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Part I: Review of quantum
estimation theory

! Motivation

o Part II (Allegro assai): Review of local
QSjMFEOELC uormad.i.&v

Plan of talk

{o Part I (Allegro moderato): Review of

quan&um estimakion Eheorj

o Part III (Allegro ma non troppo): Local
asvm’p&o&ic normatt&-j in the quah&u.m dowmain

Classical eskimation

o Stakistical model:

P dPg
{Pe}oegcRd on (ﬂ,g:, ;1,) 9—}” {pe == —}
dp I=C)

o Fisher information makbrix:
Jij := Ep, [(9; log pe)(0; log pe)]
o Cramér-Rao inequality:

Vp,[0] > J~1




Quantum esktimakion

1) Quankum stakistical model
8 = {po(>0): = (6%...,0%) € ® C R}

2) Symmetric Logarithmic Derivative (SLD):

an e-repr. of tangent vector that corresponds

to the following op. mon. func.

2t
ft) = 1+t

4) SLD Cramér-Rao inequaliby:
Voo M= (T)
with equality if SLDs commute
and M the simultaneous spectral measure
§) It is thus customary to swikch the target to
mNi[n tr WV, [M]

given a weight matrix W > 0

Since

L 2(L,/R 2
K-~ T (ﬂ?p) :Lglljf(i//ﬂz)) T L, +R
p p/Np p p

the e-representation Kp,,(dips) =: L; satisfies

1
Oipo = E(PeLi + Lipe)

3) SLD Fisher information makrix J; = [(J3)i;]

(J§5)i; = Re(Tr poL;L;)

&) Holevo bound

tr WV, [M] > Cgl(ps, W)
where

Coo(po; W) := min{tr WV : V > [Trpo, B;Bi,
ReTr ngLjBi = (513}
with V a real symmetric makrix and

Bi,..., By selfadjoint operators




Example: qu,bi,& eskimakion

Qubit state model:
1
S = {P(m,y,z) = 5(I + xo, + yo, + Zon ) x? + y2 + 2= 1}

Hayashi-Grill-Massar bound:

2
mNiIntrW Vo(M) = CECM(pg, W) := (tr\/(J(;g)—l/2 w (Jég)_l/z)

When W := Jég

CHOM(pg,J5) =9 while CH(ps,J5) =3+ 29|

Part 1I: Review of local
as:jmp&c:»&t narmaté&j

separable collective

Po @ po ® -+ ® po PoRpPe® -+ ® po

T | Motivation et

My @M2® -+ @ M,

® Suppose we have h copies of a quantum system
each in the same state

o We are allowed ko use “collective” measurement
o What is the best we can do as n — o0

o We study this Probiem by extending the theory
of LAN to the quantum czomain

Local As:jmp&u&a: Normati&v

A sequence {P{™ : 6 € ® C R} of models
is called LAN ot 6, c © if
dP(’n)

8o+h/v/n N
0 NGRS 1
dPé:) i 2 i+ Opeo( )




NB, Given P and Q, let
Q=Q*+Q" (Q*<P @ 1P
be the Lebesgue decomposition. Then

anC

aQ .. _
— (W)= — ()

Similarity to Gaussian shift
model

LAN 5
dpP)" : 1l
log — 2LV — piAM — ZhindJi; + 0p,, (1)
dPy! 2

CGraussion shift model

dN (Jh,J)

log
dN(0,J)

3 Thpsrs e
(X15--+, Xa) = h'X; — _hihi Ty

Prototype of LAN: py” =p§"

Poosn/vm
log L’Z\/_(XD...,XTL)

®
Dg,

s B L C 1" TRl 1
=h{— N 51 Xi) b= hEpIe = ,0; 1 0.5 =
{ﬁg:l og Pa, ( k)} : { nE 9;0; log pa, ( k)}+0(n)

k=1

A ey

where

Jij +OP90 (1)

Rn

A™ 2 N(0,T)

with J being the Fisher information matrix

Le Cam's Ehird lemama

Radon-Nikodym theorem:

)

QKLP — dQ=—dP

dP

Counterpart in weak convergence:

then x (™)

Q(n)

a2

(n) ()
) 5h(x,v)

L, where L(B):= E[15(X)V]




Le Cam's Ehird lemima
(Gaussian version)
Theorem

1

X®) pn)
dQ(n) ~ N
log i

then ( Q™ < P™ and )

(n)
X BN

AsvaEOELC Qapresem&a&ou
Theorem

Assume that
1) {P{™ : 6 ® CR?} is LAN at 6y € ©
2) Seq. of statistics T™ on B, - is weakly
convergent for each h (ie. T™ L3,y
Then there exists a sktakistic T on N(Jh,J) s.t.

