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Plan of talk
Part I (Allegro moderato): Review of 
quantum estimation theory


Part II (Allegro assai): Review of local 
asymptotic normality 


Part III (Allegro ma non troppo): Local 
asymptotic normality in the quantum domain       

Motivation
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Part I: Review of quantum 
estimation theory
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Classical estimation
Statistical model:


Fisher information matrix:


Cramér-Rao inequality:

<latexit sha1_base64="ebWrbf4Xdzd65/tOzRHFwQjapKU="></latexit>

Jij := EP✓ [(@i log p✓)(@j log p✓)]

<latexit sha1_base64="R1yx7JMVFoVrJ9Um4s+iC6u6YYI="></latexit>

VP✓ [✓̂] � J�1

<latexit sha1_base64="1yxWC2WySW+sFVOjx6cGeLMOvAc="></latexit>

{P✓}✓2⇥⇢Rd on (⌦,F, µ)
P✓⌧µ�!

⇢
p✓ :=

dP✓

dµ

�

✓2⇥
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Quantum estimation

1) Quantum statistical model

an e-repr. of tangent vector that corresponds 
to the following op. mon. func. 

2) Symmetric Logarithmic Derivative (SLD):

<latexit sha1_base64="L5a1ZrmZCdpUKZn8hZZgS2qyTOU="></latexit>

f(t) =
2t

1 + t

<latexit sha1_base64="gAhQ4NtL4oLdlVBTQsKGEiQ+FTc="></latexit>

S = {⇢✓(> 0) : ✓ = (✓1, . . . , ✓d) 2 ⇥ ⇢ Rd}
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3) SLD Fisher information matrix

Since
<latexit sha1_base64="joCcM/ZhFQv00oAP3S/uwO7IdBI="></latexit>

K⇢ = L�1
⇢ f

✓L⇢

R⇢

◆
= L�1

⇢

2(L⇢/R⇢)

1 + (L⇢/R⇢)
=

2

L⇢ + R⇢

the e-representation satisfies
<latexit sha1_base64="2jCi+o8trApSZan74LmBxvhysmI="></latexit>

K⇢✓(@i⇢✓) =: Li

<latexit sha1_base64="3v/6TDca92cDeVmm6BhpmA1nXRk="></latexit>

JS
✓ = [(JS

✓ )ij]

<latexit sha1_base64="C+aigTp8F6sMBYBIMDhewnV4RZs="></latexit>

(JS
✓ )ij = Re(Tr ⇢✓LjLi)

<latexit sha1_base64="WqmFB4uQLWNEPIxpUtGmmCQYn/g="></latexit>

@i⇢✓ =
1

2
(⇢✓Li + Li⇢✓)
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4) SLD Cramér-Rao inequality:

with equality iff SLDs commute

5) It is thus customary to switch the target to

and M the simultaneous spectral measure

given a weight matrix

<latexit sha1_base64="MTe2LOFcBY+LetPNobiLcwZETlo="></latexit>

V⇢✓ [M ] � (JS
✓ )�1

<latexit sha1_base64="/VubKw5zQMwgvFBp9QRUPzJ0HXM="></latexit>

min
M

trWV⇢✓ [M ]
<latexit sha1_base64="8Y5JxWCUGJ65GSmgt71ScRPZSe0="></latexit>

W > 0
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6) Holevo bound

where

with V a real symmetric matrix and

selfadjoint operatorsB1, . . . , Bd

<latexit sha1_base64="3gzVzdP8zLAeBfokdbfLIgRg5Ac="></latexit>

trWV⇢✓0
[M ] � CH

✓0
(⇢✓,W )

<latexit sha1_base64="AugV0dytLno8Fc6ejxXyStS5ViY="></latexit>

CH

✓0
(⇢✓,W ) := min

V,B
{trWV : V � [Tr⇢✓0BjBi],

<latexit sha1_base64="yTrLkr057lcAipFGL6W3lXf8gn4="></latexit>

ReTr ⇢✓0LjBi = �ij}
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Example: qubit estimation
Qubit state model:

Hayashi-Gill-Massar bound:

When

while

<latexit sha1_base64="mkivBx0cSEz52DCS5h4SrAxPVHk="></latexit>

S =

⇢
⇢(x,y,z) =

1

2
(I + x�x + y�y + z�z) : x2 + y2 + z2 < 1

�

<latexit sha1_base64="j8nmG4hnnMSKU5StJzfffnQPDho="></latexit>

min
M

trW V✓(M) = CHGM

✓ (⇢✓,W ) :=

✓
tr
q

(JS
✓ )�1/2 W (JS

✓ )�1/2

◆2

<latexit sha1_base64="HW7IgntXqModPPb0FPpaPw9a/60="></latexit>

W := JS
✓

<latexit sha1_base64="OKNn5Wq4GpjG0cRJZn2BGTxa4iM="></latexit>

CHGM

✓ (⇢✓, J
S
✓ ) = 9

<latexit sha1_base64="D21FXkGImWSIF18NUKVNsTpP5uc="></latexit>

CH

✓ (⇢✓, J
S
✓ ) = 3 + 2k✓k
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Motivation
Suppose we have n copies of a quantum system 
each in the same state


We are allowed to use “collective” measurement


What is the best we can do as n ➝ ∞


We study this problem by extending the theory 
of LAN to the quantum domain

separable collective
<latexit sha1_base64="qcbfaD5PNqnN60Z1LMejWShCyTg="></latexit>

⇢✓ ⌦ ⇢✓ ⌦ · · · ⌦ ⇢✓

" " "
M1 ⌦M2 ⌦ · · · ⌦Mn

<latexit sha1_base64="eH1ZnSy6GtXyWkvHXXvKaFyqa6o="></latexit>

⇢✓ ⌦ ⇢✓ ⌦ · · · ⌦ ⇢✓| {z }
M(n)
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Part II: Review of local 
asymptotic normality
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Local Asymptotic Normality

is called LAN at

where

A sequence

if

of models
<latexit sha1_base64="LfCivAXyaL49GJQaZWoJAd/rqqE="></latexit>

✓0 2 ⇥

<latexit sha1_base64="elwO6x2DsSwDgbQAMyKIGcMYhxU="></latexit>

{P (n)
✓ : ✓ 2 ⇥ ⇢ Rd}

<latexit sha1_base64="cQ4jv8oxF1CZQtiH3IngrLjwJ30="></latexit>

log
dP (n)

✓0+h/
p

n

dP (n)
✓0

= hi�(n)
i �

1

2
hihjJij + op✓0

(1)

<latexit sha1_base64="KwFbhUICsadZYyLUhFkG1H9dfFI="></latexit>

�(n)
P

(n)
✓0 N(0, J)
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NB.  Given , letand

be the Lebesgue decomposition. Then

<latexit sha1_base64="ec4rK4SzTF6WGiFbXsON+4IPSxU="></latexit>

P
<latexit sha1_base64="HFJXswgxwGbcOjfo4Hc8O+B3q80="></latexit>

Q
<latexit sha1_base64="WvPhvSXZ/mqkr7OHclnvPbhd+0c="></latexit>

Q = Qac + Q? (Qac ⌧ P, Q? ? P )

<latexit sha1_base64="2sAVQA7ig2PWvIohhDLC8En03k0="></latexit>

dQ

dP
(!) :=

dQac

dP
(!)

<latexit sha1_base64="SALoy8edG1W3OlDpEN3lbv4ymy4="></latexit>

=
qac(!)

p(!)
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Prototype of LAN: 

where

with J being the Fisher information matrix

<latexit sha1_base64="zfBYU8OKnEJ3lyWyYCnwdb24u8o="></latexit>

p(n)
✓ = p⌦n

✓
<latexit sha1_base64="psL99hZaXv0p0NldOqrj6PEqx9M="></latexit>

log
p⌦n
✓0+h/

p
n

p⌦n
✓0

(X1, . . . , Xn)

<latexit sha1_base64="asaVDYwO5kVnNKnwoSkxrmWRFhQ="></latexit>

= hi

(
1

p
n

nX

k=1

@i log p✓0(Xk)

)

| {z }
�

(n)
i (X1,...,Xn)

�
1

2
hihj

(
�

1

n

nX

k=1

@i@j log p✓0(Xk)

)

| {z }
Jij+op✓0

(1)

