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1 BETETI

p
EFE 1.1
SHQLEDHBEETIV (FREFENRTAN)IYIETIV)
def

— SHNECE ANTA—Y LT IHERBFERHIKET
S = {p(w;ﬁ) /Qp(w;ﬁ)dw =1,p(z;§) > 0,§ € E C R“}

-
S %z {5;¢h,...,&"} ZRAMERRET HZE (BN >LEFE) &HT.

0.4r

EZE7 FRIPT BEAR R
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- RETETILD SRR E R D T-HDIRE

(0) p(x;€6) >0, Ve € 2, £ € E
(NS A—=—FICEAL THEXRIHDYR— MDZLARW)

(1) 85 A — 9%/ B i R* OB%Ea

(2) £ — p(x; &) RKIFEAETARTD z ISFL T X1
(S EFHBIATEETHDEED)

(3) € — p(x; &) & (EWHAT) C* #&
(4) D EBR DIEFER AT EE

. [ 0 0
15']2_01/8—§ip(:c;£)dw = 8€i/p(:1:;§)d:c
(=21 = o)
aEi

N

S={p(z;§) | § € E} IKHLT
¢: S — R o(p(x;8)) =¢
&= (¢4,&%-- €M)
B (4,82, 8 E—DDORMEEREEL, S 2SBIKERRT.
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1.2 Fisher £t &

1.2 Fisher t=

- MEtET /)LD Riemann Et= N

g" = (g);) #* S DFisher &t& (Fisher H¥RIT)

e o, 0

PN g,f;(é) = E,[0;l¢0;l¢] = ﬁlogp(a:;S)Wlogp(w;f)p(w;ﬁ)dm
} a 0§ § |
- Fisher [EFRI1THICN T 2 {RE ~
(5) &, Vi, 3 WKL T g;i; (&) < oo
(6) 95 ESRIF (&EYHAT) C* &
N )
i 1.2

gt ISIEEEERFMTEITH S.
(EEBA) EED c C R"ICHLT

n 2
tegfe = Z cicjgf;.(ﬁ) = /ﬂ {Z ciBil(w;ﬁ)} p(x;&)dx > 0
i=1

1,7=1

Fisherst=£I(CFEA T 2 {RE

BﬂgFMEEET%%. j
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1.2 Fisher £t &

~
foeE 1.3

RO X ENE

(1) gF I EFEIE.

(2) {dpe, . . .
3) {9l - - -

8.} 1 Q LD E L TR ML,
Bnle} 130 EDBME L THIAIL.

-~

— (g"/J) . S O) Fisher g-l_%

& ghie) = /Q(;; logp(w;£)> (%logp(w £)> p(x; §)dz

B ) G .
= |, (5g%) (g osre) =

= [ see (o) (agve) o=
= Jap(zs6) \ogit) \ogi'*

&L -k, BARKE

Oile = <8ip£) L& R, BRERE.

(p(:c 9) DAY E@?&) (BEETILDOERY NL)
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1.2 Fisher £t &

FE 1.
;E @?;ilk;lJE_rﬁE'I‘ié: g DIEEMEMSIZREMETIZAL.
(1) METETIV S = {p(z;u)} %
1 (z — u)?
p(iu) = ——=exp [— : ]
TEHDE, SIFERTHS.

(2)

1 (x — u?)?

plasu) = ——exp |- w2 0)
DD, gF HEERETHH p RBATETEA L.
(3)

(5 ) 1 [ (x — u3)2]
T;u) = exp |—

P V2T P 2
TEDDE, gF BIEEMETIRAWD p FHFITERTHS.
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1.3 o-HE%

1.3 -
- BETETIVDT 7 714 Vs, HEWS N
V@ o (a€e R: BE) (BN ->7=ZERBOHMS)

def o 1l — «
<~ ng,i(@ = E, K&-ajls + Tailéajls) (3kle)]

o o)l o
gF(Vgi>aj,a,€) — gF <ZF§j)al,8k> = 1'%

L3,
=1

o o o
(a)l N =] — /W - N
r'..7": ~N L3 - ; Al | *LeEETD— )
ij 7 Mg ; 8zﬁI] W L7 alﬁkﬁj
_/

N
(i) HHEBOEEMZBELIn EORBILT 774 VERIERIND.
(X MDD HEMATEDEL S ICELLT N EETNIERL)

v©® : gF @ Levi-Civita ##t

v = vl . i5REEGR
vim = v . RARER
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1.3 o-HE%

