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Doubly autoparallel submanifolds
Det. Statistical manifold: (S, g, V, V*)

Xg(Y,Z) =g(VxY,Z) + g(Y,Vx Z)
X,Y and Z :arbitrary vector fieldson S

* (@ : Riemannian metric

* (V,V*) : torsion-free affine connections
RY =0, RV =0 = dually flat

1+ « l -« .
() — > A\ 5 V*: o-connections

* V
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Def. Let(S, g, V, V*) be a statistical manifold and M
be its submanifold. We call M a doubly autoparallel
submanifold in S when the followings hold:

VX, Y e X(M), VyxY € X(M)
i.e. Hy(X,Y)=0
- VXY € X(M), VY € X(M)
ie. Hy,(X,Y)=0
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Important Properties

Proposition The following statements are equivalent:

1) A submanifold M is doubly autoparallel (DA)

2) M is autoparallel w.r.t. the «v-connections
Vi) = {1+ a)V+ (1 -a)V*}/2

for two different o'’s.

3) M is autoparallel w.r.t. all the o -connections.

4) all the o -geodesics connecting two points on M lay in
M (if it is simply connected).

5) M is affinely constrained in both V- and Vv *affine
coordinates if S is dually flat.
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Furthermore, for a parametric statistical model S

If M is DA in S, then o-projections (g-MaxEnt) from p
to M are unique for all o if they exist.

Y
\
M is simultaneously an
V‘%eodesic exp. and mix. family

p(x)

ﬂﬁa’(x) ~ m
~_o-projection =arg min D(O‘)(p, M)

\Vg



Related topics and applications

Symmetric cones

MLE for structured covariance matrices is tractable

(cast to convex program: inversely linear structure)

|Anderson 70, Malley 94]
Explicitly solvable Semi-Definite Programs [O g9]

Structure of a-power means on symmetric cones [O 04]
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Related topics and applications
Probability simplex

Statistical models Markov-isomorphic to the
probability simplex [Nagaoka 17]

Characterization and classification of DA submfds in
prob. simplex via Hadamard algebra [O&Ishi 18]

Learning theory [Mutus&Ay 03]
Miscellaneous

The self-similar (Barenblatt-Pattle) solution for the
porous medium equation [O&Wada 10]

General statistical manifolds
Purely geometric study [Satoh et al. 21]
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Preliminaries (Faraut&Korani 94]

Symmetric cone {) in an Euclidian space E

e Homogeneous
G(Q) = {r € GL(E) | 7(Q) = Q}acts transitively
e self-dual w.r.t. an inner product of E
Q=0 Q' ={yecE]|(x|ly)>0,VxeQ\{0}}

Euclidean Jordan algebra (V, *)

e Commutative

e x?x (xxy)=xx(x*xy), wherex?=xxx

e Associative inner-product (x * y|z) = (y|x * 2)

Prop. Q= in‘[{x2 | x € V}isasymmetric conein V.
rrop. y




Ex. the set of real symmetric p. d. matrices PD(n,R)
V=5Sym(n;R), XY =(XY+YX)/2
¢(X)=GXGY, GeGL(nR)
(X]Y) = tr(XY), theunit: I, the inverse: x !

L(x):V =V, Lx)y=x%*y
Pey LTI L.y
Mutation: rl,y:= P(;pj y)a
isomorphic to %, the unitelement: ¢!
Ex ¥ ¥ (ki Vix
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Preliminaries (Dually flat structure on Q)

Logarithmic characteristic function on

P(x) = log/ e~ %) g,
J o

e positive definite Hessian on £

e x7! = —gradw(x) (grad f(z)[u) = Dy f(z)

Z log z* on RL ., ¢(z) =—logdet X on PD(n)
1=1

n
a coordinate system (x’) x = Z ', :abasisof E

a dual coordinate system (s;) =1

rl=3"" sief, {e}n  :abasisof E with (e'le;) = ~¢"

i}
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D : the canonical flat affine connection on E

1 N\ € : : 0
{(,l? R A T affine coordinate system, i.e., ) P — 0

. . . 9t 07
J : Riemannian metric on £
0%1)

< Qxtox)

1]
D’ : the dual affine connection on £

Xqg(Y,Z)=qg(DxY,Z)+ g(Y,D Z)
[ (9. D, D’) : dually flat structure on € ]

g = Ddiy = dx'dx’ .

