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Introduction
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o X4(Xd4t1) M4 oriented Riemannian manifolds
e ¢»: X — M: asmooth map (field)

e dvuy: a volume form of X

Sigma model

E(¢) = /X |do|*dvx

We study energy and EL equation of Nonlinear
O(3) sigma model ¢ : C — S? on discrete Riemann
surfaces for Mercat, Bobenko, and Gilinther.
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Background d =4

Instantons in R* (BPST, 1975).
For a principal G := SU(2) bundle over R*,
its connection A and curvature F' := Fy,

1
S = 5/ |Fl2dvgs = | #F|? + 872N > 872|N]|
R4
N € 73(S?): instanton number.

Satulation < (A)SD : F' = £ %F
~~ |nstantons
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Background d = 3

Monopoles in R?('t Hooft, Polyakov, 1975, BPS)
For a principal G := SU(2) bundle P over R?,
its connection A and curvature F' := Fy,

¢: a section of the adjoint bundle ad P,

1
E:= -/ (IF? + |Vo[2} dugs
2 Jes
= |F F xV¢|> £ 47N > 47|N|
N € m5(S?%): monopole charge

Satulation < (A)Bogomol'nyi : F' = + % V¢
~~ Monopoles
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Nonlinear O(3) sigma model in C

o ¢:C — 5%
C* map between Riemannian manifolds
o N := /qﬁ dvg: € Z =2 my(S?):
topological quantum number, (mapping degree)

o fi=Stop:C— S?—=C

Belavin-Polyakov, 1975

df i+ df
do|2dv + 47N > 47|N
-4 [t [ <

Satulation < (A)holomorphic : df = +i * df

~> 0(3) Instantons
6/38



Discrete Complex Analysis

1847  Kirchhoff (preholomorphic)

1941 Isaacs preholomorphic

1944  Ferrand preholomorphic

1956 Duffin discrete analytic function
1981 Berg-Liischer topological quantumn number
2001  Smirnov probability

2001 Mercat discrete Riemann surface
2008 Bobenko-Suris discrete differential geometry
2017 Bobenko-Giinther discrete Riemann surface
References:

1. Mercat: “Discrete Riemann Surfaces”,
Handbook of Teichmiiller Theory I, 2007.

2. Smirnov: “Discrete Complex Analysis and Probability"

Proceedings of ICM, 2010.
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Introduction

Discrete Riemann surface
Discrete EL equation
Rhombic lattice

Continuous limit of EX'(f), AY (f), and [EL]%s

Summary
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Discrete Riemann surface
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Discrete Riemann surface (A, pg, 2¢)

e A\: a bipartite quadrilateral decomposition on
Y~ V(A),EA),F(A)>QcC

e { := A*: the dual graph

e X: the medial graph «~ midpoints of E(A)

wy —w

® pg = —i 2 — € C: discrete conformal structure

— b

Figure 1: A Figure 2: X
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Discrete Cauchy-Riemann equation

discrete Cauchy-Riemann equation
f:V(A) — C: discrete holomorphic at @) € F(A)

e f0) = fb) _ fwy) — flw)

by —b_ Wy — w_
& flwy) — flw-) =ipg (f(bs) — f(b-))
discrete differential operator 0,

J(0) = J(0) | 5= (ws) = fw)

b+—b_ Wy —W-

Inf(Q) = A

?

where 2)g = exp (—i(p
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Discrete Cauchy-Riemann equation

discrete differential operator dx

L) =) | o) = fw)

b+—b_ Wy — W-

nf(Q) :

?

where 2)g = exp (—i(pg — 2)) / sin(pg)

Discrete holomorphicity

f: discrete holomorphic at Q < 9, f(Q) =0

) Oaf(Q) X 2i|wy. — w_[[by — b_|sinpg =
(wy —w)(f(by) = (b)) = (by = b)(f(wy) = flw-))
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Examples for discrete holomorphic functions

A C C (a planar bipartite quadrilateral decomposition)

1. f(v) :=wv, v e V(A): discrete holomorphic at Q.
Wf(Q) =g +Xg =1, Wnf(Q) =0.

2. f(v) :==v?*: discrete holomorphic at @
Sby+b=wy +w_ & Q: parallelogram.
In this case,

Onf(Q) = Ag(by + ) + Ag(wy +w_)

= (Mg +20)(by +b_) =2Q, where Q :=

Wy

by +b_
2

Q

[
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Discrete 1-form and discrete Hodge theory

e w: F(X) — C: a discrete 1-form

& w(—e) = —w(e) for an oriented edge ¢ € E*(X)

owlzpderquone (/dz:e)

Hodge star operator x on a 1-form

*w = *(pdz + qdz) == —ipdz +iqdz

~ (w,w') = // w A *w': Hermitian product
F(X)
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Stokes’ theorem

discrete differential operator d
f:V(A)—=C
= df := 0pfdz+ Orf dz : discrete 1-form on X

Stokes’ theorem
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Theorem (Mercat, 2007)

Discrete period matrix — continuous one

We concentrate on the nonliner O(3) sigma model for

~ 1Y
— .

discrete Riemann surfaces in R?

