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Introduction

(M, g): Riemannian manifold,

@ (M, g) is called Einstein if the Ricci tensor r, of the metirc g satisfies
ry = cg for some constant c.

@ In 1978, as a generalization of Einstein metrics,
A. Gray introduced the notion of Einstein-like .&/-metrics and
ZPB-metrics on Riemannian manifolds.

2 (M): C* vector fields on M
For a Riemannian manifold (M, g),

@ the metric g is called an @/-metric <=
(Vxr )(X,X)=0 for all X € 2(M)
@ the metric g is called a #-metric <=

(Vxr)(Y,Z) = (Vyr, )(X,Z) for all X,Y,Z e 2 (M)
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Introduction

o Note that, if a metric g has parallel Ricci tensor Vr, = 0, then g is an
o7-metric and a #A-metric.

o Let R be the curvature tensor of (M, g).
27 Bianchi identity:

Vx(R)(Y,Z2) + Vy(R)(Z,X) + Vz(R)(X,Y) = 0.
By contracting, we have
> 9(Ve,(R)(Ei, X)Y, Z) = Vy (r)(X, Z) = Vz(r)(X,Y).

Thus, g is %-metric iff the divergence of curvature tensor is zero,
that is, harmonic curvature.

@ Examples: If (M, g) is a conformally flat manifold with constant
scalar curvature, then g is a Z-metric (cf. Besse, Einstein manifolds,
16. 3, page 435).
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Introduction

e Example of Gray (1978): For n > 3, let

M= {(z1,...,2p) €R" | 2, >0} and g =2x,"g0,

where g is a flat metric and a = 4/(n —2). Then (M, g) is a
conformally flat manifold with constant scalar curvature 0. We see
the metric g is not Einstein, but it is a %-metric.

o A. Derdziniski has started to study Z-metrics (in case of dim M =4

in detail) around 1978. Most recent work is in (2025), J. Korean
Math. 62.

@ Open problem : Is there a homogeneous space G/K with an invariant
Einstein-like metric which is not Einstein? (conjectured by
Bourguignon due to Derdzinski )
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Known results for invariant Codazzi tensor fields on a homogeneous

space G/K

@ a symmetric 2-covariant tensor field 3 is called Codazzi <=
(VxB)Y,Z)=(VyB)(X,Z) for all XY, Z € Z (M)

o D'Atri (1985) studied left invariant Codazzi tensor fields /3 for left
invariant metric on connected Lie group G.

@ Marshall Reber and Terek (2024) extended D'Atri’s results to a
reductive homogeneous space G/ K.
For naturally reductive metrics on G/ K, they proved that an
invariant Codazzi tensor fields § are parallel, V3 = 0. In particular, a
naturally reductive %-metric g on G/K is Vr, = 0.

@ Aberaouze and Boucett (2022) proved that invariant Z-metrics g on
solvable Lie groups and Lie groups of dimension < 6 are Ricci parallel.
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Riemannian connection of invariant metrics on G/K

@ (G : a compact semi-simple Lie group
K : a closed subgroup of G
G/K : homogeneous space
m = £ : the orthogonal complement of £ in g w.r.t. B (= — Killing
form of g ). Then we have m = T,(G/K) and

g=tdm, [ m]Cm

o Let g be a G-invariant metric on G/K.
Then the Riemannian connection V is given by

1
(VxY)o= —5[X. Y], +U(X.Y) for X,Y €m,

where [, | denotes the m-component, and U(X,Y) :m xm — m is
defined by

29U(X,Y),Z) = (9(Z, X]m, V) + 9(X, [Z, Y ]m)).
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A characterization of Einstein-like metrics on a compact

homogeneous space G/K

@ C. Peng and C. Qian (2016) obtained a characterization of
Einstein-like invariant metrics on homogeneous space G/ K :

Proposition 1

Let g be a G-invariant metric on G/ K.
g is a #B-metric <

(1/2)rg(1Z, X]m, Y) = (1/2)rg([Y X]m, Z) + 1(X, [Z, Y ]m)
+fg(U(Z,X),Y) - rg(U(K X)? Z) =0,

forall X, Y, Z € m.
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Einstein-like metrics on a compact homogeneous space G/K

@ C. Peng and C. Qian (2016) classified homogeneous .o7-metrics and
B-metrics on spheres and projective spaces.

e C. Qian and A. Wu (2021) classified Einstein-like invariant metrics on
compact symmetric spaces M.

