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0 Spin 1/2 geometry
9 Spin 3/2 geometry

U.Semmelmann K (Stuttgart X=) & OFHEFZR
The paper is published in Communications in Mathematical
Physics (£ 72, online)
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Spin 1/2 geometry

AV &ME  BERTE

(M, g): n:RITTR E >V ZHRiK.

S1/2: MEDAE /) —ILER.

ie. 87 7 A N—HDRE/ —JLZERE Wi /24 Spin(n).

highest weight (& (1/2,...,+1/2).

F(M,Sy2) : 2E/ —M%é{zk (S1/2 DB SN RLIETDL1F)

V:T(S12) = M(S12® T (M)) (HZEMS from LC )

&7 74 /\—% Spin(n) ICDWVWTHE - NI MURE L TORE

S12®@ T"(M) = S1/2® T(M) = Sq/2 ® S3/2,
(1/2,0+,1/2) & (1,0,++ ,0) = (1/2,++,1/2) & (3/2,1/2,++ .1/2)
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Spin 1/2 geometry

74Ty VERARERHKAE, I

F4SvOERZERYO—R (Y4 R49—) EBA%

n / oV
D :T(S12) —— [(M,S12), My2:S12® T(M) > S
where  My2(p@Vv)=v-¢

M3/20V
P : I'(S1/2) L) I‘(M, 33/2), I'I3/2 : S1/2 ® T(M) - 33/2
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Spin 1/2 geometry

74Ty VERARERHKAE, I

F4SvOERZERYO—R (Y4 R49—) EBA%

n / oV
D :T(S12) —— [(M,S12), My2:S12® T(M) > S
where  My2(p@Vv)=v-¢

M3/20V
P : I‘(S1/2) L) I‘(M, 33/2), I13/2 : S1/2 ® T(M) - S3/2

FEMRAE ) —I
Dp =052 RE /) —ILiF ¢.
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Spin 1/2 geometry

T4y IIERREERRAE =L

F4SvOERZERYO—R (Y4 R49—) EBA%

n / oV
D :T(S12) —— [(M,S12), My2:S12® T(M) > S
where Nip@@v)=v-¢

M3/20V
P : I‘(S1/2) L) I‘(M, 33/2), I13/2 : S1/2 ® T(M) - S3/2

FEMRAE ) —I
Dp =0E1RBRE/—ILiF ¢.

EITRE S =L
Vo =022 E /) —)Li5¢. (kerV = ker D N ker P)
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Spin 1/2 geometry

AR E /) —IL EHRER

DexOEYYRARET T4 V-2V H—EHER
(for dim M =even)

1 A
D? = V*'V + ZScal, dimker D™ — dimker D~ = A(M)
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FEIRAE ) —ILEERBER

DexOEYYRARET T4 V-2V H—EHER
(for dim M =even)

D? = V*'V + %Scal, dimker D* — dimker D~ = A(M)
SMREE for D: O/ NREYVZERIELT,
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Bl EDT7A Y294 EkkE B : 2/ NBIHFRZERE, IE
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Spin 1/2 geometry

FEIRAE ) —ILEERBER

DexOEYYRARET T4 V-2V H—EHER
(for dim M =even)

D? = V*'V + %Scal, dimker D* — dimker D~ = A(M)
SEREE for D: O/ N AEYSKIALT,
Scal >0 = ker D = {0} = A(M) =0
Bl EDT7A Y294 EkkE B : 2/ NBIHFRZERE, IE

MTHT —Z—) BOEREMAE )/ —IL (£0) IFFELARL.
Rem : ED XN S —#iE%Z H DFFEBDEED 7 H DAIBBIRFRM.
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Spin 1/2 geometry

FEIRAE ) —ILEERBER

DexOEYYRARET T4 V-2V H—EHER
(for dim M =even)

D? = V*'V + %Scal, dimker D* — dimker D~ = A(M)
SHEEE for D: AV /RY NAEVEHEK LT,
Scal > 0 = ker D = {0} = A(M) =0
Bl EDT7A Y2854 Z5E B a2/ 0 MNURTRZER, IE
MTHT —Z—) BOEREMAE )/ —IL (£0) IFFELARL.

Rem: 1 EDA A 5—EEE$75:%’DE*%@?—?—E@T:&DUQ{W‘EE’\J@%#.
Rem : dimker D = dimker D* + dim ker D~ > |A(M)).
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Spin 1/2 geometry

FERAE ) —IL & ik

FITRE —LUDFEES (M,g) 13 v FER
NV DL Y RO/ I -8 SU(k), Sp(]), G2, Spin(7).

6/30



Spin 1/2 geometry

EFAE ) —)b & miEs

FITRE —LUDFEES (M,g) 13 v FER
NIVY T DL Y RO/ I —F3 SU(k), Sp(/), G2, Spin(7).

