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81 Introduction
Y, = {Young diagram with n boxes}, Y=Y,

Markov chain on Y,, caused by (non-local) movement of a corner box

L R YT

called Res-Ind chain (Zén))k€{0,1,27...} on Y,

Y, = G, : the equivalence classes of irreducible representations of

the symmetric group of degree n

restriction <> removing box, induction <> adding box
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Irreducible decomposition of restriction and induction of an irreducible rep-

resentation of symmetric group

S, A~ v S, Vo o~ I
Resg" 7" = @ T, Indg" n° = @ 7

vEY 1A\ UEY v 1
dim v A\V dim p V/(
Y\ ) = J dimX’ 4 _ ) D dimy K
pr(\v) = . p'(v,p) = .
0, otherwise, 0, otherwise

both proportional to dimension of terminal diagram

Set
p™ (A ) = > prAvp (v ), A peY,
vEY, _1: AN\,

Transition matrix of Res-Ind chain on Y,, :



Plancherel measure on Y,

(dim \)?

n!

MY ({A}) = . AEY,

Lemma Res-Ind chain is symmetric w.r.t. the Plancherel measure:

MEY (AP (1) = MEP ({u)p™ (1, A), A € Y,

hence the Plancherel measure is invariant distribution for Res-Ind chain

(2" )keto.1.2.3 - Res-Ind chain on Y,, with initial distribution M{™



Construct continuous time random walk on Y,, from transition matrix P(")

{7;}jen @ i.i.d. random variables obeying 1 (# do) on [0, 00),

independent of {(Z]gn))ke{g,l’g,... } fnen
(IVs)s>p : counting process with 7;'s as pausing intervals

Ng=sup{jeN|m +---+7,Zs} <oocas., Ny=0as.

Set XM =2z, 520

PX™ =p0) = P2 = ) P(ri 4+ 47 S 5,71+ T > 8)

M

<
|
o

(M Py, [ (s — u, 00)) ™ (du)
[0, 5]

o

<
I
o



Continuous time random walk (Xgn))SZO on Y,, as microscopic dynamics

— scaling limit in space and time

— macroscopic profile : 1/4/n both horizontally and vertically

1
AeY, — [NY'(z)= %)\(\/ﬁx) constant “area”

— macroscopic time : t = s/a(n) a(n) : micro/macro scaling factor
Dynamic scaling limit
[Xtoé(n)(”)]\/H 5 (deterministic) macroscopic shape depending on ¢

from LLN (concentration phenomenon)



32 Concentration phenomenon (static model)

LLN in probability theory

X1+ +Xn s
n

o0
> constant

if X1, X9, : independent 4+ some conditions

n
[ [e! (&1 X1t +En Xn)] H [e?6xXr]  (factorizability of characteristic function)
k=1

Continuous diagram

D={w:R—R||wx)-w(y)| < |z—y|, w(z) = |z| (for |z| large enough)}



The following LLN holds (static scaling limit for the Plancherel measure)
Vershik — Kerov 1977, Logan — Shepp 1977

{ 2 (parcsin + V4 —2?), |z] <2

T

limit shape
|z, x| > 2




For a sequence of probability spaces {(Y,, M(”))}RGN, we know some suf-

ficient condition for LLN

MO ({xe Yo | [NV = v, Z¢}) ——=0 (Ye>0)

n—oo

to hold with some continuous diagram ¢ € D

AN

AEY, = G,, p €Y, = {conjugacy classes of &, }
x;‘ = value at an element in conjugacy class labeled by p of

irreducible character labeled by A

x> = x*/dim X : normalized irreducible character

Y* = {p € Y| p has no one-box rows}

[(p) =f of rowsof pe Y



Approximate factorization property of Biane: for any p,o € Y*

Epren [X( puio1n—1o1—1o1y) —Ensen [X(pan-to1y) Bare [X(g1n-1on))

= o(n~FUl=UHI=U)) (1 o0)

combined with some conditions implies concentration at some 9 € D.