That is, whenever there exists a closed proper subgroup G’ of
G = lIsomg(M) acting transitively on M, they found all the
G’-invariant ./-metrics and %-metrics on M.

e F. Li, H. Chen and Z. Chen (2023) obtained
a characterization of Einstein-like invariant metrics on compact
homogeneous space G/K and classified such invariant metrics on
generalized Wallach spaces of exceptional type.

@ In the above cases, #-metrics on M and G/K are always Einstein.
We can show that Z-metrics on generalized Wallach spaces are
Einstein.
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Invariant metrics on a compact homogeneous space G/K

@ We have g = ¢ @ m, [¢, m] C m and a decomposition of m into
irreducible Ad(K')-modules:

m=m; O ---dm,.

o We assume that Ad(K)-modules m; (j =1,---,v) are
mutually non-equivalent.
Then a G-invariant metric g on G/K can be written as

g =1B|m; + -+ 2, Blm,, (1)

for positive real numbers 1, ,x,.

@ Note that the Ricci tensor ry of a G-invariant Riemannian metric on
G/K is of the same form as (1).
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Notations A;;; due to Wang and Ziller

@ Let {ey} be a B-orthonormal basis adapted to the decomposition of
m, i.e., eq € m; for some i, and o < B if i < j (with e, € m; and
eg € mj).

o We put C 5 = B([ea, ep], e4), 50 that [ea, eglm = 3, O ey

o Set Ajji, = Z(Cgﬂ)Q, where the sum is taken over all indices «, 3,7
with e, € m;, e €My, ey € my.

Then, the non-negative number A; ;. is independent of the
B-orthonormal bases chosen for m;, m;, my, and

Aije = Ajik = Aji. (2)
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Ricci tensor of a compact homogeneous space G /K

o Let di = dimmy. Then we have

The components r,--- , r, of Ricci tensor ry of the metric
g=2z1Blm, + -+ 2,B|m, on G/K are given by

1 1 Tk 1 T
= W Mgy — —— A,
L Q.Tk * 4dk j; XjT; ki Qdk j; TEpX; kg

where the sum is taken overi,j =1,--- V.
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Characterizations of invariant %-metrics

@ F.Li, H.Chen and Z.Chen obtained characterizations of invariant
ZB-metrics using Proposition 1 (2).

Let g be a G-invariant metric on G /K of the form (1).
The metric g is a B-metric if and only if

Cop((mj + @ — xp)rj + (xk + 23 — x5)r5 — 22513) = 0 (4)

holds for any i,j,k € {1,2,--- ,v}, a =1,2,--- ,d;, f=1.2,--- ,d;j and
7:1727"' adk-

v

Corollary 4

If Ajir. # 0, then the Ricci components r;, ri, of a 98-metric g of the form
(1) satisfy r; = ry.

A\,
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Characterizations of invariant %-metrics

Following Corollaries are useful for us.

If Aijk # 0 and rj = ri, then the Ricci components of a %8-metric g of the
form (1) satisfy r; = r; = n.

Corollary 6

If Ayji # 0, for i, 3,k mutually distinct, and
SCZ‘2 = 2:61‘:(,‘]‘ — 2z + Ij2 = 2$jxk aF $k2 £ 0,

then the Ricci components of a 8-metric g of the form (1) satisfy

rp=1r=rg.
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Generalized flag manifolds

We now consider invariant metrics on Generalized flag manifolds.

o A generalized flag manifold M is an adjoint orbit of a compact
connected semi-simple Lie group GG, and is a homogeneous space of
the form M = G /K, where K = C(S) is the centralizer of a torus S
in G.

o Generalized flag manifolds exhaust compact simply connected
homogeneous Kahler manifolds.