15 /38



Energy EJ (f) and Area AY (f)

ACC, f:V(A)=C, h:V($)—>C

W = |h(Q)|* € R.o: a weight (function)

EY () := 2(hdf, hdf) = 2(Wdf, df) > 0
Ag’(f) = =2i(hdf, hx df) = —2i(Wdf, xdf )
The weighted discrete Dirichlet energy and area

|h(df Fi*df)||* > 0 gives us the formula

Belavin-Polyakov inequality

By (f) = |ndf Fixdf)|* £ AS(f) = A (f)]

Saturation < discrete (anti-)holomorphic df = +i * df

~~ Instanton
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e arca(Q) = :Im ((w+ —w_)(by — b,)>
b_,w_,by,w,: counterclockwise order = area(Q) > 0

e [f(Q)]: the quadrilateral consisting of the four ordered
vertices f(b_), f(w_), f(bs), f(w.).

Rem f: discrete holomorphic = area([f(Q)]) > 0
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EY (f) and A (f) in detail (oo = 7/2)

EY(f) = 2(hdf, hdf)

=2 // hdf A * hdf

QeV(Q)

=4 > </€hdf/e*hdf—/e*hdf/;w>

QREV(Q)

_ </e*w = cot(@@)/ew - ,e*|5’ii(m) /e ”)

-3 (Palf®s) = F0-) + 55! flws) = flw-)]
QEV(Q)

2

sin(¢q)
~2c05(i2) Re (f(wy) — f(w-) f(b4) = F(-)) ) 2 0.
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EY (f) and A (f) in detail (oo = 7/2)

EJ(f) =

2

QeV(Q)

2

(20 (palf(®s) = £+ pg! fles) — flwo)]

—2c0s(ipg) Re (f(wy) — f(w-)fB4) = J(-))) 2 0.
AL (f)

=4 Y Wt ((fwy) - f )T~ 760)
QEV($)

=:area([f(Q)])
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EY (f) and A (f) in detail (oo = 7/2)
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EY (f) and A (f) in detail (oo = 7/2)
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Discrete “area” A} (f)

e f:V(A)— C: a function
e St:S% — C: Stereographic projection

Weight

_ larea(StY([£(Q)])
V= e Q)

Area on S?
f:V(A) — C: discrete (anti-)holomorphic
= A (f)= Y area(StT([f(Q)])

QeV(Q)

(area([f(Q)]) # 0)
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Computation of area(St ' ([f(Q)]))
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Computation of area(St ' ([f(Q)]))

N

o

20/38



Computation of area(St ' ([f(Q)]))

N

St ([F(Q))

area([f(Q)])

I
w0
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Computation of area(St ' ([f(Q)]))

Great citcle

Great circl

Ea(H{(&)))

Small circle
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Area of a triangle (Cf. Berg and Liischer, 1981)

/KdA+/ Kgds =11+ 1a+ 13—
M oM

e K: the Gaussian curvature of M

® K, : the geodesic curvature of OM

e d=qp=08+9=9
(" St: conformal)

area(St™1(AOz1 22))

_ QIm(zQZI)tan*1 L .
L 1+ Re(z221)

where L2 = |z — 21]? + [Im(222)]

2




Discrete EL equation
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o f=fitifa:V(A)— C, vy € V(A): fixed
° Eg/ = Eg/(flyfé) :Eg/(fyf)
e (V) := 0yy,: Kronecker's ¢ function

OEYW d
6f1(<;0) = th<> (fi +to, f2) .
OEY  d
Do) tho (f1, f2 + 1) t:O

Discrete Euler-Lagrange equation
oF 1 (8E .8E)

O = —— = — —_— _|_ 1 —

of  2\0f  Ofs
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Discrete Euler-Lagrange equation

disc. v) = — aEg/

_y eo([f(Qs)]))(an aF)

e (s ~ v: incident quadrilaterals

® e ([f(Qs))) =

sin(lgo@ ps|f(ws) = F@)|* + o3| £ (W) — Fwi_y)[?

