)) := det[sλi+j−i(E)]1≤i,j≤d ∈ A|λ|(X) with |λ| =

∑
i λi,

the Schur polynomial of E.

Remark (definition of Segre classes)
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s(E, t)c(E,−t) = 1,
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Corollary (degree formulae for Grassmann bundle)

X a proj variety of dim n , E very ample, N := dimGX(d, E) = d(r − d) + n.

degGX(d, E) = N !
∑
|k|= n

∏
1≤i<j≤d(ki − kj + j − i)∏

1≤i≤d(r + ki − i)!

∫
X

∏
1≤i≤d

ski(E)

= N !
∑
|λ|= n

∏
1≤i<j≤d(λi − λj + j − i)∏

1≤i≤d(r + λi − i)!

∫
X

∆λ(s(E)),

where |k| :=
∑

i ki, and |λ| :=
∑

i λi.

Remark (1) If n = 0, then one recovers a classical fact:

degG(d, r) =
(d(r − d))!

∏
1≤k≤d−1 k!∏

1≤k≤d(r − k)!
,

where G(d, r) the Grassmann variety of codim d subspace of an r-dim vec space.

(2) If d = 1, then the definition of the top Segre class follows:

deg PX(E) =

∫
X

sn(E),

where PX(E) the proj space bdle ass to E on a proj variety X of dim n.
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Proposition (Answer to Quiz 3)

degG = 5040, if G = GP4(2, TP4).
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3. Sketch of Proof
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π∗
(
c1(Q)N

)
= ? ∈ A∗(X), in terms of si(E)3 Sketch of Proof

(a) Set-up —“The double structure” of flag bundles—

Gi = Fi
G(Q) := {[Qi ⊂ Qi−1 ⊂ · · · ⊂ Q1(⊂ Q)]| corkQj = j}
partial flag bundle of Q over G, parametrising
flags of subbundles with corank 1 up to i in Q, and

Xi = Fi
X(E) := {[Ei ⊂ Ei−1 ⊂ · · · ⊂ E1(⊂ E)]| corkEj = j}
partial flag bundle of E over X, parametrising
flags of subbundles with corank 1 up to i in E.

X a scheme of finite type over a field k,

E a vector bundle of rank r on X,

GX(d, E) the Grassmann bundle of codim d subbundles of E over X,

π : GX(d, E)→ X the projection,

Q ← π∗E, the universal quotient bundle of rank d ,

ch(detQ) :=
∑

N≥0
1
N !

c1(Q)N the Chern character of detQ,

A∗(. . . ) the intersection ring of . . . ,

π∗ : A
∗(GX(d, E))⊗ Q→ A∗−d(r−d)(X)⊗ Q the push-forward.
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π∗
(
c1(Q)N

)
= ? ∈ A∗(X), in terms of si(E)

Tower of proj space bundles

...

↓
X2 := PX1(E1)
↓ p1

0→ E1 → p∗0E → OPX(E)(1)→ 0, X1 := PX(E)
↓ p0

E X

;

Claim: X2 = F2
X(E) Fi

∗(∗) flags of subbdles of cork 1 up to i
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π∗
(
c1(Q)N

)
= ? ∈ A∗(X), in terms of si(E)

Tower of proj space bundles
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↓
X2 := PX1(E1) ∋ y2

↓ p1

7→

0→ E1 → p∗0E → OPX(E)(1)→ 0, X1 := PX(E) ∋ y1

↓ p0

7→

E X ∋ y0

;

Claim: X2 = F2
X(E) Fi

∗(∗) flags of subbdles of cork 1 up to i
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↓ p0
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E X ∋ y0

;

PX(E)×X k(y0) = {cork 1 subspaces E1 of E(y0) := E ⊗ k(y0)}

Claim: X2 = F2
X(E) Fi

∗(∗) flags of subbdles of cork 1 up to i
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inductively, set Xi+1 := PXi
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X(E) (0 ≤ i ≤ d− 1)

↓ pi

0→ Ei → p∗i−1Ei−1 → OXi
(1)→ 0, Xi
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π∗
(
c1(Q)N

)
= ? ∈ A∗(X), in terms of si(E)

0→ L′
d−1 → q∗

d−2Qd−2 → L′
d−2 → 0, Gd−1 := PGd−2

(Qd−2) = Fd−1
G (Q)

qd−2

��

Fd
X(E) = PXd−1

(Ed−1) =: Xd

pd−1

��

0→ Ed → p∗
d−1Ed−1 → Ld−1 → 0,

0→ Qd−2 → q∗
d−3Qd−3 → L′

d−3 → 0, Gd−2 := PGd−3
(Qd−3) = Fd−2

G (Q)

qd−3

��

Fd−1
X (E) = PXd−2

(Ed−2) =: Xd−1

pd−2

��

0→ Ed−1 → p∗
d−2Ed−2 → Ld−2 → 0,

...
...

q1

��

...

p2

��

...