12



Pleriminaries and ex. on PD(n)

Dually flat structure on Q [Uohashi&O o04]
Potential: —-log det x,
Ex. -logdet X, (X = Zf\ilx’:Ei)

G5 = (P@ele) | P) = Pleo)

- Ritemanian metric: g. (

0 9 = tr(X 'E;X'E )
SX\oxi” axi | ~ l /

. 0
- ¢-connections: (v(ﬁ ﬁ) = (@=1)(e; Ly ¢€))
X

axt

(a) O a—1 1 1
vV, 6 —| =—(E;X E;+E; X E;
( O(%axj)x 2 ( 4 J J l)

13
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Characterization of DA submfds in Q

Let W be a linear subspace in Jordan algebra (V, * ) and
P =4q*q in ().
Thm. [OIT] The following 1)-3) are equivalent:
1) A Submanifold M = (W + p) N {)is DA, where
WH+p={w+plweW]
2) ForallxinM, u 1,1+ veW, (u,v e W)
3) The subspace P(q)~'W is a Jordan subalgebra.
Rem. (a) 3) isable to be checked at the single point p
(b) M ={(W'+p~H)NnQ}~! with W’ = P(p)~'W
The proof is based on 5) in the Proposition

14



(c) Implication: Classification of DA submflds in
Q reduces to that of Jordan subalgs of (V, * ).
(For V=Sym(n,R) —[Jacobson 87], [Malley 87])

Ex. -Jordan subalgebras in Sym(n,R)
1) fixed eigen vectors, 2) doubly symmetric, etc.
- Two bases {E;}/2, and {F'}", of Sym(n,R)
AﬁzﬂﬂPz&%+§EﬂEbﬂw:mﬂeRW}mﬂxm

1=1

M={P|P'=F°+) sF' 3s=(s;) € R"} NPD(n)

i=1 i
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Appllcatlon(l) Means on Positive Operators

Def. (Axioms of means) [Kubo & Ando 80]

O isa mean on self-conjugate positive operators
i) ASC, BSD = AocB < (oD
.ii) C(AcB)C = (CAC)a(CBC)
oiii) Ap, | A, Bph | B = AnoBn | AcB

where A, | A € (4; > A;41,Vi) & (An — A)

‘wv) Jol =1

16
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a-geodesics on PD(n)
a-geodesic P(s) boundary conds. : P(0)=A, P(1)=B
p(@)() = AL/2 {[(A—l/QBA—1/2)a s+ I}l/a 41/2
a=1 P(s)=A4+s(B—A)

a=0 P(s)= AY?exp(slog A~1/2BA=1/2)41/?
a=-1 Ps)={A" 4 5B - a7}

AaB = P(1/2)
AgB = P(1/2) pP(a)(1/2):a power mean
AhB = P*(1/2)

17
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Means and a-geodesics on PD(n) [0 04]

Thm. Points on a-geodesics for s in [0,1] and a in [-1,1] are

2-param. family of means, i.e.,

Al B = pla)(s) =

In particular, for fixed s in |o, 1]
p(a)(s) > p(ﬁ)(s)’ 1
1>a>p8>-1 AGH ineq. (s=1/2)

Cor. A and B are in a DA submanifold M
 AclYB e M,s€[0,1],a € [-1,1]

18



App.(2) MLE for structured covariance matrices

e Sample covariance S in PD(n,R)

e a zero-mean Gaussian p.d.f. with covariance mtx. X
p(x) = (2m) /2 (det =)~ 1/2 exp{—ZaT = 1a}

e structured covariance mtx. (with linear constraints)
> e M= (Eyg+W)nPD(n,R)
Ex.
* Toeplitz matrices: {1" = (t;;)|t;; = t;i = yji—j|}

® zero-patterns: {y; — (q;.)|oy; = 0, =0, (i,j) € £}
. etc...

19
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MVLE for structured covariance matrices

/ - =

Negative logarithmic likelihood func (up to const.):
/(X)) ;= —logdet=—1 4+ tr(x~15) = min
e Rem Note that —log det is a convex function.

If M is DA (inversely linear structure), then the
minimization problem of ¢(X) (MLE) s.t. e M

is a strictly convex program.