Theorem (94872 by Wang1989)

(M, g) & =BEEEFENR Y SHATEFTIE /) —LH. 2D
EE, (M, g) i3y FEEHTROWEINNTH S :

N(z) = dim{g € [(S™)) Vs = 0}

1/2
n=dimM  Hol(M) BMEE N or(NgNo)
4k SU(2k) Calabi-Yau (2,0)

4k +2 SU(2k +1) Calabi-Yau (1,1)
4k Sp(k) hyperKahler (k+1,0)
7 Go Go 1

8 Spin(7) Spin(7) (1,0)
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Spin 1/2 geometry

BE (XVYITRE ) —ILIG) i ker P DR LR Vxd =cX - ¢
(VX e TM, Ic € C)

YV IRE /) —ILIE =(M, g)Einstein (¢ =075 v FEiA)
(M, g)» V—<ViEM= ¥ ') > U5 - FiT7i5.

Theorem (Bar 1993)

(M, g) asabove W DREF Y VI RE /) —IIiFEEDRL, ROV
Thh:

n=dimM  Hol(M) i (Ky, K-)
n 1) M= S" (2721, 21n/2])
4k —1 SU(2k) Sasaki-Einstein (2,0)
4k + 1 SU(2k + 1)  Sasaki-Einstein (1,1)
4k —1 Sp(k) 3-Sasaki (k+1,0)
6 G2 nearly-Kélher (1,1)
7 Spin(7) nearly-F4T G2 (1,0)
7 Su(4) Saaski-Eeinstein (2,0)
7 Sp(2) 3-Sasaki (3,0)
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Spin 3/2 geometry

2AEV32A:ZYY - aA Vv H—ERZE

(M, g) : N RITAE > ZHkiE
W32 : Spin(n) DEEMRIFZE. hwid (3,1,---,£d).
S32: AEYV 3/2-ZAE/ —IVER (7 74 /8—=1 Wy)).

-+ _
(BFFAIIC) dim M = even 75, S3p = 33/2 @ 33/2)
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Spin 3/2 geometry

2AEV32A:ZYY - aA Vv H—ERZE

(M, g) : nRITAE Y Lk

Ws/2 : Spin(n) DEEMRFZM. hwid (3,5,---,£3).

S3/2 ¢ AEY 3/2- 2B/ —IVER (774 /3—=H Ws/2).
(BAFEIC) dimM = even 725, S0 = 3;72 ® S;/z)

S;32 TD 1 B ERAFE (generalized gradients) #E&HL & 5.

v n
F(Ss/2) = T(S3/2® T°(M)) — T(Sirr—comp)
S3/2® T(M) = S1/2 ® S3/2® S3/2,3/2 D Ss5/2
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Spin 3/2 geometry

2AEV32A:ZYY - aA Vv H—ERZE

EE: 7Y ¥->a4 v H—1EMAZR (Rarita-Schwinger)
M3/20V
Q: M(S32) —— [(S32), TYUH-Va4VH—{FRAE

P*: F(Sa2) 2%, [(S1j2) ~ > O— XAEAROBER
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Spin 3/2 geometry

2AEV32A:ZYY - aA Vv H—ERZE

EE: 7Y ¥->a4 v H—1EMAZR (Rarita-Schwinger)
M3/20V
Q: [(Ssj2) —=— [(Ssp2), T Y%-¥aAvH—EA%

My/20V .
P* : T (S3/2) — M(S12) RvO—X{EAFRORERH
or (Bh) 7145w U/EAZF Dmon S12® TM = S1/2 ® S3)2

£np 2p
D=\ %p ol S1/2 ® S3/2 = S1/2 @ S3)2.
n
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Spin 3/2 geometry

2AEV32A:ZYY - aA Vv H—ERZE

EE: 7Y ¥->a4 v H—1EMAZR (Rarita-Schwinger)
M3/20V
Q: [(Ssj2) —=— [(Ssp2), T Y%-¥aAvH—EA%

My/20V .
P* : T (S3/2) — M(S12) RvO—X{EAFRORERH
or (Bh) 7145w U/EAZF Dmon S12® TM = S1/2 ® S3)2

2—n *
=ip 2P

DTM:( ﬁp Q):S1/2€BS;;/2—>S1/26933/2-
n

ZY&-2aq4 U H—5EFITRS 5

AEV3/2DRE J —)Vi5 ¢ € T(S3/2) B° ¢ € ker Q@ N ker P* &
BBEZERSHFEWVD. ¢ € kerV DE ZI(T RS 5.
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Spin 3/2 geometry

2AEV32A:ZYY - aA Vv H—ERZE

Z1)%- */:L'f /73—1’|5Fﬁ$ (Rarita-Schwinger)
Q:[(S32) =25 [(Ss2), TV 5-v 24 v Hi—fef%k
P* : T (S3/2) AR M(S12) v O—X{ERFRDRER
or (JRN) T4 v VEAR DmonS12® TM = Sy/2® S3)2

2—n *
=ip 2P

DTM:( ﬁp Q):S1/2€BS;;/2—>S1/26933/2-
n

ZY&-2aq4 U H—5EFITRS 5

AEV3/2DRE J —)Vi5 ¢ € T(S3/2) B° ¢ € ker Q@ N ker P* &
BBEZERSHFEWVD. ¢ € kerV DE ZI(T RS 5.