@ A generalized flag manifold admits a finite number of G-invariant
complex structures. For each G-invariant complex structure there is a
compatible Kahler-Einstein metric.

@ Generalized flag manifolds can be classified by use of
painted Dynkin diagrams.

@ Generalized flag manifolds are also referred to as Kahler C-spaces.
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ZB-metrics on generalized flag manifolds

Theorem 7 (A. Arvanitoyeorgos, Y. S. and M. Statha)
For generalized flag manifolds G /K we have

1) if the second Betti number by(G/K) = 1, invariant 98-metrics on
G/K are Einstein.

2) if the second Betti number by(G/K) = 2, invariant Z8-metrics on
G/K are Einstein.
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Structures of generalized flag manifolds

@ (G : a compact semi-simple Lie group
g: the Lie algebra of G, h: maximal abelian subalgebra of g.
gC: the complexification of g, hC : the complexification of f

e A : the root system A of g€ relative to the Cartan subalgebra h©
(A C ho = v/—1h) by the duality defined by the Killing form of g©.

o II = {ay, - ,}: a fundamental system of A
o {A;,---,A;} the fundamental weights of gC corresponding to II, that
is
2(A, o
Mzgi. (1<i,j<0).
(ajwaj) !
o For a subset Il of II, write IT — 11y = {a;,, -~ ,; }

(1<, < <a; <f). We put [Ilj] = AN {Ily},, where {Il,},
denotes the subspace of h generated by II,.
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Structures of generalized flag manifolds

o g¢=p"+ Z S : the root space decomposition of g€ relative to h©
acA

o u=nht+ Z gC : the parabolic subalgebra for a subset IT,,
ac[llJUA+
where AT is the set of all positive roots relative to II.

@ Note that the nilradical n of u is given by

a= Y oS

aEA+—[IT,]

We put A = AT —[II] and Af = [II,]*
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Structures of generalized flag manifolds

e G : a simply connected complex semi-simple Lie group whose Lie
algebra is g©
U : the parabolic subgroup of G€ generated by u

@ Then G®/U is a simply connected complex homogeneous manifold
and compact Lie group G acts transitively on GC/U.

o GC/U = G/K as C*-manifolds where K = G N U is a connected
closed subgroup of G

e G®/U admits a G-invariant Einstein Kahler metric.

o We put t = {H €ho | (H, Ip) = (0)} Then {A; ,---,A; }isa

117

basis of t. Put s = v/—1t. Then the Lie algebra ¢ is given by £ = 3(s)
(the Lie algebra of centralizer of a torus S in G).

@ It is known that the second Betti number by(G/K) = r = dim t.
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t-roots of generalized flag manifolds

@ We consider the restriction map

K:bhy =t a—al

and set A¢ = k(A). An elements of Ay are called a t-root and Ay is
called a system of t-roots.
(The notion of t-roots is introduced by Alekseevky and Perelomov
around 1985 to study invariant Kahler-Einstein metrics of generalized
flag manifolds. )

@ There exists a 1-1 correspondence between t-roots & and irreducible
submodules m¢ of the Adg (K )-module m® that is given by

Adémme= Y g
w(a)=¢

@ Thus we have a decomposition of the Adg(K)-module m®:

mC: ng.