+o(
1

n
)

<latexit sha1_base64="gdwdZ26JPN1MfgCRd3sxgu/aP8M="></latexit>

�(n)
p⌦n
✓0 N(0, J)
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Similarity to Gaussian shift 
model

Gaussian shift model

LAN

<latexit sha1_base64="jSn3F+rXnVgIJiHud12uoKjKdSM="></latexit>

log
dN(Jh, J)

dN(0, J)
(X1, . . . , Xd) = hiXj �

1

2
hihjJij

<latexit sha1_base64="cQ4jv8oxF1CZQtiH3IngrLjwJ30="></latexit>

log
dP (n)

✓0+h/
p

n

dP (n)
✓0

= hi�(n)
i �

1

2
hihjJij + op✓0

(1)
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Le Cam's third lemma

If

then , where

and

Counterpart in weak convergence:

<latexit sha1_base64="gc9Uk0OdXMFp5u4+txtTl1DWsYo="></latexit>

Q ⌧ P =) dQ =
dQ

dP
dP

Radon-Nikodym theorem:

<latexit sha1_base64="UIwdcS2FnItPkwzqnAVTFXfBqMs="></latexit>

Q(n) C P (n)

<latexit sha1_base64="1TsSHzIvioehcN0+GTY2l6RcrLQ="></latexit> 
X(n),

dQ(n)

dP (n)

!
P (n)

 (X,V )

<latexit sha1_base64="ygiJcXzLGyj0cknYLNErwvVLqaA="></latexit>

X(n) Q(n)

 L
<latexit sha1_base64="9HjzdVKiIDjVDf3Z3vjfBZAJsko="></latexit>

L(B) := E[1B(X)V ]
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Le Cam's third lemma

Theorem

If

then (

(Gaussian version)

and )

<latexit sha1_base64="lATpRz5ToyCVI8yYxuALz5Gvs94="></latexit> 
X(n)

log dQ(n)

dP (n)

!
P (n)

 N

✓✓
0

�1
2
�2

◆
,

✓
⌃ ⌧
⌧> �2

◆◆

<latexit sha1_base64="b1GSJI+6eRyCLA91loTsUNRYS14="></latexit>

X(n) Q(n)

 N(⌧,⌃)

<latexit sha1_base64="ISVdZlHl1C2kPndTVVD+T/sRj2c="></latexit>

Q(n) C P (n)
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Third lemma under LAN
Suppose

and

Then

<latexit sha1_base64="cQ4jv8oxF1CZQtiH3IngrLjwJ30="></latexit>

log
dP (n)

✓0+h/
p

n

dP (n)
✓0

= hi�(n)
i �

1

2
hihjJij + op✓0

(1)

The moral: 
A LAN model is locally 
asymptotically similar to 
Gaussian shift model

<latexit sha1_base64="Ig+wBqoBEGtagUMpq0cSYuJvUBM="></latexit>

X(n) h N(⌧h,⌃)

<latexit sha1_base64="/FUccybqkmUC745zMCTL4cvRNgI="></latexit>✓
X(n)

�(n)

◆
0 N

✓✓
0
0

◆
,

✓
⌃ ⌧
⌧> J

◆◆

<latexit sha1_base64="38z5TsUktOhGXtz/34ZRsXOu2ck="></latexit>

�(n) h N(Jh, J)

18

Asymptotic Representation 
Theorem

Assume that
<latexit sha1_base64="elwO6x2DsSwDgbQAMyKIGcMYhxU="></latexit>

{P (n)
✓ : ✓ 2 ⇥ ⇢ Rd} is LAN at

<latexit sha1_base64="6uJW6Ly1PqwK6duPdF6PWEtGPWo="></latexit>

✓0 2 ⇥
<latexit sha1_base64="sX+rsJsI0NCIGaz1mby6ztkuQdA="></latexit>

T (n)
<latexit sha1_base64="2ZNFX4rIAAN8KuuEN2tAPIEhX6A="></latexit>

P (n)

✓0+h/
p

n

<latexit sha1_base64="1MNVmIA3Xk63wCYjanhrDht0b4s="></latexit>

T
<latexit sha1_base64="02PHBgvMXYLIap5Nw7tTD0qMSqg="></latexit>

N(Jh, J)