Rem: ker V = ker Q N ker P* N ker AD3/23/2 N ker AD55.
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Spin 3/2 geometry

RS 1% in ¥pIE=

YR T,
@ 1941 & IZ Rartia & Schwinger IC& W EEZSI N 5.
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Spin 3/2 geometry

RS % in #112%

YR T,
@ 1941 & IZ Rartia & Schwinger IC& W EEZSI N 5.

o ENF (BENREENTBHF. REV 2. RRR) 0N
MIR—hF—THBIIET71—/ (RER) %,
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Spin 3/2 geometry

RS 1% in ¥pIE=

YR T,
@ 1941 & IZ Rartia & Schwinger IC& W EEZSI N 5.
o ENTF (BENREHENTZHT. RV 2. KFER) OEx
MIR—KF—THBI7ET1—/ (RER) %iid.
o Witten (1985) DEHT / < ') —i25h : Dirac fEFIZE% RS /F
FHF=& D index 7'88. Scal > 0725 indD =0 TH 3N,
indQ = 0 (orindDry = 0) & IR S AL,
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Spin 3/2 geometry

RS 1% in ¥pIE=

YR T,
@ 1941 & IZ Rartia & Schwinger IC& W EEZSI N 5.

o ENTF (BENRAENT 2HF. AV 2. RER) OBER
MNR—b F+—TH277EET71—/ (RER) %#=a.

e Witten (1985) ME A7 / <) —HE:k : Dirac fEFE%& " RS 1
A% ® index »'$8. Scal > 0725 indD = 0 TH 51,
indQ = 0 (orindDry = 0) & IR S AL,
EMEM S B FIBIER (1987): AV /RY NAEVEESHK
& MOFEARERIL rigid THB. £oT, n>12415
indQy = 0.
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Spin 3/2 geometry

RS 1% in ¥pIE=

YIETIL,

@ 1941 & IZ Rartia & Schwinger IC& W EEZSI N 5.

o ENF (BENRAMWNTZNF. RAEV 2. XER) OBX
MIR—NF—TH2I5ET1—/ (KER) &k,

o Witten (1985) DEHT / < ') —i25h : Dirac fEFIZE% RS /F
AZFED index H'82. Scal > 075 indD = 0 TH B,
indQ = 0 (orindDry = 0) & IR S AL,
EMEM S B FIBIER (1987): AV /RY NAEVEESHK
& MOFEARERIL rigid THB. £oT, n>12415
indQy = 0.

@ Penrose (1992), Mason (1999) : Einstein A2 %"V 1 X
4 —I1BimTHE<

0 FDOMILK T A
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Spin 3/2 geometry

RS 15 in %

HETIE,
@ Wang (1991) : ¥ YV I RE/ —IIBDER (74> a¥
1 VER) Ok, 20, )y FHEEBFEOENER.
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HETIL,
@ Wang (1991) : ¥ YV I RE/ —IIBDER (74> a¥
4 VER) Dk, Z0D&k, )y FEEFEOERIERA.
@ Hitchin (2000) ,Witt (2008) , Salamon (2016) : 8 JRITD%F
R (PSU(3) #3&, Sp(1)Sp(2) #i&) TEIS
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Spin 3/2 geometry

RS 15 in %

BFETIE,

@ Wang (1991) : ¥ YV I RE/ —IIBDER (74> a¥
4 VER) Dk, Z0D&k, )y FEEFEOERIERA.

@ Hitchin (2000) ,Witt (2008) , Salamon (2016) : 8 JRITTDHF
R (PSU(3) #3&, Sp(1)Sp(2) #i&) TEIS

o V)7 +— RN R LOFFAMARAE /) —ILZIEAAE (BkmE
SAFMBEBO—ML) . REY 3RFAMRAE / —IILLZIEREA
(2000~by Sommen, Soucek, Eelbode)
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Spin 3/2 geometry

RS 15 in %

HETIL,

@ Wang (1991) : ¥ YV I RE/ —IIBDER (74> a¥
1 VER) Dk, D&, Vv FEEFEOERIER.

@ Hitchin (2000) ,Witt (2008) , Salamon (2016) : 8 JRITTD4F
R (PSU(3) #3&, Sp(1)Sp(2) #i&) TEIS

@ 7YY 74— NN :R" LORMRAE /) —ILZIEXE (K@
AMBEBHMO—MKIL) . REV I2AMAE / —ILZIEREAN
(2000~by Sommen, Soucek, Eelbode)

o MIBTRMIBEICIE, HEATIEHEY BMIFRL.
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Spin 3/2 geometry

Questions (Toward to spin 3/2 geometry)
o 7MEYRyIRR (VeROEY YA for REY 3/2) &
SV A-FZICHT BHRERE
o ST aq v A—IHPFITRS HERMBEDRER.
o ETRSHAEL DAY ZIRIEDDIER L.
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Spin 3/2 geometry

DA EYRY VAR

74 € YRy AR (Wang 1991, Homma 2016)