0→ Q1 → q∗
0Q → L′

0 → 0, G1 := PG(Q) = F1
G(Q)

q0

��

F2
X(E) = PX1(E1) =: X2

p1

��

0→ E2 → p∗
1E1 → L1 → 0,

0→ S → π∗E → Q → 0, G := GX(d, E)

π

--

F1
X(E) = PX(E) =: X1

p0

��

0→ E1 → p∗
0E → L0 → 0,

X E

• L′i := OPGi
(Qi)(1) ∈ PicGi+1, Li := OPXi

(Ei)(1) ∈ PicXi+1.

• ...
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∗(∗) flags of subbdles of cork 1 up to i

• ...
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|| ∪ ∪
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d−1
0 ξd−21 · · · ξ1d−2 q∗ (c1(Q)N))
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∵ qi : Pd−i−1-bdle w/ tautlgcl cls ξi

; α = qi∗(ξ
d−i
i q∗iα)

)
= · · ·
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How to calculate the push-forward in the RHS below?:
π∗(c1(Q)N) = p∗(ξ

d−1
0 ξd−21 · · · ξ1d−2(ξ0 + · · ·+ ξd−1)

N).• Xi+1 = PXi
(Ei+1)

pi ↓
Xi is a Pr−i−1-bundle,

; A∗(Xi+1) = A∗(Xi)[ξi]/(ξ
r−i
i − c1(Ei)ξr−i−1i + · · ·+ (−1)r−icr−i(Ei))

=
⊕

0≤j≤r−i−1 A
∗(Xi)ξi

j
.

• Therefore,

A∗(Xd) =
A∗(X)[ξ0, ξ1, . . . , ξd−1]

ξr0 − c1(E)ξr−10 + · · ·+ (−1)rcr(E),
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π∗
(
c1(Q)N

)
= ? ∈ A∗(X), in terms of si(E)(b) Laurent series

Proposition 3 For a non-negative integer N ,

π∗(c1(Q)N) = constt(PN(t)),

where

π∗ : A
∗(GX(d, E))→ A∗−d(r−d)(X) the push-forward,

constt(. . . ) the constant term in the Laurent expansion of . . . w.r.t. t := (t0, . . . , td−1),

s(E, t) the Segre series of E in t, and

PN(t) :=
∏

0≤i<j≤d−1

(ti − tj)
( ∑

0≤i≤d−1

1

ti

)N ∏
0≤i≤d−1

t
−(d−1−i)+r−d
i s(E0, ti).

Recall: π∗(c1(Q)N) = coeffξ0,...,ξd−1
(ξd−10 ξd−21 · · · ξ1d−2(ξ0 + · · ·+ ξd−1)

N ; r − 1, . . . , r − d)
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Lemma 4

coeffξ0,...,ξd−1

(
ξp00 · · · ξ

pd−1
d−1 ; r − 1, . . . , r − d

)
= constt

(
∆(t)

∏
0≤i≤d−1

t
−pi+r−d
i s(E, ti)

)
,
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Lemma 4 coeffξ0,...,ξd−1

(
ξp0

0 · · · ξ
pd−1

d−1 ; r − 1, . . . , r − d
)
= constt

(
∆(t)

∏
0≤i≤d−1 t

−pi+r−d
i s(E, ti)

)
.

follows from an equality, s(Ei+1, ti+1) = (1− ξiti+1)s(Ei, ti+1), and

Lemma 5 coeffξi(ξ
pi
i ; r − i− 1) = constti(t

−pi+r−i−1
i s(Ei, ti)) (0 ≤ i ≤ d− 1).

Proof ⋆ · · ·
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1 + ξiti
=

c(Ei+1, ti)

c(Ei, ti)

(
=

1 + c1(Ei+1)ti + · · ·+ cr−i−1(Ei+1)ti
r−i−1

c(Ei, ti)

)
.