)

Unique solution,

Numerically tractable (optimality eq. is linear)

20
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“App.(3) Convex program
Affine-scaling method and IG

General convex program: Convexset M C R",c € R"

minimize (‘:T:I?,_ s.t.r € M
¥: a good convex barrier func. for M,

1) Y(x) = +oo (x > bd M), 2) h:p.d. Hessian, 3) + «
Gradient flow for Riemannian mfd (M. 1)

dx -
T = i —h(x) e, 2(0) e M ()ff
dt
x(t): affine-scaling trajectory \y
(numerically traced)
Legendre transform = linearized
ov
§=—¢ S$=5=,1t=1,....n, 5:=— lim ct+ s(0)

Oxt’ t——+00 e



Opt.sol.: ¥ = grad?¥™*(5) (inverse Legendre trans.)

Red underlined: needs the explicit form of ¥*
( or solving the nonlinear eq.: § = grad¥(z) )
Idea
W+ is known for a good barrier ¥ = an explicit opt. sol.Z
1) 2: sym. cones = Y(x) = -log det x, Y*(s)=-log det s,
Legendre transform: z — s = 2~
2) M realized by M = (a+W)N{2 is DA in Q
—a) convexity of M, b) linearized traj. belongs to M

1

22



Ex. SemiDefinite Program (SDP)

T

111i111};)11ize (C|P), st. P=Ey+ Z 2'E; € M= (Ey+W)NPD(n)
i=1

If Mis DA in PD(n) and P € M
1. SetF° =P ' F*= _P 'E,F ! then

M={P|P7' =F"+) sF' 3s=(s;) € R"} NPD(n)

1=

e 2. Solve C € span{F'}™ meeting

VP e M, (C|P)=(C|P)+ const.

23



e 3. Spectral decomposition

~ N0, % '

¢=Mn) ( 0 0) (V;) = hnn

° 4. For VP, € M with Sy = Po_l, the opt. sol. Is
P=lim St)"" = lm (=Ct+ Sp)~ ' = Py — B,Vi (V' PyVy)~ W/ R,

t— 00 t— 00

Rem. Independent of the objective function (C|P) and

an initial value Po

24
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Interior point method (IP)

for Conic linear program

Conic linear program -Notation-

Vector space E of dimension n Esx
The dual vector space E* E* > s
<Sj (I‘) : Paring

() : proper open convex cone in E

()" : the dual cone of ()

0" :=A{s € E*|(s,x) > 0,V € Q\{0}}
I'™": (Orthogonal) dual subspaceof 1" C F

T ={se€ E*|(s,z) =0, Ve € T'}

25



Conic Linear Program

Glven

ce E*, fe Fand T C E

* Primal problem

minimize (¢, ), s.t. x € P,
where P := (f+T) N,

(P)

® Dual problem

maximize (s, f), s.t. s € D,

(D)

where D := (¢ +T") N Q"

26
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Typical Examples

Linear program (LP):

—_— x (4 - x
E=FE=R", Q=Q*=R"

Semidefinite program (SDP):

E=E™ : the set of real symmetric matrices

Q) = O : the set of positive definite matrices

Second order cone (Lorentz cone) program (SOCP)

Mixture of the aboves

27
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9-normal barrier on an open convex cone Q
Def. 6-normal barrier ¢ on (2 (e+a)

e A (smooth) convex function y satisfying, at each x in Q,
U(te) = (x) — Jlogt,
(D) (X, X, X)| < 2((Ddi) (X, X))*/?
forv > 1, vt >0and VX € 1.2 = E
* Y(x) = +oo (x = bd Q),

Rem. [Nesterov & Nemirovski 94] (1) Existence for all Q2 (but not
explicit forms), (2) the Hessian is p.d., (3) self-concordance
(=the Newton m%thod is efficient).

Ex. ¢(z) =— Y logz' (LP), <(z)= —logdetX (SDP)
1=1

28
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Dually flat structure on Q (revisiteq)

D : the canonical flat affine connection on E

{1, ... 2"} affine coordinate system, i.e., 8
0 : Riemannian metric on {2 Dy 57 = 0
Ot X
0% o
g = Dd = ———dx'da’.
| — Jx'dxd
i.]