<latexit sha1_base64="6ukiuOMQkmxMEBmrMPGnoY7hkT8="></latexit>

h
<latexit sha1_base64="odz6Jcn0w+x5rSUB3rtsjLz74vg="></latexit>

T (n) h 9Lh

1) 

2) onSeq. of statistics is weakly

convergent for each

Then there exists a statistic

(i.e. )

for all
<latexit sha1_base64="6ukiuOMQkmxMEBmrMPGnoY7hkT8="></latexit>

h

on s.t.
<latexit sha1_base64="0X3dgOPnQJA1INmTM7tOQq+Oc3Q="></latexit>

T (n) h T <latexit sha1_base64="uu0w0Ik32kRtfzO6rDa23ib0KcU="></latexit>

T = T (�, Z) (� ⇠ N(Jh, J))
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Part III: LAN in the quantum domain


【 Bernoulli, 26, 2105-2142 (2020) 】
【 Annals of Statistics, 41, 2197-2217 (2013) 】

【 arXiv: 2209.00832 】
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History of quantum LAN

・nondegeracy
・iid
Drawbacks

・Guta and Kahn (2006, 2009)

・Guta and Jencova's (2007) Quantum 
Radon-

Nikodym?

<latexit sha1_base64="loywHuuiy5ZtCrIbIqysEtGOF/w="></latexit>

lim
n!1

sup
h2K(n)

����h � �(n)(⇢⌦n
✓0+h/

p
n
)
���
1
= 0

<latexit sha1_base64="JB4cpdDzgZ7xtYyW0x2vXDy0DG0="></latexit>

lim
n!1

sup
h2K(n)

���⇤(n)(�h) � ⇢⌦n
✓0+h/

p
n

���
1
= 0

Lahiry and Nussbaum (2021)
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Difficulties in extending 
LAN to the quantum domain

LAN:

What are the quantum counterparts of
1) Radon-Nikodym density?
2) infinitesimal in probability?
3) weak convergence?

<latexit sha1_base64="efJPgbpN2UWHt0pcTtlwcjfe32o="></latexit>

log
dP (n)

✓0+h/
p

n

dP (n)
✓0

= hi�(n)
i �

1

2
hihjJij + oP✓0

(1)
<latexit sha1_base64="mF7TXFnEWiY9MU7gcA1S5TmQlqA="></latexit>⇣
�(n) ✓0 N(0, J)

⌘
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A breakthrough :  
quantum info. geometry

SLD repr.:

Teleparallel translation:

e-connection:

<latexit sha1_base64="tslje4OgBA+HAVLufQu+GjxMC6E="></latexit>

LS : T⇢S(H) �! Lh(H) : d⇢ =
1

2
(LS⇢ + ⇢LS)

<latexit sha1_base64="57Acvqu2ppCL4OjmYwHvKrP6x6E="></latexit>

⇧(e) : T (e)
⇢ S(H) �! T (e)

� S(H)
<latexit sha1_base64="0/Gb8pP1xy6xhUL4zc7vnLb2HJg="></latexit>

LS(X⇢) 7�! LS(X⇢) � (Tr�LS(X⇢))I
<latexit sha1_base64="tQerKFzYcI5vnDBsUTuCvguA3B4="></latexit>

r(e)
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SLD geodesic

Nice properties:

1) quantum Cramér-Rao lower bound is 
uniformly achievable

2) can be extended to non-faithful states

<latexit sha1_base64="DYfnfdEN2U+8crDGnS/0ivgvwps="></latexit>

⇢✓ = e
1
2 [✓F� (✓)] ⇢0 e

1
2 [✓F� (✓)]
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Mutual absolute continuity

Quantum states are said to be

mutually absolutely continuous, 

symbols, if there is a selfadjoint operator

that satisfies

in

<latexit sha1_base64="Ghrb0MeG4QofCum9Y6En+98aekk="></latexit>

⇢, � 2 S(H)

