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[ (3, 6)-distributions ]

Let X be a (°° manifold of dimension 6 and D C T'X a
C'*° distribution (= subbundle of T'X) of rank 3.

We call (X, D) a (3,6) distribution if Lie brackets of local
sections to D generate T'X, i.e., if

D® .= [D,D](= D + [D,D]) =TX,

or equivalently, if, for any x¢9 € X, there exists a frame
{£1,£2,&3} of D on a neighbourhood U of xy such that, for

any ¢ € U, £1,82,83 and &4 := [§1,82], & = [§1,88], &6 =
€2, &3] generate the whole tangent space T, X.
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[ Grassmannian of null 3-spaces in R** )

Example. Let R>* denote the vector space R’ with an
indefinite metric of index (3,4), where SO(3,4), the simple
Lie group of type B3, acts on naturally.

Consider the maximal null Grassmannian
X :={V | V : null subspace of R**, dim(V) = 3}.
Then we see dim(X) =12 — 6 = 6.

Define D C T'X by setting, for x =V € X, D, = Dy as
the set of velocity vectors < Vi|¢— for all curves {V;} in X
starting with Vo = V' and satisfying %V} c Vi, te (R,0).

Then (X, D) is a (3, 6)-distribution. Any small perturba-
tion of D C T X remains a (3, 6)-distribution.
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[ Why (3, 6)-distributions 7 ]

Dynkin diagrams of G2, B3 and Fj

0<—0 o—0——0 oe—0—0—0

(G2 case:
{(2, 3, 5)-distributions} <--->
{(2, 3,4, 5, 6)-distributions with pseudo-product structures}

5-dimensional contact manifolds
<---> i i
with Lagrangian cone structures

0<—=0 {<—— 0<—o —> (OR=——

Question. How about B3 7
{(3, 6)-distributions} <- - -> 77
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The B3 Dynkin diagrams

(] e —— ©
o ®@ —> O o O —> @ @) e —> O
o O — O @) ®@ —> O O O—> @
conformal geometry contact geometry control geometry
(2, 3)-conformal str. 7-dim. contact str. (3, 6)-distribution

with Lagrangian cone
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[ End-point mappings and singular curves ]

Given a distribution D C T'X and a point xg € X, consider
the space %, consisting of integral curves ~ : [0,1] — X,
v (t) € D) for almost every t € [0, 1], with v(0) = zo.

The endpoint mapping End : %;, — X is defined by
End(v) := (1)

Then a curve v € %5, is called a singular curve of D if v is a
singular point of the endpoint map End, i.e., the differential
End. : T5,%%, — TEnd()X 1S non-surjective, 1.e., there exists
a cotangent vector p € Tﬁnd(v)X, p # 0, satistying that
(p, End.(v)) = 0, for any v € Ty %, -
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[ Constrained Hamiltonian equations ]

Let (X, D) be a (3, 6)-distribution and D = (&1, &2,&3).
Define He : T* X — R by He(z,p) := (p,&(x)) and
H:T*X xx D — R, the Hamiltonian of D, by

H(xapa u) = u1He, (a:,p) + u2 He, (CB,p) + usHe, (xap)°

Consider the Hamiltonian equation with constraints:

oH . 0H

H&:O, HgQIO, HgBZO, p;é().
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[ Singular curves, singular characteristics ]

Definition. A curve y(t) = z(t) on X is called an integral
curve of D if v'(t) € T, ;)X for almost every t.

An integral curve 7y is called a singular curve of D if there
exist p(t),u(t) such that (x(t),p(t),u(t)) satisfies the above
Hamiltonian equation with constraints. Moreover, in this
case, the corresponding curve (x(t),p(t)) in T* X is called a

singular characteristic of D.
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[ Singular velocity cone ]

Definition. (Singular Velocity Cone)

We define the singular velocity cone SVC(D) of D at xg € X
by the set of tangent vectors (xo,u) € D such that there
exists a singular curve v : (R,0) — X of D such that v(0) =

zo,7 (0) = u
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Proposition (Montgomery(2002)).

Let D(C T X) be a (3, 6)-distribution on X. Then, for any
o € X and for any u € Dy, (C T, X), there exists a singular
curve v : (R,0) — X of D satisfying v(0) = zo,7'(0) = .
Therefore SVC(D) = D.
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[ Prolongations of (3, 6)-distributions ]

Set Z := PD = (D \ zero-section)/R”, the fibrewise pro-
jectivisation of the bundle D — X. Then dim(Z) = 8. The
induced projection wx : Z — X, w(«x,|u]) = x has the pro-
jective plane P? as fibres.