~2cos(ipq) Re (f(ws) — f(w_)F(bs) - f(b_>)>

o F,:=area(St™'(AOf(v)f(v)))



Solutions of discrete EL equation

Solutions of discrete EL equation
f: discrete (anti-)holomorphic = [EL]4¢(v) = 0

Outline of proof

e O0f(Qs) =0o0r Orf(Q,) =0
o eo([f(Qs)]) = T4 area([f(Qs)])
(v)

~~ [EL]dis¢ (1) :i:z ( X

Qs~v

disc. ) = eQ([f(QS)]) 8Fws o an—l
L) 22 Tarea([f(Q)]) (aﬂv) af(v))

])area(Qs)ﬁ . . ’
* Z area([f(Qs)]) (f(vh) — f(vi_1)) Oaf(Qs) Oaf(Qs)

OF, 1(@) .

vy o

*hl

v



Rhombic lattice
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Rhombic lattice Ay, 9 in C

(A, p) = (Aga2,b/a)

Figure 3: Ay, 2

area(Q;) = 2ab
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Discrete exponential function

Disc. exp. function exp(A\, 2; 29) on Ag, 9 at 2 =0

exp(A, z; 0)

142+ )\ (14 A=)\
o \1-2a+bi) 1—3(a — bi)
— M (\/a2+b2—>+0>

(z:=z4+iyeV(A), N#+£2/(atbi)eC)
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Discrete power function zY)

© AN
exp(A, z; 0) Z F ) gives us
N=

Zz U=
2 =z
A = o7
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Discrete power function 2

0 \N
exp(A, z; 0) Z F ) gives us
N=

20 —1q
AL —
,(2) — 2

A 1
23 = .3 4 (a2 _ bQ)Z . §(a2 + 52)2,
Z(4) _ A + 4(@2 . 62)22 . 2(a2 L b2)|z|2~

R 3 :
20) = 25 110(a2 = 12)23 — 3(at — b%)z + 2(3a* — 10a%b? + 3b*)z — 5(a? + b?) 2|2 2.
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Discrete power function

20 =1 exp(A, 2z;0) = > X— %Z(N)
L=

2(2) — .2

. . . 1, -
23) =23 4 (a2 — bz)z — 5(az + 172)27
23 = 2% 4 4(a® — b?)2% — 2(a® + b))%

25 = 25 £ 10(a® — b?)2° — 3(a* — bM)z +

| W

(3a* — 10a2b? + 3b%)z — 5(a? + b?)|2|?=.
Facts

o 2D (N) £ L(M+N)

_iNm (N Py
o XM(2)|py/yz =T 20 (€52)

Z;;N) is defined on Z? (Ferrand, 1944) 72
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Proof of A (:V)) = 47N

AY (")) = 4nN
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Proof of Agv(z(m) =47 N

Assume A finite

AT (f) =Y area(St™'([f(Q)))

QeV($)

Z Z areaSt (AOf(e-)f(et)))

QEV($) ecE(0Q)

Z area(St ™ (AOf(e_)f(es)))

e€E(OA)

o
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Proof of A (:V)) = 47N

!
2bi
(] —2a 2a
—2bi

An::{z:x—i-iyeAH%—i—%
2N ~ 2N (n = 00), 2z € V(OA,) ~

Bal Y e
2a 20l ="

f— Y

area(St™H(AO02M (e_) 2N (ey))) 222, o arg(ef@)
=2NZe_Oe,
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Proof of A (:V)) = 47N

A

w

(=)

lim AY (:™), O, = A

n—oo
nhj& Z area(St ™ (A02M (e_)2M) (ey)))
eCE(Ay)

11_>H010 Z 2N Ze_Oey
e€E(0Ay)

ON - 27 = 47N ( > Ze Oey = 27r)

e€E(0AR)
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Continuous limit of EX'(f), AY (f), and [EL]%s
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“Continuous” EL equation

o ¢:C — S% a (> map

e St:S%? — C?: Stereographic projection

o fi=Stop:C— S5?—=C

e E(¢): the energy for nonlinear O(3) sigma model
EL equation [EL]*" = 0 for E(¢)

)]
of

4 2f
EIEE (az Tir e )

For (anti-)holomorphic funcion f, A = 49,05 induces

[EL] cont. = —

[EL] cont. _ if ( )
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Continuous limits of Eg, AY, [EL]dse

A = Asq 2p: A rhombic lattice, v € V/(A)
p=b/a: fixed, a — +0 (b — +0)

0u f1? + 10y fI? 1
=t Wd / d4Padue =
" Im (0, f - 9f) 3

[EL]diSC'(U)/(Qab) [EL]cont (1))
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Summary
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e Nonlinear O(3) sigma model in discrete complex analysis
e Discrete energy, area and an inequality
e Their continuous limits for rhombic lattices

e Discrete power functions for rhombic lattices and their

topological number

Question
What about A € ¥, (g > 1)?
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Thank you very much!

Reference:

1. Nonlinear O(3) sigma model in discrete complex analysis,
arXiv:1602.08923v57? [hep-th], 2026

38/38



	Introduction
	Discrete Riemann surface
	Discrete EL equation
	Rhombic lattice
	Continuous limit of EW(f), AW(f), and [EL]disc.
	Summary