LHS • · · ·
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1+ξiti
; r − i− 1

))
0→ Ei+1 → Ei → Li → 0

= coeffξi

(
constti

(
t
−pi
i

∑
k≥0(−ξiti)k

)
; r − i− 1

)
ξi = c1(Li)

= coeffξi((−ξi)
pi; r − i− 1) = (−1)pi coeffξi(ξ

pi
i ; r − i− 1).

RHS • · · ·
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RHS • cj(Ei) ∈ A∗(Xi), and by c(Ei, t) = c(Ei+1, t)(1 + ξit),

cj(Ei+1) = (−ξi)j + c1(Ei)(−ξi)j−1 + · · ·+ cj(Ei) for 1 ≤ j ≤ r − i− 1.

; · · ·
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{
c1(Ei+1), . . . , cr−i−2(Ei+1) ∈

⊕r−i−2
j=0 A∗(Xi)ξi

j
, and

cr−i−1(Ei+1) ≡ (−ξi)r−i−1 mod
⊕r−i−2

j=0 A∗(Xi)ξi
j
in A∗(Xi+1) =

⊕r−i−1
j=0 A∗(Xi)ξi

j
.
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c1(Ei+1), . . . , cr−i−2(Ei+1) ∈

⊕r−i−2
j=0 A∗(Xi)ξi

j
, and

cr−i−1(Ei+1) ≡ (−ξi)r−i−1 mod
⊕r−i−2

j=0 A∗(Xi)ξi
j
in A∗(Xi+1) =

⊕r−i−1
j=0 A∗(Xi)ξi

j
.

∴ coeffξi

(
c(Ei+1,ti)

c(Ei,ti)
; r − i− 1

)
= coeffξi

(
(−1)r−i−1ξi

r−i−1
tr−i−1i

c(Ei,ti)
; r − i− 1

)
=

(−ti)r−i−1

c(Ei,ti)
= (−ti)r−i−1s(Ei,−ti). c(∗, t)s(∗,−t) = 1

; constti

(
t
−pi
i coeffξi

(
c(Ei+1,ti)

c(Ei,ti)
; r − i− 1

))
= constti(t

−pi
i (−ti)r−i−1s(Ei,−ti)).

• Thus, · · ·
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Lemma 4 coeffξ0,...,ξd−1

(
ξp0

0 · · · ξ
pd−1

d−1 ; r − 1, . . . , r − d
)
= constt

(
∆(t)

∏
0≤i≤d−1 t

−pi+r−d
i s(E, ti)

)
.

follows from an equality, s(Ei+1, ti+1) = (1− ξiti+1)s(Ei, ti+1), and

Lemma 5 coeffξi(ξ
pi
i ; r − i− 1) = constti(t

−pi+r−i−1
i s(Ei, ti)) (0 ≤ i ≤ d− 1).
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1 + c1(Ei+1)ti + · · ·+ cr−i−1(Ei+1)ti
r−i−1

c(Ei, ti)

)
.
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(
t
−pi
i coeffξi

(
1

1+ξiti
; r − i− 1

))
0→ Ei+1 → Ei → Li → 0

= coeffξi
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(
t
−pi
i

∑
k≥0(−ξiti)k
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=
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pi
i ; r − i− 1) = constti(t

−pi
i (−ti)r−i−1s(Ei,−ti)).

• ...
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(c) An Expression of Constant Term

Theorem 1 (monomial type)

π∗ ch(detQ) =
∑
k

∏
1≤i<j≤d(ki − kj + j − i)∏

1≤i≤d(r + ki − i)!

∏
1≤i≤d

ski(E).

Proof of Theorem 1

...
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Proof of Theorem 1

Recall that ch(detQ) :=
∑
N≥0

1

N !
c1(Q)N , and

Proposition 3 For a non-negative integer N , π∗(c1(Q)N) = constt(PN(t)),

where

PN(t) :=
∏

0≤i<j≤d−1

(ti − tj)
( ∑

0≤i≤d−1

1

ti

)N ∏
0≤i≤d−1

t
−(d−1−i)+r−d
i s(E0, ti).

Just expand PN(t) with the multinomial theorem, and
calculate its constant term. �
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(d) Another Expression of Constant Term

We give two proofs for

Theorem 2 (Schur polynomial type)

π∗ ch(detQ) =
∑
λ

∏
1≤i<j≤d(λi − λj + j − i)∏

1≤i≤d(r + λi − i)!
∆λ(s(E)).