h
T™ % T T =T(A, Z) (A~ N(Jh,J))

for all h

Third lemwmwa under LAN

Suppose

(n)
dP il
6o-+h/+/1 i A () oiis
o R A SR YR D
T O i
X () 0 > T
(N"’) R <<0> ’ (TT C_f)

Then ~ The moral:

X™.% N(rh,X) A LAN wodel is locall
as"vmpgoﬁcau similar to
Goaussian shift model

AM™ L N(JTh,J)

Park I1I: LAN i the quan&u,m domain

[ Annals of Statistics, 41, 2197-2217 (2013) ]
[ Bernoulli, 26, 2108-2142 (2020) ]
[ arXiv: 2209.00%32 ]




History of quantum LAN

* Grubta and Kahi (2006, 2009)

lim sup ||o) — L™ (p®" )H =)
1

N300 he Kn) fo-Tilge T R v

. ﬁohdéger&%:v
. o ol i \egerac
dm, otp A el vl =8
Lahiry and Nussbaum (2021)
. T
- Gruba and Jencova's (007) C‘?a'::\%:f‘
_ Nikodym?

A breakthrough :
quantum info. geometry

SLD repr. L5 : T,8(H) — Lp(F) : dp = ;(Lsp—l— pL?®)
TeLe[paraLLeL Eranslation:
() : TIS(H) — TLS(H)
LS(Xp) b, LS(XP)_(TI'ULS(XP))I

e-connection: (e

Difficulties in extending
LAN bko the quqm&um domain

LAN: log % = WA — Wi + op,, (1)
(A(") i"N(o,J))
What are the quantum counterparts of
1) Radon-Nikodym density?
2) infinitesimal in probability?
3) weal convergence?

SLD geodesic

po = e3OF—w(O)] ; (3[OF—()]

Nice Propeﬁ:ies:

1) quantum Cramér-Rao lower bound is
uniformly achievable

2) can be extended to non-faithful states




Mubual absolute continuity

[ Annals of Statistics, 41, 2197-2217 (2013) ]
Quantum states p, o € S(H) are said to be

mubtually absolutely continuous, p ~ o in

symbols, if there is a selfadjoint operator
L :=L(o|p) that satisfies

1
oc=e2®pe

W e
L = log(a/p)

Singularity & a.c.

[ Bernoulli, 26, 2108-2142 (2020) ]

1) pis singular to o, p Lo in svmbo{,s, E;f
supp p L suppo

2) P is absolutely continuous to o, p<Ko

in symbols, if there is an R(>0) st
p=RoR

Exam F:»Les

1) Faithful states p, o are mutually a.c., and
e3’t(alp) — U#p_l (: Vp ! /\/50.\/5 /p—1>
R) Pure states p=1£) (¢ and o= |n)(n| are
mutually ac. if and only if
(&lm) # 0

Quantum Lebesque
decomposition

Theorem. Given qu.an&um skakes p, o € §(H),
there is a uhique dacomposi,&éow
oc=RpR+ T (>0, 7207 1D

(:: o ¢ _’_O,L)




In ‘FO\CE, LQ.E H=H,DPH; D H; M(:Hf\
supp (UJ supp p)a f]{3 := ker P

T, *
(a’Jsuppp.— L, o Lp)

Hy:=ker(a|suppp)s J2 :=
and lekt

p:

Then

0
o= [0
0

0
UJ‘: 0
0

Olsupp p

1 0
a

Difficulties in extending
LAN to the quanﬁ:um domain

(n)
dP e
LAN: log lei(’:{f =A™ — h’thij + op,, (1)

6o

(A(") @N(O, J))

What are the quantum counterparts of
1) Radon-Nikodym density = done
2) infinitesimal in probability?
3) weak convergence?

Quankum Likelihood rabio

The positive operator R that satisfies

oc=RpR+ T (R=20, 7.>0r | p)

is called the sq_u.ome—roo& Likelithood ratio,

and is dencted as
- This ist our solution i:o il
 the Probtem of fmdms |

R(o
( |p) the uoncommu&ahve
Iiadoh—mkodvm o\ans*;ﬁ

L e L

Infinitesimal observables

A sequence 0™ of observables is called

. A
o infinitesimal in L?w.rt. p(™ if lim Trp™0O™" =0

o infinitesimal in distribution wark (2, p™) if
Hef etz<">}

t=1

n—roo

lim Tr p™ {H eV~ (€tZ(")+mO(">)} = lim Trp™ {
n— 00

They are denoted as
O™ = o0.2(p(™) * andivsomlti, (Z<n),p(n)>

t=1




Quantum weak convergence

p™ : state, x™ = (X§"’,...,X§")) : obs. o H™

¢ : skabke, x0 = (X}”),...,X;‘”)) : obs. on 3=
We say (X™,p™) « (X(°°),¢> U

b s
lim Tr p(™ (H ev—lﬁiX§"’> = <H ex/_—lsz‘X§°°)>

n—oco
d=1 =11

NB., noncommutbative Lévu-Cramér continuik
theorem holds (Jaksic ek al., 2010)