Examples
o M™ = §y for NV? = g €D as n — oo

(wo then satisfies /(wo(x) — |x|)dx = 2)
R
Irreducible decomposition of some representation of symmetric group

o M) = Mg}) (Plancherel measure)  <— regular representation
e Littlewood-Richardson measure

+— outer product of irreducible representations
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83 Dynamical limit shape (main result)

Young diagram A is characterized by

its profile y = A(x) or transition measure m), = Z pidz, € P(R)
i=1
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— extended to continuous diagram: y = w(z) +— m,

Markov transform

ol [ ()« [ i, s

e.g.
limit shape {2 <— mg : standard semi-circle distribution
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Free convolution, free compression

(A, ¢) : probability space

self-adjoint a € A, p € P.(R) with compact support
an~p <= ¢(a®) = My (u) for any k € {0,1,2,---}

Given p,v € P.(R), a ~ u, b ~ v, a and b are free, then
a+b ~ pHvr e P.(R) : free convolution of i and v

p € A : projection free from a, ¢(p) = a >0,
pap in (pAp,a1d|pap) ~ pa € Pe(R) : free compression of

> Rk(,LLHE’I/):Rk<,LL)—|—Rk(V), ke N
» Ri(pe) = o 1R (1), keN
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Theorem 1

The continuous time random walk (Xén))szo with distribution at time s 2 0:
MM =P(X{™ =)), Ae€Y,

Assume
e the sequence of initial distributions {(Yn,Mén))}neN has concentration
property at wg € D
e the pausing time distribution 7 with characteristic function ¢ satisfies:
— ¢ is differentiable at 0 (v having mean m > 0)
— integrability condition for ¢ : for some § > 0

(€)
/{m@a}’%‘dg =
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Then

for macroscopic time ¢ > 0 and microscopic time s = tn
i.e. scaling factor a(n) = n,
concentration property is propagated along ¢, hence the sequence

{(Yn,Mt(s))}neN has concentration at some w; € . The macroscopic

profile w; is characterized by
My, = (mwo)e—t/m H (mQ)l—e—t/m

and recovered by using the Markov transform.
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initial distribution M — wo

) 1/v/n, n— oo
distribution at time tn M™) — Wy
i
invariant distribution M{" — 0
wo > Wi » limit shape 2

Initial profile wy is arbitrarily taken to satisfy [ (wo(z) — |z|)dz = 2.
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Let the pausing time obey a heavy-tailed distribution without the mean.
As an example of such distribution on [0, c0), let ) be the one-sided stable

distribution of exponent 1/2 :

1 — — x
(z) = N 32671 1 ooy (),

with characteristic function

p(£) = e~ VIEl (—isien(©) ¢ R

Theorem 2

The continuous time random walk (Xgn))SZO with distribution at time s = 0:

MM AN =P(XM =)), AeY,
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Assume
e the sequence of initial distributions {(Yn,Mén))}neN has concentration
property at wg € D

e pausing time obeys the one-sided stable distribution of exponent 1/2.

Then

for macroscopic time ¢ > 0 and microscopic time s = ta(n)

1. ifa(n)/n* — 0asn — oo, {(Y,, Mfg()n))}neN inherits concentration
property, however, at w; = wy

2. if a(n)/n? — oo as n — oo, {(Yth(g()n))}neN inherits concentra-
tion property, however, at w; = {2

3. if a(n) = n?, {(Y,, Mt%))}nEN inherits concentration property if and

only if wy = 2

(essentially no propagation of concentration property)
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As an essential step of computation

o K, om [ Mi(myym)] (M}, : kth moment )

{My} : moment sequence <= {Rj} : free cumulant sequence

{Rri1(my)} <— {X?k,w—k)} Kerov polynomial

(Xz\k,ln—k))/\e\Yn . eigenvector of transition matrix P(") of Res-Ind chain
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