Proof 1 of Theorem 2

...
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∑
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1≤i<j≤d(λi − λj + j − i)∏

1≤i≤d(r + λi − i)!
∆λ(s(E)).

Proof 1 of Theorem 2

Just expand PN(t) with the multinomial theorem,
calculate its constant term, as in the proof of Theorem 1, with

Lemma 7
d−1∏
i=0

s(E, ti) =
∑
λ≥0

∆λ(s(E))sλ(t).

Proof

d−1∏
i=0

s(E, ti) =

d−1∏
i=0

1

c(E,−ti)
=

d−1∏
i=0

r∏
j=1

1

1− αjti

Cauchy
↓
=
∑
λ

sλ(α)sλ(t)

Jacobi-Trudi
↓
=
∑
λ

∆λ(s(E))sλ(t),

where

α = {α1, . . . , αr} the Chern roots of the vector bundle E. �
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Proof 2 of Theorem 2

Our strategy to obtain the constant term of P symm
N

symmetrisation
w.r.t. t
↓

(t) := St(PN(t)) is
to calculate it as the “residue” of P symm

N ( 1
t0
, . . . , 1

td−1
) 1
t0···td−1

.

P symm
N

( 1

t0
, . . . ,

1

td−1

) 1

t0 · · · td−1
=

(−1)
d(d−1)

2

d!

∏
0≤i<j≤d−1

(ti − tj)
2
( ∑

0≤i≤d−1

ti

)N ∏
0≤i≤d−1

t−ri s
(
E,

1

ti

)
.

;

symmetrisation w.r.t. t

+

taking the inverse of t
× 1

t0···td−1

PN(t) =
∏

0≤i<j≤d−1

(ti − tj)
( ∑

0≤i≤d−1

1

ti

)N ∏
0≤i≤d−1

t
−(d−1−i)+r−d
i s(E0, ti).

Note the constant term is invariant under
the symmetrisation w.r.t. t = (t0, . . . , td−1) and
taking the inverse of variables t:

constt(PN(t)) = constt(P
symm
N (t))

= constt

(
P symm

N

( 1
t0
, . . . ,

1

td−1

))
.
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(
E,

1
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To calculate the residue, we establish

Proposition 7 (Kadell type formula for confluent Selberg integral)

Set

Iconf(λ, x) :=

∫
[0,+∞)d

∏
i<j

(ti − tj)
2
d−1∏
i=0

exp(−ti)
d−1∏
i=0

tx−1i sλ(t)dt,

where
...
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sλ(t) the Schur poly in t := (t0, . . . , td−1) for λ, and
dt := dt0 · · · dtd−1.

Then ...
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where
λ = (λ1, . . . , λd) a partition, x = 1− r
sλ(t) the Schur poly in t := (t0, . . . , td−1) for λ, and
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Then for a real number x > 0,

Iconf(λ, x) = d!
∏

1≤i<j≤d

(λi − λj + j − i)
d∏

i=1

Γ(x + d− i + λi).
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Summary

π∗ ch(detQ) =
∑
k

∆(ki − i)

{r + ki − i}!
∏

1≤i≤d

ski(E)

=
∑
λ

∆(λi − i)

{r + λi − i}!
∆λ(s(E)),

where
{al}! :=

∏
l al!, ∆(ai) :=

∏
i<j(ai − aj),

k = (k1, . . . , kd) ∈ Zd
≥0 a non-negative integer vector,

λ = (λ1, . . . , λd) a partition, i.e., integers, λ1 ≥ · · · ≥ λd ≥ 0,
∆λ(s(E)) := det[sλi+j−i(E)]1≤i,j≤d the Schur polynomial of E,
ch(detQ) :=

∑
N≥0

1
N !

θN the Chern character of detQ,
si(E) the i-th Segre class of E,
π∗ : A

∗(GX(d, E))⊗ Q→ A∗−d(r−d)(X)⊗ Q the push-forward,
X a scheme of finite type over a field k,
E a vector bdle of rank r over X,
GX(d, E) the Grassmann bdle of cork d subbdles of E,
π : GX(d, E)→ X the projection,
Q ← π∗E the universal quotient bdle of rank d.
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Thank you for your attention!
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