<latexit sha1_base64="vnXPruhRLhhpO5V8xF6Hjyc8XwY="></latexit>⇢ ⇠ �

<latexit sha1_base64="zXgk/JBhUXT3XmWOM0aaMh7YH7w="></latexit>

L := L(�|⇢)
<latexit sha1_base64="oHvv+sUPnew9lMJhp2Ua76jaQkw="></latexit>

� = e
1
2L ⇢ e

1
2L <latexit sha1_base64="IkRLKloKSLJOLNzgmeTw6TOempM="></latexit>

L = log(�/⇢)

【 Annals of Statistics, 41, 2197-2217 (2013) 】
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Examples

1) Faithful states are mutually a.c., and

2) Pure states and
mutually a.c. if and only if

<latexit sha1_base64="aOn4woff4S/zKpg1FycdAkHjUGs="></latexit>

e
1
2L(�|⇢) = �# ⇢�1

✓
=

p
⇢�1

qp
⇢�

p
⇢
p

⇢�1

◆
<latexit sha1_base64="tbPNBX3qpJmRgKLfwde/IFffZXI="></latexit>⇢, �

<latexit sha1_base64="tr0J0DY1YSVZMRunYe+A57/1K1E="></latexit>

⇢ = |⇠ih⇠|
<latexit sha1_base64="kU6z59wFwJxDFI/LnOHuSOY4mo8="></latexit>

� = |⌘ih⌘| are

<latexit sha1_base64="NPV+41lKfmiRLcZg9lDAeZbMv34="></latexit>

h⇠|⌘i 6= 0
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Singularity & a.c.

 2)    is absolutely continuous to   ,               

in symbols, if there is an 

 1)    is singular to   ,               in symbols, if 
<latexit sha1_base64="KfohjlvCdCE9kbC8Yo3GeCf7Bzw="></latexit>⇢ <latexit sha1_base64="pbCQehYtiIbAO98NAFwsjkRW2QM="></latexit>�

<latexit sha1_base64="Bklkcz/9shnrs928d+NA5BRfQm8="></latexit>

⇢ ? �
<latexit sha1_base64="nwEyL3p6RfS4SDh7URRopCAwpJE="></latexit>

supp ⇢ ? supp�

<latexit sha1_base64="KfohjlvCdCE9kbC8Yo3GeCf7Bzw="></latexit>⇢ <latexit sha1_base64="pbCQehYtiIbAO98NAFwsjkRW2QM="></latexit>�
<latexit sha1_base64="9HHXr+iX8S7BM1eo6DPli5tDOJ0="></latexit>

⇢ ⌧ �
<latexit sha1_base64="PI9IVCRSZd3DDmp935qQ4Nfhu3w="></latexit>

R (� 0) s.t.
<latexit sha1_base64="vkGtEbzop3phehrQGYHBiohsmY8="></latexit>

⇢ = R�R

【 Bernoulli, 26, 2105-2142 (2020) 】
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Quantum Lebesgue 
decomposition

Theorem. Given quantum states

there is a unique decomposition:

<latexit sha1_base64="BkvenwzJrdXaViRAsa4e26UlJfM="></latexit>

⇢, � 2 S(H),

<latexit sha1_base64="UXij0yRwOkSt7s4QNivqtAQdUOQ="></latexit>

� = R⇢R + ⌧ (R � 0, ⌧ � 0, ⌧ ? ⇢)
<latexit sha1_base64="iE5c9GtneSC+yvlVaTRwuLd64eA="></latexit>�
=: �ac + �?�
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In fact, let with

and let

Then

<latexit sha1_base64="wHnSPcBg9OMAyyuaLdWMf6N8Wm8="></latexit>

H = H1 � H2 � H3

<latexit sha1_base64="WTwj4ulNhqe9DCM6kEaFDADtzug="></latexit>

H1 := ker (�⇡supp ⇢), H2 := supp (�⇡supp ⇢), H3 := ker ⇢
<latexit sha1_base64="Rr/95Dt0EYKuRTmv/LYYJUGvqrc="></latexit>⇣
�⇡supp ⇢:= ◆⇤⇢ � ◆⇢