4 1
G+ 5PP* = By + gSeal ~ Ric*™ : T(Sy2) — [(Sar2)

n-—2 . Scal
QP - PD = (Rlc = Tg) 5 I'(S1/2) - r(S3/2)
. n-2__, . Scal .,
PQ - DP* = (Ric — —=g)" : T(S3/2) - I'(S1/2)
Key: {Z#5 75> 7> (Semmelmann-Weingart 2018) (Not
consider V*V)

A3/2 = V*V + CI(Fn’) (Q(R) Egﬁﬁ)

Rem: XW#RZEfE L7 5 Aj) lTHhI—ILEAR.
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Spin 3/2 geometry

D4Ry AR DR

Dy D_F%=#EZ25! onS1 20 TM= Si)2® S;)2
1 1 A + 28Scal  (Ric - 3

2 _ . .
(Drm)* = A+§Scal—51d®Rlc = ( Ric — Seal Seal g A( + Seal Scal Rg,'():s/z)

Recall
Znp 2P*)

J— n
DTM_(%P Q
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Spin 3/2 geometry

2Xx2{TATEVTHARS ZRS &,
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Spin 3/2 geometry

2x2THAITCEVTHARSZRS &,
(2 - n)?

n2
2, 4 _ .+ 1 . 3/2

Q° + ’—1PP = Q32 + EScal - Ric

n-8
8n

Scal

4
D + EP*P =AQqp+

ERBRSERDE, BOT1EYRY I AK.

n-2 Scal -
PD = (Ric->g), mo—"nz

aP-

Scal

DP* = (Ric———g)*
(Ric ng)
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Spin 3/2 geometry
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Q° + ’—1PP = Q32 + EScal - Ric

n-8
8n

Scal

4
D + EP*P =AQqp+

ERBRSERDE, BOT1EYRY I AK.

n-2 Scal -
PD = (Ric->g), mo—"nz

aP-

I 5IC DTM®3%%%7‘L% !

Scal

DP* = (Ric———g)*
(Ric ng)
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2Xx2{TATEVTHARS ZRS &,
(2 - n)?
n2

4 1
Q? + ’_1PP* = Q32 + EScal — Ric3/2

n-8

4
W+EWP=AW+ Scal

8n

ERBRSERDE, BOT1EYRY I AK.

n-2 Scal n-2 Scal

QP- PD = (RlC—Tg), P Q- n DP* = (RIC—TQ)

S5 Dy d3 RHrELD | (DTM)zDTM = DTM(DTM)2 £V,
VRic =074 5,

QA3 = A32Q, PAq2 = A3/2P, P*Az;p = AjpP”

(—#%:/ : Y.Homma (2016))
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Spin 3/2 geometry

AV a1894%%k{ELETDRS %

Proposition (% : H-S 2018)
(M,g) : AV RO RNBRTAVY 21894y - AEVEZKRIELET
(4] r(s:;/z) = ker P* @ ImP (by P*P MFEME) ,
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Spin 3/2 geometry

AV a1894%%k{ELETDRS %

Proposition (% : H-S 2018)

(M,g): AV IRU MNRTAV>a94Y - AEVEREK LT
@ I(S3/2) = ker P* @ ImP (by P*P H*F6MEY) ,
@ A3/oP = PAq)2, P*A3; = A32P*, QA3 = A32Q
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Proposition (% : H-S 2018)

(M,g): AV IRU MNRTAV>a94Y - AEVEREK LT
@ I(S3/2) = ker P* @ ImP (by P*P H*F6MEY) ,
@ A3/oP = PAq)2, P*A3; = A32P*, QA3 = A32Q
°

Q2 = Az + %Scal ker P* — ker P*
~ (%3)%(Ds2 + 3Scal) ImP — ImP
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Spin 3/2 geometry

AV a1894%%k{ELETDRS %

Proposition (% : H-S 2018)

(M,g): AV IRU MNRTAV>a94Y - AEVEREK LT
@ I(S3/2) = ker P* @ ImP (by P*P H*F6MEY) ,
@ A3/oP = PAq)2, P*A3; = A32P*, QA3 = A32Q
°

Q2 = Az + %Scal ker P* — ker P*
~ (%3)%(Ds2 + 3Scal) ImP — ImP

@ Scal > 0 = ker Q@ = ker Q@ N ker P* = {RS 3% }.
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Spin 3/2 geometry

AV a1894%%k{ELETDRS %

Proposition (% : H-S 2018)

(M,g): AV IRU MNRTAV>a94Y - AEVEREK LT
@ I(S3/2) = ker P* @ ImP (by P*P H*F6MEY) ,
@ A3/oP = PAq)2, P*A3; = A32P*, QA3 = A32Q
°

Q2 = Az + %‘;’Scal ker P* — ker P*
(%2)2(Ds)2 + 3Scal) ImP — ImP
@ Scal > 0 = ker Q@ = ker Q@ N ker P* = {RS 3% }.
o VNI MRELBRLTY,
n-2
n

n-—8
Scal)) =0
8n cal))

(@ ("=2)2(Bojar+ gSeal))(QP—(Bajat

(Q & (A32)2 DR THS. R" LTSN TWE)
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Spin 3/2 geometry