D’ : the dual affine connection on
Xg(V, Z) = g(DxY, Z) + g(Y, D 2)

[ (9. D, D’) : dually flat structure on € ]

25
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Remark

{s1,--+ .58, }:dual coordinate system on E*, s.t.
(s,x) = > si(s)x'(z)

Gradient map: Q — Q(’; /defined by
o)
Ox
induces dually flat structure on Q* from (g, D, D)

S; Ol =

(1) D™ : the canonical flat affine connection on E*
Dy xyu(Y) = (DY) (W*D* = D)

[ D* -autoparallel in Q* <4mmm) D’-autoparallel in Q ]

30
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Remark

(2) Riemannian metric ¢* := D*dy* on QF
g =1*¢*

5 (1(X),Y) = —go (X, )

Hessian norm : We denote the length of Xin7,{) = E by
X[ = 11Z1ls = Vgu (X, X) = Vgi(Z, 2),
where s = () and Z = 1,(X).
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iteration-complexity of IP

One of important computational performance indices
for optimization algorithms is the iteration-complexity.

2:sym.coneand P:= (f+7T) NN is DA

= iteration-complexity=o for (P) (\/(__f;/

General case? Iter.-comp. is characterized by

e Curvature integrals along the central trajectory ~yp

| 183 G (0). 3m )1

t1

e Similarly, for (D) curvature integrals along the dual c. t. YD

to
[ G0, n ()12
l1




Central trajectory 77

c—— . —
 Primal problem: minimize (c, z), s.t. x € P,

- where P := (f+T) N,

~

J

o (1) := yp (1) : the unique minimizer of

minimize t(c, x) + ¥ (z). s.t. x € P.

foreach t > (
* yp = {yp@)|t > 0}:
(Primal) central trajectory
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Central trajectory

Homotopy path to the opt. sol. of the primal problem,
i.e., x(t) converges when t —oo.

Numerically tracing 7P is the standard and efficient
way to solve the primal problem.

Path-following method : ( /%—‘—
Idea: consider the problem in Q* : =
and relate the complexity with _‘\ - -

the curvature L

34



(1)Representation of feasible region
® A linear surj. operator 4 : F — R s.t. KerA =T

P ={x € Q|Ax = b},

D={seQs=c— A"y, yec R"}

where A* : R"™ — FE*satisfying ¢y’ (Ax) = (A*y, z),
b:=Af € R™

o dim P =n-m, dim D =m
e P is D-autoparallel and D is D*-autoparallel
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(2)Homogenization (conic hull)

homogenization of D in Q*

Hom(D) := | JD. 1D :={s € Q*|s = t5. § € D}

t>0

e D*-autoparallel + A

because D is.

e dim Hom(D)=m+1

Homogenization
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Lemma

The following relations hold in Q2*:

L(yp) = (P) " Hom(D)

s(t) = u(z()) = «(P) NtD 2°
Hom(D)>

it

L(z,y) = t{c,x) +(x) +y' (b— Ax) 2452 ;
OL/0x =0 — s€tD <Y

Remark

t(P) and tD are orthogonal (P)
w.r.t. ¢" at s(t) by definition.

37



seometric predictor-corrector
d |g0 rithm (tracing P in Hom(D))

Ideal case

Predictor \D
From s(t) € «(vp) Hom(D)

tosy(t + At) € (t+ At)D
with the direction tangent
to t(7P)
Corrector
Fromsy(t + At) € (t + At)D
to s(t + At) € v(yp)
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Intuitive observation

* H: (Ap(t),yp(t)) :the Euler-Schouten embedding
curvature (second fundamental form) of ¢(yp)with
respect to D*

o If Hn (Ap(t ) is small at ¢, so is expected the

iteration number 1?
A /f

Actually,

[S—ITFS—LH< Hp /73 /7:)
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Remark: practical case

Cannot expect that the corrector returns

recisely on ¢(Vp) 2
- Y ! Homm

Consider the point S
in the neighborhood of
s(t) € v(vp) in the sense

of Riemannian metric

Ni(B) == {s € tD|i(s) < 3}

40
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Predictor

The differential equation expressing ((vp):

1
§=(id =TI )e = (id — T)s

where II1 is the orthogonal projection w.r.t. g .

from £* to T = RangeA” ats.
Note: 111 =0 = ODE for the A-S traj. (up to sign)

Hence, the predictor is defined by
Sp(t+At) =5+ At(I =TI )c € (t+ At)D

41
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Corrector

Reduces to the following convex optimization on tD:

minimize F'(s) := (s, f) +1*(s), s.t. s €D

Newton direction N for this opt. problem:

D*dF(X,N) = —dF(X), VX € X(tD)

e Newton decrement: measure of approximation of s
0(s) := ||V |5
We define the corrector with a single Newton step by:
5;(t+ At) == 50(t+ At) + Ns, (1+an

42



Tubular neighborhood

The standard analysis technique in IP ensures the
polynomiality of the complexity for this path-following
strategy if all the generated points are near to +(Vp).