EeA
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Decomposition associated to generalized flag manifolds

@ Denote by Afr the set of all positive t-roots, that is, the restricton of
the system AT, Then n = Z me.
geat
@ Denote by 7 the complex conjugation of g with respect to g (note
that 7 interchanges g& and g€_) and by v” the set of fixed points of

7 in a (complex) vector subspace v of g©. Thus we have a
decomposition of Adg (K )-module m into irreducible submodules:

m= ) (megtmg)

genf
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Decomposition associated to generalized flag manifolds

e For integers ji,- -+, j, with (j1, -+, ) # (0,---,0) , we put
A d) = { Sl mja; € AT [my, = i, mi, = jr
There exists a natural 1-1 correspondence between A; and the set
{A(jla T 7jr) 7é @}

o For a generalized flag manifold G/K, we have a decomposition of m
into mutually non-equivalent irreducible Adg (K )-modules:

m= Z (me+m_¢)” = Z m(j1,- dr):

geaf Jye s g

Thus a G-invariant metric g on G/K can be written as

9= 2 7eBlmeim = D TirsBlngi (5)

feA? J1ssdr

for positive real numbers x¢, 7, ...j,.
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Kahler Einstein metrics on generalized flag manifolds

Put

1 1 1
525 Za, 5m:§ Za, 5325 Za.

aEAT acA} aeAY

Note that 0y =0 — d¢ and 0w € Yy Z4Aj,.
It is known that a Kahler Einstein metric g on G¢/U = G/K is given by

9= On: OBl (1 m_)

ceAf
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systems of t-roots for by(G/K) = 2

@ For classical Lie groups, we have v = 3 and As-type,

v =4 and

v =6 and BCs-type.

Ba-type, v =5 and BCy -type,
@ For exceptional Lie groups, we have 16 cases.
.. see Xy L
. . g es've .. ..
. R HP Ut
43, a=6(Az) d=4,a=8(B;) d=5,a=12(BC3,) 46, a=14
|:a . "' . 1.-.0 L]
Thedt et et
L] L] L]
d=6, a=16(BC3)
d=6,a=18(G2) d=7,a=20
.
Sk
.E:E. L] . L] . L) LR
d=8,a=24 R b
d=9, a=24 49, a8
L . ... . :..
I I -
d=10, a=32 . b d=14, a=48
d=tl o=3d d=12,a=10
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E7/S(U(3)x U(3)x U(2))

Consider G/K = E;/S(U(3)x U(3)x U(2)) = E7/(T?A3A24,).

Painted Dynkin diagram

a1 g 3 04 Q5 Qg
1 2 3 4 3 2
2 ar

a1 p 3 4 Q5 Qg
1 2 3 4 3 2
2 a7

a1 g 3 04 Q5 Qg
1 2 3 4 3 2
2 ar

m=m(1,0) ®m(0,1) dm(1,1) ®m(0,2) dm(1,2) dm(0,3) dm(l,3)dm(l,4)
(A = {& = r(a1), & = k(au), &1 + & = Kol + az + asz + aa),
28 = k(ag 4+ 2a4 + as + ar), &1 + 28 = k(o + a2 + as + 204 + as + ar),
3&2 = k(a2 + 2a3 + 3as + 2a5 + as + ar),
& + 38 = k(a1 + 2a2 + 3az + 3as + 205 + as + ar), &1 + 482 })
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E7/S(U(3)x U(3)x U(2))

Painted Dynkin diagram
Q] Q2 3 Q4 Q5 O | 1 g 3 Q4 05 Qg | O] Q3 3 04 Q5 Qg
1 2 34 3 2|1 2 3 4 3 2|1 2 3 4 3 2
2 a7 2 a7 2 a7

corresponding system of T-roots
10 11 12 13 14 10 21 32
[ ) [ ] [ ] [ J [ ] [ ) [ ] [} [ ] [ ]
° .‘.\,QI 002 003 e o o Kll 022 033