RS 1ZDERERE - ZEEIE & DR

(M,g) : 74>V a194 Y REYZH{E with Scal > 0 &£ 5.

n-8
8n

Q* = D3 + Scal on ker P*, (ker @ NIm P = {0})

(4] A3/2 =V'V+ q(R) >0EFEEARW! (RA: HB5—
F—TAVIaATAVEREK). £oT, REV 1/2%M
EEW, n>8MHDScal >0 & LTHMREE IR !
(Ref:Witten 1985)
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Spin 3/2 geometry

RS 1ZDERERE - ZEEIE & DR

(M,g) : 74>V a194 Y REYZH{E with Scal > 0 &£ 5.

n-8

2=A
Q 32 + on

Scal on ker P*, (ker @ N Im P = {0})

@ A3 =V'V + q(R) SO0REARW!I (XA : HB7—
T= - TAVIATAVERE) . £oT, AEV 1/2 4
EEW, n>8HDScal>0& LTEBEREEIXARIL !
(Ref:Witten 1985)

o (M, g) IC¥%fiEEARE LT (NFE[E, MTHT—F—,
AZE-¥D, 875—7—, Spin(7). G2), RSHBFDRIT%EH
cHED |

@ EITRSIGHOZEZHREKENETE 3.

17/30



Spin 3/2 geometry
EHEE &5 H

BEHEEZAVT, HREBICNTRAZESD.

Proposition (1521 E )
indQ = A(M) + | A(M)ch(TM®), (dim M = 4k)
M

EVRTRS A(M) & o(M) TEF 3.

190(M)/8 (n = 4), A(M) - o(M) (n = 8)
5A(M) + o(M)/8 (n = 12)

18/30



Spin 3/2 geometry

EHEHE & K
BEHEEZAVT, HREBICNTRAZESD.

Proposition (1521 E )
indQ = A(M) + | A(M)ch(TM®), (dim M = 4k)
M

BLVRTTAR S A(M) & o(M) TEF 3.

190 (M)/8 (n = 4), A(M) — o (M) (n = 8)
5A(M) + o(M)/8 (n = 12)

proof

S1—/2 R TM = 83—/2 ® S1+/2 — indD7y = indQ@ — indD

indDyy = f A(M)ch(TM®)
M

18/30



Spin 3/2 geometry

EREE &G

Xm(d) c CP™1 . d RFRSIEXDBEHME (7 =)L~ —HiH)

A

Xs(4), X5(6) (dimM =12): ¥ —5—-7 4 > 144 VFE with
Scal > 0 A% (by Tian,1987) .
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Spin 3/2 geometry

EHEE & A

Xm(d) c CP™1 . d RFRSIEXDBEHME (7 =)L~ —HiH)

I FA
Xs(4), Xs(6) (dim M =12): 5 —5—-T 4 > 1494 V58 with

Scal > 0 A% (by Tian,1987) .
AM) =0H2D0(M) £0 (by EJLY T TIT TREEMICE T

ZAENTIIE]D) .
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Spin 3/2 geometry

EREE &G

Xm(d) c CP™1 . d RFRSIEXDBEHME (7 =)L~ —HiH)

A

X5(4), Xs(6) dimM =12): 7 —5—-F7 4 ¥ 144 VEE with
Scal > 0 A% (by Tian,1987) .

AM) =0H2D0(M) £0 (by EJLY T TIT TREEMICE T
ZAIHEMAEE]D) .

#1C, dim RS > |indQ@| > 0. & > T—H&IC &M EIR 1L RIL!

19/30



Spin 3/2 geometry

EHEE & A

Xm(d) c CP™1 . d RFRSIEXDBEHME (7 =)L~ —HiH)
it

X5(4), Xs(6) dimM =12): 7 —5—-F7 4 ¥ 144 VEE with
Scal > 0 A% (by Tian,1987) .

AM) =0H2D0(M) £0 (by EJLY T TIT TREEMICE T
ZAIHEMAEE]D) .

FIC, dim RS > |indQ| > 0. & > T—f&ICIESHIBEIR IS AKIL!

Rem: BDT—5—7A Y194 %Kk ETE, BROFE
TdimRS 20 &322 0% HMTZ 5.
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Spin 3/2 geometry

EREE &G

Xm(d) c CP™1 . d RFRSIEXDBEHME (7 =)L~ —HiH)
it

X5(4), Xs(6) dimM =12): 7 —5—-F7 4 ¥ 144 VEE with
Scal > 0 A% (by Tian,1987) .

AM) =0H2D0(M) £0 (by EJLY T TIT TREEMICE T
ZAIHEMAEE]D) .

FIC, dim RS > |indQ| > 0. & > T—f&ICIESHIBEIR IS AKIL!

Rem: By —5—7A 2194 VEKEETE, BROFEE
TAdimRS 20 &R 2B %K TZ 3.