Introduce the tubular

neighborhood N(3) of t(7p

t€(0,00)

where N (3) := {s € tD|J(s




Curvature integra and asymptotic
iteration-complexity (Main result)

* Assumption: L(yP) is not D*-autoparallel, i.e.,

# — 0 implies that At — 0 (Ifitis?)

ﬁ Theorem \

For0 < t; < ts ands1 € N(B) Nt1D | let ﬁ(SlatQa )
be the iteration number to find sy € N () NtoD. Then,

VB X 4(s1,1t2, )

= 1,

to

\ Ip(ty,ta) = \1f f | Hp (3p(£), A (8) 1 /




Outline of the proof

Evaluate the Newton dec. of the predictor s; (¢ + At)

by [|5(¢)]ls+) (Foreach iteration)

(§ (t + At))

Q*

(t -|— At)D

oSL(t + At)
S (t 4+ At)




Outline of the proof

Intermediate two relations for sufficiently small At and £.
(For each iteration)

e VA= 0B(1-0(/B) < Vo — VM5(5)
<SSO + Vil + VAR (AL
* ZL )12 = Vi - V(A

=
<V + /Msd(5) < VB(1+0(/B))




Outline of the proof

e Take summations of iterations
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Remark

An asymptotic result for 5 — 0 (and hence, At — 0)

e P is DA = i(yp) is DA (D*-autoparallel) = At—oo
= explicit sol.

The same argument holds for the dual problem.

The results are valid for general convex cones

48
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Numerical experiment

e Curvature structure of CT for a certain LP

The number of

(-:B=1/4,4+:8=1/8, x:

30 40

iterations

50

log, (1/t)

_12 I I I I I
0 1 2 3 4 5 6

(The number of iterations)X B

B=1/16,0: 3 =1/32)

49
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e
Curved part is Straight and

~ Straight part is Curved?(1)

Yy

1 Y 2
Figure 7: Iixaple Figure
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Proposition

Lo Vv 20
It holds that || Hp (7. 3p) )1 < ~—

1) : a constant determined by ()

Remark

The above proposition gives the upper bound:

Ip(ty,t2) < VU log(ta/ty)

Bl
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Further study for LP case

Primal and Dual Linear Program:

min c' X

st A¢C b 0 BeER bhe R
max b'y

st = ¢ Ay -0

52
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Application to

Primal-dual path-following (PDPF) method

current main-stream IP  (cheap in each iteration)

The following quantity has been known to play an

important and similar role in complexity analysis of
PDPF method:

.
Ipp(t1,t2) =/t hpp(t)1/2dt
1

where hpp(t) is given by

1
hipp(t) = 5 ((In — Q(t))e) * (Q(t)e).
e: the unit element of Jordan product *

Q(t): a certain projection matrix

53
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Proposition
It holds that

(0 =( 51032l

1 (% ||HD (”;/D(t)j A{'D(ﬂ)”’)@(ﬂ)

Remark :

- geometric implication of the quantity of Ipp(t1,to)

max{Ip(ti,t2), Ip(t1,t2)} < Ipp(t1,t2)

- inequalities
9 < Ip(t1,t2) + Ip(t1,ta).




Concluding Remark

Tractable characterization of DA submfds in
symmetric cones 2

Application to conic linear programs

e Explicit sol. when the feasible region M is DA in (.

o Mis DA = AS (CT) traj. is DA (D*-autoparallel) = At—oo
= explicit sol.

Extension: # of iterations and curvature integral of CT
e Asymptotic analysis (S —0)
« Complemented by numerical experiment for finite 3

e Geometric structure of CT has a influence on complexity
of the IP algorithm

50



e Relation among iteration-complexities of P. D. and PD
algorithm.

e DA submanifolds in a certain submfd in Jordan algebras
|OIT]

Future work: Geometrical study for general stat. mfd.

e Various geometrical concepts for mutually dual
connections and their characterizations (Furuhata et al.)

e Classifications
e Families of continuous probability densities
 Applications (Ex. Study of ODE’s on manifolds?)

56
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Thank you for your attention

References:
|OIT] A. Ohara, H. Ishi and T. Tsuchiya,
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