Quankum LAN

We say 8™ ={{V: 6 €0 CRr?}is g-LAN ot 6 € O if
B = R0k vmlps) s expanded in h as
n n 2 i n 1 i1 n i n n
log (R +lozalpgy)) = RAM —  (Ji;h'hd) I + op (WAL, g

where (n)
A™ [E81(N (0, )

Sandwiched weak convergence

1
4
lim Tr p(™eV=ImY™ {H RVES 135 436 } PRVES UM a5

n—oo
=il

(5
=¢ (e\/:TmY<°°) {H eV I XH } e¢——1nzy<°°>>
=1

we denote

<Y(n)’X(n),Y<n)> 9 <Y(°°),X(°°)’Y(°°)>
p™) ¢

q/x‘:mhfjbrid Craussian skate

A stake @ on a CCR(S) with
oVTIE X oV TINX; . V/TTET S /=T (6+m) X V’_.zz‘*z[x“x

Heisenberq:

is called a q/c-—k:;brici Graussian stakbe,

¢ N@ n symbols,

q/)(e\/—_lSiXi) — VI — 3£V

where ;
" Noncomvmutbative

= « N Bl
| Fishen information

J:=V4++/=1S>0—




Quankum ccn&igui&v

Lek o™, 0™ € 8(H™) and let R™ := R(a(")' p(n)>
We say o™ is contiquous to p(™)
in symbols, i

() lim Trp™R™* =1

n—oo

) L g ()

i) there is a sequence 0™ =op:(p™) s.k.
e o
B™ = R™ 4+ 0™ >0 and R™ is VI, tLe.

i 8] P
(Ve > 0)(3IM > 0) |sup Tr p™R™ (I—]lM(R( ))) <€}
n

Quantum Le Cam Ehird lemma

(9-Gaussian version)
X (n) (™ N Y K D
I‘F (10g(R(n) (o2 | é(n)> s, ((—s 2 (m* s )
(where 0™ = 072(p™) sb. R™ + 0™ >0 and 0™ = op(log(R™ + O(")),p("))>

then ( o™ dom p™ and )

o™
X™ %7 N(p+ Re(k), )

Quanbtum Le Cam Ehird lemma

If o™ <ow o™, and R™ =R (o™ ‘p(”)) enjoys

<R(") +0m™, x(™ RO 4 o<">> o <R<oo), X, R(oo>>

P ¢
Then This gives o comPLe!:e :
(X(n)’(,(n)) o (X(w),¢> ' characterization of an
alkerative stabe Ui
where Eennas of the refarauce

ol (c0) (o0) s&o&e‘#d) ‘and the LLML&LV\Q
vides (R iy ) N LLkeLLhood TO&LON;F 2

Third lemma under q-‘LAN

Suppose s = {p§V:6c0CRY s 9-LAN ot 6, € ® and

SRR (OREN)

o)
60+h/vm
A

Then

X i he' moral:

,ﬁ‘

N((ReT)h,X) A q—LAaN model is LocaLL:j
asym (:o(:-.cau similar to

g=Gaussiain shx.fk mode.L

S A




{As§mp&0&ic q-—(?;epr. Theorem}

[ arXiv: 2209,00%32 ] (X"’)) zé’s)N<(0> (f §>)

Assume that A K

1) {p,(,")} is 9-LAN and [D-extendible ok 6,

) Seq. of POVMs M™ = {M™(B)}pens ehjovs

(n) (n) b
Trpy, a ! =Ct

Then IM©) = {M()(B)}pecsn@r:) on CCR(ImX) s.k.
®n(M()(B)) = Ln(B)  (Vh)
where ¢, ~ N((ReT)h,X)

Sum mary

Quantum information geometry naturally led us to the
quantum Lebesque decomposition

With additional notions (such as quantum wealk convergence
and guantum covd:i.gui.l:j), we derived quantum LeCam third
lemma and QSjmlo&oEic quc\h&um represen&a&ioh theorem

They establish solid foundations of the theory of quantum
local asymplotic hormality, Frovidihg a Powarful tool to
cope m&?\ asymptotics in the quantum domain

Appti,«:aﬁicms

asymptotic quantum representation theorem
converts a statistical problem for the local
parameter h into ancther onhe for the Limiting
g-Graussian shift model

asymptotic representation bound be-johd iid

asymptotic reqularity and asymptotic minimax
theorems thak excl.uje quantum superefficiency

“Thank you for your attention”

- Alio Fujiwara