Rem: M = T2 x N® (N6 (Z nilmanifold) (%, non Einstein 75
Sp(1)Sp(2) #i&E% £ > (by Salamon 2000) . indQ@ =0TH %
», dim RS # 0 M. (Non Einsterin-case I3&)
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Spin 3/2 geometry

JV /XY MRIRZERB LD RS 1%
(M,g) : 3> /%7 NRIRTRZER (K> TFPA >V >ad4Y)
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Spin 3/2 geometry

AV /XY MFRZER ED RS 35

(M,g) : A2 /%7 FEIRFRZER (K> TT7AV>ad914Y)
A3/2 EALI—IERFRERS. FIC, A3/220.
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Spin 3/2 geometry

AV /XY MFRZER ED RS 35

(M,g) : A2 /%7 FEIRFRZER (K> TT7AV>ad914Y)
D3 3HYI—IVERRERD. R, Agpe >0.

SHEER : dim M > 875 ker Q = {0} (by @® = A + 2:8Scal)
dmM <8745, ker Q = B#EETE (by oA L) .
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Spin 3/2 geometry

AV /XY MFRZER ED RS 35

(M,g) : A2 /%7 FEIRFRZER (K> TT7AV>ad914Y)
A3/2 EhI—ILERRERS. FFIC, A3/2 > 0.
SHREE : dim M > 8725 ker @ = {0} (by @® = A + Z8Scal)
dimM <875, kerQ #EiETE (by AL E) .
Theorem (HS2018)
Jv /Y NN FRZE/ET RSB (20) 2015, ROWT
nN"chs
o Gry(C?%), HP? G2/SO(4) (Mt —Z—#E)
e SU(3) (PSU(3) #&i&)
SOO)__  (KE#8iS. 3R 2 RIBEATE c CPY).

°© Q= SO(2)xS0(4)
F7z, RSBIETRTIEITRSIE (S3)2 ICEAHOIRLH D) .

Rem:Scal > 072D T, kerD={0}. LML, dimkerQ & M®D
sl ikTE.
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Spin 3/2 geometry

T —2 —Z %K ED RS 1%

(M*™, g) : EMUTTE T — 5 —%#kik (Hol(M) = Sp(1)Sp(n). 7
Avoa894).
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Spin 3/2 geometry

T — 5 —Zkkik LD RS %

(M*™, g) : EMUTTE T — 5 —%#kik (Hol(M) = Sp(1)Sp(n). 7
A4>>a494Y). HE:Sp(1),Sp(n) PEARKRKERE LT,

S3/2=512Q TM - Sy;2 = (GBT:OSm‘kH@/\gE) ® (HYE) — Sy)2
= @b (hait) STHON"E

Z2ZT, NNPEc NE®NEHILY Y BRIETF.
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Spin 3/2 geometry

T — 5 —Zkkik LD RS %

(M*™, g) : EMUTTE T — 5 —%#kik (Hol(M) = Sp(1)Sp(n). 7
A4>>a494Y). HE:Sp(1),Sp(n) PEARKRKERE LT,
S3/2=512Q TM - Sy;2 = (GBT:OSm‘kH@/\gE) ® (HYE) — Sy)2
= @b (hait) STHON"E
2ZT, NPEc NE®NEHILY Y BRIETF.
BEST 7 STV A3/2 @lﬁlﬁ{lﬁ.ﬂ:ﬁﬂi (H 2006, S-Weingart 2002),
Scal
~ 8m(m + 2)

(&2T, m=2(@*=A) »>d=0,a=bDEZ¥,
ker Q2 = ker A |FIEHEAI B

(d+a-b)(d-a-b+2m+2)
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Spin 3/2 geometry

T8I —5 — %A LD RS %
(M*™, g) : EMUTTE T — 5 —%#kik (Hol(M) = Sp(1)Sp(n). 7

H, E : Sp(1),Sp(n) DBAKRARE L T,

Av2a8940).
Sm_kH®/\§E) ® (H@E) - 31/2

S3/2=812Q TM—- Sy;2 = (GBT:O
= @b (hait) STHON"E
zZT, /\‘”’E CNEQNEZHILY Y BHEF.
BEST 7 STV A3/2 @lﬁlﬁ{lﬁ.ﬂ:ﬁﬂi (H 2006, S-Weingart 2002),
Scal
>———(d+a-b)(d-a-b+2m+2
P ) )
(&2T, m=2 (@*=A) "d=0,a=bDEZ,
ker Q%2 = ker A |FIEEBAN
Theorem (HS2018)

EMTHT — 5 —SEN RSIGZEEODRDL,
M3 8 RITTTHY Gr(C?), HIP?, G2/SO(4) DWF b,
21/30




Spin 3/2 geometry

)y FIEERIGE

NIV DR (M, g) : BERBBRN) —<v U EH%EL5, ML
YHFRZER & 7= 1

Hol(M) = 8O(n), U(n), Sp(1)Sp(n),
SuU(n), Sp(n), G, Spin(7)

L, Y FFEA G = SU(n),Sp(n), Ga, Spin(7) E X 3.
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Spin 3/2 geometry

)y FIEERIGE

NIV DR (M, g) : BERBBRN) —<v U EH%EL5, ML
YHFRZER & 7= 1

Hol(M) = 8O(n), U(n), Sp(1)Sp(n),
SuU(n), Sp(n), G, Spin(7)

LT, Yy FEEA G = SU(n), Sp(n), Gz, Spin(7) ZE X 3.