°
o o
e o
°
[ ] o—
—
— Oy Oc
(=)
®
w
e
—
e ee
w —
*5® v
—
[ ] OO.
We =
* %o
—
LIS Rop
e
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Kahler Einstein metrics on E7/S(U(3)x U(3)x U(2))

g = xlO(_B”mlo + xOl(_B)|mo1 + .T11(—B)|m11 + xO?(_B”moz

+ 3312(—B)|m12 + x03(_B)|m03 + x13(_B)|m143 + JL‘14(—B)‘m14

(6)

a1 G2 3 Q4 05 Qg | 1 Q2 3 G4 G5 Qg | 1 Q2 3 G4 Q5 Qg
1 2 34 3 2|1 2 34 3 2|1 2 34 3 2
2 (074 2 (0% 2 [0%4
20m = 4A1 + TA4 20;m = 6A3 + 5A5 20m = 4A3 + 5Ay
1.0 1.1 1.2 13 .14 1.() %1 .32 Ql 1.2 %3 .34
01 02 03 11 22 33 11 22 33
L] [ ] o [ ] L] [ ] [ ] L] o ] [ ] ] [ ] ] [ ]
[ ] [ ] L] [ ] [ ] [ ] [ ] ] (.)1 .12 L] L] [ ] L] l()
:E10:4, :E()1:7, IE10:6, :201:11, $10:4, :E()1:9,
1‘11:11, LL'02:14, $11:5, 3302:22, $11:5, :B02:18,
£E12=18, 1’13:25, 3212:6, 3313:17, 1’12:14, :IZ13=23,
5814:32, $03:21 .’E14:28, LE03:33 1’14:32, x03:27
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E7/S(U(3)x U(3)x U(2))

For the decomposition
m=m(1,0) ®m(0,1) ®m(1,1) ®m(0,2)P

m(1,2) @m(0,3) @ m(1,3) &m(l,4),

we have
[m(1,0),m(0,1)] € m(1,1), [m(0,1),m(0,1)] C m(0,2) ¢ ¢
[m(0,1),m(0,2)] € m(0,3) ®m(0,1), [m(1,0),m(0,2)] C m(1,2),
[m(1,0),m(0, 3)] € m(1,3), [m(0,1),m(1,1)] € m(1,2) ®m(1,0),
m(0,1),m(1,2)] Cc m(1,3) ®m(1,1), [m(0,1),m(1,3)] C m(1,4) ®m(1,2),
[m(0,2),m(1,1)] € m(1,3), m(0,2),m(1,2)] € m(1,4) ® m(1,0),
[m(0,3),m(1,1)] C m(1,4).

By using Riemannian submersions and a Kahler-Einstein metric, we can
compute Ricci components r;; of a metric (6). That is, we see

1
Ao11314 =1, Ao11112 = 2, Ao1o102 = 4, A110314 = 3’
Ao11213 = 2, Ao21214 = 1, Ap10203 = 1, A110213 = 1,
1
Arpo111 =1, 4100212 = 1, A100313 = 3
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A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

Assume that a metric of the form (6) is a #-metric. Note that we have
ro1 = o2 from Apio102 # 0 and Corollary 4. From Agi 203 # 0 and
Corollary 5, we see that ro; = 792 = 703.

Put

@1 = 210% + 201? + 211% — 221001 — 2T10T11 — 2T01T11-
Note that Aigo111 # 0. If ¢1 # 0, we have iy = 191 = r11 from Corollary
4. Then we see that rg; = r11 = r12 from Agp11112 # 0 and Corollary 4.
From Agi1213 7é 0 and Corollary 3.4, we see that rg1 = ri9 = r13, From
Ap11314 # 0 and Corollary 3.4, we see that 791 = 713 = r14. Thus we see
that the Z-metric g on E7/S(U(3)x U(3)x U(2)) is Einstein, if g1 # 0.
Put