We define the distribution £ C T'Z over Z by

Eg ) = Aw € Tig,[upZ | m«(w) € |ul},

for (x, |u]) € Z, where [u] is regarded as a line in D, through
the origin. Note that FE is of rank 3.
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[ Pseudo-product structures of type Bs(2,3) ]

Lemma. The prolongation £ C T'Z of (X, D) has the small
growth (3,5,7,8).

Moreover there exists unique complementary subbundle
Ei C F of rank 1 to F» := Ker(nx« : TZ — TX) such that
the decomposition £ = E; @ Es into integrable subbundles
Ei,E> of rank 1,2 respectively gives a “pseudo-product
structure of type B3(2,3)” on E, i.e.,

[El,EQ] _ E(Q), [Ele(Q)] _ E(S), [EQ,E(2)] _ E(2),
E1,E®=E®  [E) E®=TZ
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[ The correspondence theorem )

Theorem. The prolongation procedure induces the

bijection between

{local isomorphism classes of (3, 6)-distributions}

and

local isomorphism classes of (3,5, 7, 8)-distributions
with pseudo-product structure of type Bs3(2,3)

Example (The null flag manifold of type Bs(2, 3)).

Z :={Vo C V3 C R** | V3 : null} and F : the distribution
on Z defined by Vg € V3,V5 € V4-. Then E is a (3,5,7,8)-
distribution with pseudo-product structure of type Bs(2, 3).
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[ Pseudo-product structures of type Bs(1,2,3) ]

Let (Z, F) be a (3,5, 7, 8)-distribution with pseudo-product
structure £ = F; & FE> of type Bs(2, 3).

Lemma. We have SVC(F) = (F1®0)U (06 Ea2).

We set W := P(0&® E2) = P(FE3),dim(W) = 9, with pro-
jection mz : W — Z. Define F C TW, for any (x, [u], [£]) €
P(E2), (z, |u]) € Z,[f] € P((E2)(e,u)), by

Ela,tut) = {v] € Ta,[u],i) | 72+ ([v]) € E1 X [€]].

Then FF C TW is a (3,5,7,8, 9)—distribution with a pseudo-
product structure of type Bs(1,2, 3):
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Definition. A pseudo-product structure of type Bs(1,2,3)
on F'is is given by a decomposition F' = F; @ F5® F3 into line
sub-bundles up to replacing F3 by another line-subbundle of
F1 @& F5 independent of F7, such that, for a generator 61, 02, 03
of F1, F>, F3 respectively,

01,02] =: 04, [01,63] € (01,63), [02,03] =: 05, rank(F(?)) =5,
01,04] € (01,62,04), [01,05] =: g mod.F(2)| [02,04] € (01,02, 604),
02,05] € (02,63,05), [03,604] = —0g mod.F(?),

03,05] =: 07 mod.F(?)| so that rank(F(3)) =7,

:91796: S <91792793794705796>7 [91707] =: 98 mOd’F(3)7

:92796: S <91792793794795796>7 [92797] S <61792793764795797>7

03, 05] =: s mod.F(3), [63,07] € F(3) so that rank(F4)) = 8,
01,08] € FW, [02,08] =: 09 mod.F )| [03,05] € F4),

so that rank(F®)) =9, F®) = TW. O
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Example (The null full flag manifold of type Bs(1,2,3)).
Let W := {V; Cc Vo C V3 C R** | V3 : null} and F the
distribution on W defined by V{ C Va, V4 C V5, V5 C V5 .
Then F is a (3,5,7,8,9)-distribution with pseudo-product
structure of type Bs3(1,2,3).
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[ The correspondence theorem (continued) ]

Theorem.
The prolongation procedures induce the bijections between

{local isomorphism classes of (3, 6)-distributions},

local isomorphism classes of (3,5, 7, 8)-distributions
with pseudo-product structure of type B3(2,3) ’

and

local isomorphism classes of (3,5, 7,8, 9)-distributions
with pseudo-product structure of type Bs(1, 2, 3) '
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The completed B3 Dynkin diagrams

e —— ©

O —— @ e — ©

> >

®@ —> O O —— @

(3, 6)-distributions
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[ Another prolongations of (3, 6)-distributions ]

Again, let (X, D) be a (3,6)-distribution, but, this time,
we consider D* = Hom(D, R), the dual bundle of D.