@ S3/2 %= Hol(M) = G ICE L TBIN 2R Y 5 &,
SEERIRA . \K (M) DI 2 B4 b L.

°o BESTSIT Y A3zpp = Q?> +4PP*/ni3 kv -5 T3 R
WFEZES A3 = A = dd* + d*d Ic—3

o RSZIFFAMBWOHATEIT 2.

22/30



Spin 3/2 geometry

A E-VYULEIALDRS %
(M?", g) : 715 E-v%#kik (Hol(M) = SU(n)) .
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Spin 3/2 geometry

H 7 E-YUSkEEDRS %

(M?",g) : 15 €% %HiE (Hol(M) = SU(n)) .
Si/2 = @o<p<n\™P, AP = AP (M)
S3/2 = @o<p<n(N'P & N"P) — @ocp<nNOP
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Spin 3/2 geometry

H 7 E-YUSkEEDRS %

(M?",g) : 15 €% %HiE (Hol(M) = SU(n)) .
Si/2 = @o<p<n\™P, AP = AP (M)
S3/2 = @o<p<n(N'P & N"P) — @ocp<nNOP

hP9 .= dimker Appqg (Y ) . h9P = hP9 (U(n)) ,
h%0 = p0n =1 (SU(n)) .
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Spin 3/2 geometry

H 7 E-YUSkEEDRS %

(M?",g) : 15 €% %HiE (Hol(M) = SU(n)) .
Si/2 = @o<p<n\™P, AP = AP (M)
S3/2 = @o<p<n(N'P & N"P) — @ocp<nNOP

hP9 .= dimker Appqg (Y ) . h9P = hP9 (U(n)) ,
h%0 = p0n =1 (SU(n)) .

Theorem (HS2018)
(MBn,g) 380 N HSE-FHSHBIEE TN,

dimker @ =-2+2 » A", ind@=2+2 ) (-1)Ph"P

1<p<n-1 1<p<n-1

Bl:n=2 K3HETIEdimkerQ = -2+ 2h"!' =38 0.
5 : n=3.

dimker Q@ = 2(h"' 4+ h'2) — 2 = 2by(M) + b3(M) - 4.
Bl Z L X3(5) 725, indQ@ = 202 £ 0.
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Spin 3/2 geometry
BT —7 =5k LD RS %

(M, g) : 8B —Z—%#k{& (Hol(M) = Sp(n)) .
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Spin 3/2 geometry

BT —7—%KELDRSH

(M1, g) : B4 — 5 —%#kik (Hol(M) = Sp(n)) .
Ty V8L, h¥P = hP9 = p27-P4a, p29+10 = 0 (vq),
h?290 =1 (0<qg<n).

33/2 (= (n + 1) >kﬁgﬁﬂgﬁ%§@ (—) E1T RS i’%) .
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Spin 3/2 geometry

BT —7—%KELDRSH

(M1, g) : B4 — 5 —%#kik (Hol(M) = Sp(n)) .
Ry O, h¥P = pPA = p27-PA4, p29+10 = o (vq) ,
h?290 =1 (0<qg<n).

S3j2 l& (n+ 1) RTEHBARE2EE (- F{TRS1H).

Theorem (HS2018)
(M*,g) QX9 NBY — 5 — 2k E§ 5 &,

dimkerQ=—(n.|_1)_|_2hn,1+4 Z hk,1,

1<p<n-1

indQ = (n+1) + (-1)"2h™ +4 > (-1)nk!

1<p<n—1

dim E{T RS 5 = n+1
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Spin 3/2 geometry
Spin(7) Z#{& L ® RS 15

(M8, g) : Spin(7) Z#{& (Hol(M) = Spin(7))
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Spin 3/2 geometry

Spin(7) S#fE_LD RS 12

(M8, g) : Spin(7) %#k{k (Hol(M) = Spin(7))
2 3 4 __ 4 4 _ a4
A2 =N e/\21, A2 =N e/\48, N, =CeoAN eel\27, A =A%,
Siz=(CoN)eN, 33/2—(/\163/\3)69(1\4 ®N2)
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Spin 3/2 geometry

Spin(7) S#fE_LD RS 12

(Me,g) : Spin(7) Z#k{& (Hol(M) = Spin(7))
2 _ p2 2 3 _ A3 3 4 _ 4 4 4 _ p4
N = A7€BA21’ N = A8€BA48’ A+ - @GB/\7GBI\27, A= A35
Sip=(CoN)oN, Sp=Nae /\28) e (N, eN)

Theorem (Wang1991, HS2018)
(M8, g) 22> /%% b Spin(7) Z#kik (Hol(M) = Spin(7)) ,

dimker @ = b3, + b3 + b}, = ba(M) + bs(M) + b, (M),
, _ B3 4 2
indQ = by, - b, — b,