2 2 2

g2 = x10” + To2” + T12” — 2T10T02 — 2T10T12 — 2Tp2T12,
2 2 2

g3 = x10” + To3” + 13 — 2x10703 — 2710713 — 2T02T13,

2 2 2
s = x01” + 2117 + 212" — 2201711 — 2701712 — 2711712

AR HE Einstein-like metrics on generalized flag mar 2026 3 H 4 H 29 /37



A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

Put

g5 = 01 + T12° + 213 — 2301712 — 201713 — 2T12T13,
g6 = 01> + 213 + 214 — 2301713 — 201714 — 2T13T 14,
g7 = 102”4+ 1117 + 213% — 2202711 — 2702713 — 2711713,
gs = 102”4+ 12”7 + T14% — 2202712 — 2T02T14 — 2712714,

2 2 2
g9 = z11” + 203" + x14” — 2211203 — 2211214 — 27037 14-

If g2 # 0, we see that r19 = 192 = r12 from Ag11112 # 0 and Corollary 4,
and thus we have r19 = rg2 = rg1. Then we see that r1g = rg1 = r11 from
A1p0111 # 0 and Corollary 4. Thus we see that the %-metric g on
E7/S(U(3)x U(3)x U(2)) is Einstein, if g2 # 0.

Similarly, we see that, if one of the conditions g3 # 0, g4 # 0, ¢5 # 0,

gs # 0, g7 #0, gs # 0, q9 # 0 holds, then the Z-metric g on
E;/S(U(3)x U(3)x U(2)) is Einstein.
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A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

Now we consider the cases when ¢1 =0, g2 =0, g3 =0, g4 = 0,

g5 =0,96 =0, gt =0,q93s =0 and g9 = 0. Since r19 > 0,201 > 0,211 > 0,
xo2 > 0,203 > 0,212 > 0,213 > 0,214 > 0, we put z19 = 1 and zg; = t°.
Then, by solving ¢1 = 0, we have that 11 = (1 — )% or 217 = (14 t)2.

Put z19 = 1 and zo1 = t2. Then the positive solutions {x11, To2, To3,
T12,%13, 714} Of the system of equations

g2 =0,93=0,94=0,95 =0,96 = 0,97 =0,g8 =0,and gg =0 (7)

are given by

{:Uu = (1 — t)2, o2 — 4(1 — t)2, 12 = (1 — 2t)2, (8)
zo3 = (2—1)%, 113 = (1 —1)*, z1a = 1},
{1‘11 = (1 — t)2, o2 = 4(1 — t)2, X192 = (1 — 2t)2, (9)

zo3 = 2, 213 = (1 — )%, 14 = 1},
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A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

{znn=01- t)2, To2 = 4, v12 = 1, (10)
xo3 = t*, 213 = (1 + 1), w14 = 1},

{znn=(1- t)z, T2 = 4t%, 219 = (1— 2t)2, (11)
zo3 = 9%, w13 = (1 —3t)*, w1a = (1 —4)°},

{z11 = (1 +1)2, mo2 = 4(1 +1)2, 10 = (1 + 2t)%, (12)
z03 = (2+ 1) 213 = (1 + )%, 214 = 1},

{z11 = (14 1)2, zog = 4(1 4+ 1)2, 215 = (1 +2t)%, (13)
To3 = 12, 113 = (1+ t)2, x14 = 1},

{z11 =1+t 200 =4, 212 =1, (14)
zo3 =2, 213 = (1 — )2, 214 = 1},

{11 = (1 +1)% 22 = 412, x12 = (1 +2t)%, (15)

To3 = 9t2, r13 = (1 + 3t)2, T4 = (1 + 4t)2}.

Moreover, we have more positive solutions, which are not included above,
given by
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U
2 4 1 4
9

t = 5 = 17 = T = T - 9 16
{ 3 10 To1 9 T11 9 Zo2 ( )
1 4 1 1
Tig = =, T3 = =, T13 = —, T14 = — },
12=3, T3 =g, T13 =g, T =g
{t=2, z10=1, z01 =4, z11 =1, 202 =4, (17)
z12 =1, o3 =4, z13 =1, x14 =9},
{t = 2, Tr10 = 1, o1 = 4, Tr11 = 1, o2 = 4, (18)
ri2=1, o3 =4, z13=1, x4 =1},
2 4 1 4
{tz—g, 10 =1, To1 =g, T =g, Tor =g, (19)
1 4 1 1}
T =—, T3 = —, T13 = —, T14 = —
12 =3, T03 =g, T13 =3, T14 = o},
{t==-2, z10=1, z01 =4, z11 =1, zp2 =4, (20)
zi2 =1, o3 =4, z13 =1, x14 =9},
{t=-2, zio=1, zo1 =4, 211 =1, zp2 =4, (21)

zi2 =1, xo3 =4, z13 =1, x4 = 1}.
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A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