We set S := P(D") = {(z,]|a]) | z € X,|a] € P(D})},
which is identified with the space 2-dimensional subspaces in
D over any point of X. Note that dim(S) = 8. Define the
distribution L C T'S over S, for (z, |a]) € S, by

L(x,[a]) — {v c T(m,[a])S | <OA,7T* (v)) — 0},

where m : S — X 1is the natural projection. Then
rank(L) = 4. Moreover we see that the small growth of L is
equal to (4,6, 8).
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Example (The null flag manifold Bs(1, 3)).

S :={Vi c Vs C R* | V3 : null} and L : the distribution
on S defined by Vi € V5,V4 € V5-. Then L is a (4,6, 8)-
distribution with pseudo-product structure of type Bs(1,3).
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[ Pseudo-product structures of type Bs(1,3) ]

Definition. (Pseudo-product structure of type Bs(1,3)).
Let L C T'S be a (4,6, 8)-distribution.

Then a pseudo-product structure of type Bs(1,3) on L in
a generalised sense is a decomposition L = L; ¢ L2 into
subbundles of rank 2 respectively, Lo being integrable,
such that there exist generators ¢1,/f2 of L1, and generators

ls,0y of L3 respectively, satisfying [{1,4s] =: 5, [1,/3]

=l

le, [617£4] = (U, [62763] = 0, [62764] = e, [63764] =

mod.L, and [61,65] — O, [51,66] 5;57, [62,55] — O, [£2,£6] —
ls, [l3,85] = Ls, [€3,4e] = 0, [la,ls] = —L7, [la,le] = O,
mod.L®. [
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[ The correspondence theorem (still continued) ]

Theorem.
The prolongation procedures induce the bijections between

{local isomorphism classes of (3, 6)-distributions},

[ local isomorphism classes of (3,5, 7, 8)-distributions
with pseudo-product structure of type Bs(2,3) ’

‘local isomorphism classes of (3,5, 7,8,9)-distributions
with pseudo-product structure of type Bs(1, 2, 3) ’

and

local isomorphism classes of (4,6, 8)-distributions
with pseudo-product structure of type Bs(1,3) '
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Dynkin diagrams of prolongations from (3, 6)-distributions

-

O —— @

\

O

G. Ishikawa, Y. Machida,
Prolongations of (8,6)-distributions by singular curves,

arXiv:2602.10507 [math.DG].
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The completed Dynkin-B3-diagrams

viewed from (3, 6)-distributions

() ®@ — O
conformal geometry contact geometry
o O —> O e —> o ® —> O
® O —> @ e —> o
O — @

control geometry
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The completed B3 Dynkin diagrams

(] e —— ©
o ®@ —> O o O —> @ @) e —> O
o O — O @) ®@ —> O O O—> @
conformal geometry contact geometry control geometry
(2, 3)-conformal str. 7-dim. contact str. (3, 6)-distribution

with Lagrangian cone
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[ Example : Grassmannian of null 2-spaces in R>* ]

Let R** denote the vector space R” with an indefinite metric
of index (3,4), where SO(3,4), the simple Lie group of type
B3, acts naturally.

Consider the Grassmannian of null 2-spaces in R>"*

Y := {V5 | V% : null subspace of R>*, dim(V2) = 2}.
Then we see dim(Y) =10—-3 = 7.

The contact structure H C TY is defined as follows: For
Vo €Y, Hy, is the set of V5 (0) € Ty, Y for all curves Va(t) =
(k1(t),k2(t)) in Y satisfying V2(0) = Vo and Va(t)~. The
Lagrangian cone Cy, C Hy, turns to be an intersection of

three quadric hyper-cones.
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[ Lagrangian cone structures of type Bs3(2) ]

Lemma. The prolongation (Z,F = E1 & E2) of a (3,6)-
distribution (X, D) is reduced by F: to a Lagrangian cone
structure (Y, H,C) where Y = Z/FE;, dim(Y) = 7, H =
E(3)/E1 C TY a contact structure on Y, (' a Lagrangian
cone field in H which is generated by a non-degenerate 1-
parameter family of plane fields induced by Es over Y along
the projection Z — Y. Moreover we have rank(7:C') = 3
and rank(OéQ)C) — 5 along any generator s of C.

Remark. The Lagrangian cone field C is obtained from Fs
under the reduction. In general, C,, (y € Y) is not necessar-

ily an algebraic cone but a transcendental cone.