& 5T, RSIBAEL D Spin(7) KR SAH BT EDDH
% (by Joyce DEKIZH B Hl)
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Spin 3/2 geometry
G, ZHk{K LD RS 35

(M7, g) : G2 Z#4k (Hol(M) = G2)
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Spin 3/2 geometry

G, %A LD RS 15

(M7, g) : G2 Z#4k (Hol(M) = G2)
NRN=NaoN,6 N=CoN ea/\g7e/\3

48’
Sipg=CeN, S3p=NAN@o /\27/\$4
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Spin 3/2 geometry

G, %A LD RS 15

(M7, g) : G2 Z#4k (Hol(M) = G2)

2 _ pl 2 3 _ 1 3 3
AN =N EB/\14, N=CeoNAN ®A27®A48’
Sip=C®N', S3=N 691\27/\34

Theorem (Wang1991, HS2018)
(M, g) %= Gy Z¥kik (Hol(M) = G3) ,

dimker @ = b3 + b2, = by(M) + b3(M) — 1
RS#H% 6D G ZIFEIZ K SADH .
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Spin 3/2 geometry

47 RS 1

S3/2 i\ (HOI(M) I L) BBR%ZED = FE{TRSHIEE
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Spin 3/2 geometry

47 RS 1

Sy2 B (Hol(M) I3 L) EEIEAESD < 47 RS ENEHE

Theorem (E1T RS 15D DA EE)
(M,g) £330 NERZEY SHIAE T 5. T4T RSHE D
B, M (BFFMIC) BT —5—Z%ETH 2D, RD 8 Rt
WHEBD W H

Gry(C*), HP?, G2/SO(4), SU(3), Qs = '50(2;1(2)(4)'

27/30



Spin 3/2 geometry

47 RS 1

Sy2 B (Hol(M) I3 L) EEIEAESD < 47 RS ENEHE

Theorem (E1T RS 15D DA EE)
(M,g) £330 NERZEY SHIAE T 5. T4T RSHE D
B, M (BFFMIC) BT —5—Z%ETH 2D, RD 8 Rt
WHEBD W H

Gra(C*), HP?, G2/SO(4), SU(3), Qs = ——l®

S0(2)xS0(a) -

Proof: (M,g) : A /\U NEEHIZREV SRk E T 5.
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Spin 3/2 geometry

4T RS 1%

S3/2 i\ (HOI(M) I L) BBR%ZED = FE{TRSHIEE

Theorem (E1T RS 15D DA EE)
(M,g) £330 NERZEY SHIAE T 5. T4T RSHE D
B, M (BFFMIC) BT —5—Z%ETH 2D, RD 8 Rt
WHEBD W H

Gra(C?), HIP?, G2/SO(4), SU(3), Qs = —l®)

S0(2)xS0(a) -

Proof: (M,g) : A /\U NEEHIZREV SRk E T 5.
M ERFFZEE E /2 1E (BRIBIC) Hol(M) BRIV D) R b
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Spin 3/2 geometry

4T RS 1%

S3/2 i\ (HOI(M) I L) BBR%ZED = FE{TRSHIEE

Theorem (E1T RS 15D DA EE)
(M,g) £330 NERZEY SHIAE T 5. T4T RSHE D
B, M (BFFMIC) BT —5—Z%ETH 2D, RD 8 Rt
WHEBD W H

Gra(C?), HIP?, G2/SO(4), SU(3), Qs = —l®)

S0(2)xS0(a) -

Proof: (M,g) : A /\U NEEHIZREV SRk E T 5.

M ERFFZEE E /2 1E (BRIBIC) Hol(M) BRIV D) R b
Hol(M) = SO(n).U(n) DIB&&, Sspp EBHBEREELRWL. %
DLDZBEL T TICRE.
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Spin 3/2 geometry

TEBHYNED TSI VEHLE.
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Spin 3/2 geometry

R :Mx NEBHTRWMGEDTEITRSHZIE?

29/30



Spin 3/2 geometry

R : Mx N EBETRWEEDFIT RS 57 ?
MxN _ oM &N M &aN M &N
Sy2 = 51128512 ® 5,955, © 55,85,

ERIATRE L.
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Spin 3/2 geometry

R : Mx N EBETRWEEDFIT RS 57 ?
MxN _ oM &N M &aN M &N
Sy2 = 51128512 ® 5,955, © 55,85,

ERIATRE L.
BEEEICOWTS,

indQ"N = ind@"indD" + indDMindQ" — indDMindDV

#12, Scaly,Scaly > 0745, ind@VY<N = 0 A EIL.
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Spin 3/2 geometry

Questions:

@ Are there Rarita-Schwinger fields on manifolds with Killing
spinors? E.g. are there Rarita-Schwinger fields on nearly
Kéhler manifolds?

© Are there examples of Rarita-Schwinger fields on
4-dimensional Einstein spin manifolds of positive scalar
curvature?

© How about non-Einstein case?
© Is there a Spin® version of Rarita-Schwinger fields?

© Given a parallel Rarita-Schwinger field, is it possible to
construct explicitly a corresponding hyperkahler structure?
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