Put X(3,5,k) = — — =L — " for simplicity. Then we have Ricci
T} TiXf T3y

components {ro1, ro2, ro3} for the metric g are given by

1 1 1 1
= — 4+ —X(01,10,11 —X (01,02 —X(01,11,12
ro1 = . + = (01,10,11) 4+ = (01,02,03) + 36 (01, )
1 1 1 .1302
—X(01,12,1 —X(01,13,14) - ———=
+ 36 (01, 3)+ ™ (01,13,14) 37
1
= X 2,10,12 X 2,01 X 2,12, 14
ro2 o + 36 (02,10,12) + 36 (02,01, 03) + 36 (02, )
1 2 o2
= X(02,11,1 ( —)
36 (0 3) 18 o2 $012
1
roz = Dy + A1003 13X (03,10, 13) + 8X(03 01,02) + X(03 11,14).
03
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A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

Now we substitute the values from (8) to (21) into ro1, 792, 703 and see
that 791 = rg2 = 793 can not occur, that is, we can see that these cases
are not %-metric.
For example, in case of (8), we see that

{ro1 — 702, To1 — 703}

32t7 — 1985 + 503t5 — 916¢* + 12823 — 1044t + 416t — 64
{ T2(t —2)(t — 1)2t4(2t — 1)

16t7 — 68t5 + 785 — 61¢* + 170t3 — 206t + 96t — 16
18(t —2)2(t — 1)#4(2t — 1) }

b

Taking resultant Res of polynomials
{32t — 198t° + 503t° — 916¢* + 1282¢% — 1044¢> + 416t — 64,
16t7 — 68t5 + 78> — 61t* + 170t3 — 206t2 + 96t — 16},

we see that Res = 343910970852970070016. Thus a system of equations
{ro1 —ro2 =0, 191 — 93 = 0} does not have common root.
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A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

We have
1 1
=g 57 X(11,10,01) + - X(11 01,12)
1 1
+ 5 X(11,02,13) + 5 X (11,03, 14),
1 1
e =5+ 35X(12,10,02) + 8X(12 01,11)
1 1
—X(12,01,13) + — X (12,02, 14
+18 ( 707 3)+36 ( ’0’ )7
L2 —X(13,10,03) + X(13 02,11)
r =
B ors | T2 24
1 1
+ 75X (13,01,12) + -2 X (13,01, 14),
= b b L X(1411,03) + S X(14,02,12) + - X(14,01,13)
14 - 2.’E14 36 ’ ) 12 ) ) 12 ) ) )
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A proof of Theorem 7 for the case E7/S(U(3)x U(3)x U(2))

1
o = 5~ + 36X(10 03,13) + X(lO 02,12) + 5 X(lO 01,11).

In case of (8)

{57311 = (1 — t)Q, o2 = 4(1 — t)Z, T2 = (1 — 2t)2,
zo3 = (2—1)%, 213 = (1 —t)% 214 = 1},

we see that

442 — 14t + 15

ro3(211+203—214) + 714211 —To3+r14) = 2rnrn = - 18(t — 2)

Since the equation 412 — 14t 4+ 15 = 0 does not have real roots, we see
7“03(3311 “+ g3 — .CC14) + ?”14(1‘11 — Zo3 + :E14) —2r11211 75 0 for real value t.
Thus we see that the case of (8) is not #-metric.
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