⌘

<latexit sha1_base64="Dt8Pzs98wDM3/GQBzxazxln7rH0="></latexit>

⇢ =

0

@
⇢2 ⇢1 0
⇢⇤
1 ⇢0 0
0 0 0

1

A , � =

0

@
0 0 0
0 �0 ↵
0 ↵⇤ �

1

A

<latexit sha1_base64="uGOHRjiVVtnO90AaKF3gGKHh8Pw="></latexit>

�ac =

0

@
0 0 0
0 �0 ↵
0 ↵⇤ ↵⇤��1

0 ↵

1

A

<latexit sha1_base64="i14Yqw4EN2kwTR0r5P8kUyn67II="></latexit>

�? =

0

@
0 0 0
0 0 0
0 0 � � ↵⇤��1

0 ↵

1

A

<latexit sha1_base64="0qca7kTI0VUwQp+J8RY17bFceRo="></latexit>

�⇡supp ⇢

<latexit sha1_base64="wcmHKaCuj7KbEzpAvmWHC7rGFVU="></latexit>

> 0
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Quantum likelihood ratio

The positive operator R that satisfies

is called the square-root likelihood ratio, 

and is denoted as

<latexit sha1_base64="0swqCj/4Ay6/P+q64fZnc2XP5ew="></latexit>

� = R⇢R + ⌧ (R � 0, ⌧ � 0, ⌧ ? ⇢)

<latexit sha1_base64="MTBlio9i0S7EtT69KJifvcuY5Bc="></latexit>

R(�|⇢)
This is our solution to 
the problem of finding 
the noncommutative 

Radon-Nikodym dens.
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Difficulties in extending 
LAN to the quantum domain

LAN:

What are the quantum counterparts of
1) Radon-Nikodym density → done
2) infinitesimal in probability?
3) weak convergence?

<latexit sha1_base64="mF7TXFnEWiY9MU7gcA1S5TmQlqA="></latexit>⇣
�(n) ✓0 N(0, J)

⌘

<latexit sha1_base64="xPzzh2ktY8GWdHYAz+PYBesMtu4="></latexit>

log
dP (n)

✓0+h/
p

n

dP (n)
✓0

= hi�(n)
i �

1

2
hihjJij + oP✓0

(1)
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Infinitesimal observables

infinitesimal in    w.r.t.      if

infinitesimal in distribution w.r.t.             if

A sequence of observables is called

They are denoted as
and

<latexit sha1_base64="Ph9/lMcHNs3Egl6WiiCVJ7QKgDE="></latexit>

O
(n)

<latexit sha1_base64="hQ5J/4y5+LpzlhFynlxAKB8yoo8="></latexit>

L2
<latexit sha1_base64="GZT2OEENoC/WE/fPtp+61xZm1NE="></latexit>

⇢(n)
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Quantum weak convergence
: state, : obs. on
: state, : obs. on

We say if

NB. noncommutative Lévy-Cramér continuity 
theorem holds (Jaksic et al., 2010)
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Sandwiched weak convergence
If

we denote
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Quantum LAN

We say                         is q-LAN at 

where

if

is expanded in h as
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Quantum contiguity
Let and let
We say       is contiguous to     ,      

is UI, i.e.
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Quantum Le Cam third lemma

If , and

Then

where

enjoys

This gives a complete 
characterization of an 
alternative state ψ in 
terms of the reference 
state Φ and the limiting 

likelihood ratio
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Quantum Le Cam third lemma

If

then ( and )

where s.t.

(q-Gaussian version)

and
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Third lemma under q-LAN

Then

Suppose is q-LAN at and

The moral: 
A q-LAN model is locally 
asymptotically similar to 
q-Gaussian shift model
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Asymptotic q-Repr. Theorem
Assume that

is q-LAN and D-extendible at1) 

2) Seq. of POVMs

Then on
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Applications
asymptotic quantum representation theorem 
converts a statistical problem for the local 
parameter h into another one for the limiting 
q-Gaussian shift model


asymptotic representation bound beyond iid


asymptotic regularity and asymptotic minimax 
theorems that exclude quantum superefficiency
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Summary

Quantum information geometry naturally led us to the 
quantum Lebesgue decomposition


With additional notions (such as quantum weak convergence 
and quantum contiguity), we derived quantum LeCam third 
lemma and asymptotic quantum representation theorem


They establish solid foundations of the theory of quantum 
local asymptotic normality, providing a powerful tool to 
cope with asymptotics in the quantum domain
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``Thank you for your attention’’

– Akio Fujiwara
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