- BEAETIVLOT 7 74 ViER, TS
V@ - (a€e R: BE) (BA->7-ZEOHY)

&L 1O = By | (00 + - "0t ) (i)

o o)l a

=1

(a)l A = — _ R
"7 »x }l/i ; % 5 75"3:”!\_71& \L/7»_t§0)— 3
ij i ; 1 ﬁj 9 ; ﬁxﬁj

oI

N

ve = vO . gAML
V(m) = V(_l) : /J:bl:la_—:l:lgj:%jf)b

(1) 8ig(8;,8,) = gF(V§)0;,8) + g" (85, V5 Vo)
(V@) & v (3 gF (ICBET 2 BUHEER)
P (87
(2) 9"(V50;,00) = 9" (V5) 0, 8) —  C¥(8:, 95, 01)
Cg(@z, Gj, 8k) = Ep[(azlg)(ajlg)(aklg)] : 3 ;kﬂéﬁ

\_
(S, V@, gF) & REHHE LR & L.
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1.4 /B AR

1.4 EREIHIE
BETETIL S, B BB DAk

p(x;0) = exp[C(x) + ) 6'Fi(x) — ¢(9)]} ,

=1

= Se = {p(w; 0)

C,Fi,--- ,F, : Q LOEXEH
Y : NS A—4ZEfE 0 DR

67] & BARBERE £

| = z

RFTERRIFENICEDLE TESR
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1.4 /B AR

IERR 2 ik
Q=R, n=2, £=(p,0) € R? (LFFm)
5 = {peimo) |pleme) = o ow |- )
= ¢p(zsp,0) | p(T5 1, 0) = Jong P 202
Fisher Ef%‘i}kf“'ﬂ}i Lbhnb.

1
(6F) = — ((1) g) (s 3tk — DEMEER (M) ) .

.
Vv & vED [ZIEBAR T T 7 A R,

¥ 1 M2 1 ( 71')
0' =", 0°=——— (0 = — ~log ( ——
o2 252 ¥ (9) 4602 * 2 08 62
1 . 2
— plaij.0) = ——exp [—(wzaf’ ) ] = oxp [20" + 2267 — (0))

{6',0%}: BRNRZ A—4. (VO HIHEZR)

=Elz] = p, m=E[z*] = o’ + p’.
{7717772} /J:bIZI/\7)( '9 (V( 1)—/H|Jﬂi“,1'"1‘ﬁ%)
-
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1.4 /B AR

NP

Q, = {mﬂa L1y ’mn}a dim S, = n

. . ;i 1<i<n)
pl@sn) = { 1—>am (¢=0)
= = {{7719""77n} ‘ni>0(vi)7 Z?:lnj<1}
(n-RITHERER)
Fisher 5t =:
CEEE
1| 1 14m :
(9ij) = — . N . )
Mo : " :
\\ 1 vee eee 14 o /}

Mn

272U no = 1—an.

J=1

1
(s Ak | ORBEEM (£ 2 ORE) )
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1.4 /B AR

NP

Q, = {mﬂa L1y ’mn}a dim S, = n

;  (1<i<m)

= { {"719"' ,nn} ‘ n; > 0 (V’i)a Z?:l’r’j < 1}
(n-RITHERE(K)

-~

{0, ,0m}: BRNSA—=%. (VO BIHEEZER)

where 6' = log

Yk p(x;)
— = log .
1—) :j::1 nj p(xo)

{7717 RN nn} IH\H%{IE/{)% A—%. (V(_l)—fﬂUi’@Fiﬁ—E%)
-
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1.4 /B AR

Bernoulli %k
Q={0,1},n=1,£ = .

C(z)=0, F(z)=x 6=Ilog——,
1—mn
¥(0) = —log(1 —n) = log(1+ €
BROHIIRDLIICKREINS.
p(x;€) = n"(1 —n)'™® = exp [logn™(1 —n)' ™"
= exp [x0 — ¢ (0)] .
IRV —1 DHRELIIEHEDHEETHD I EEEKRLTWS.
HAIFENTSA—FIIRDELDICEZ 5N S.
Elz] =1-n+0-(1—n) = n
Fisher FTEI3R & 5.

1
n(1 —mn)

g(n) =
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1.5 Markov ¥ &iAHA & Chenstov D EHE

1.5 MarkoviZ&®iA#H# & Chenstov D EIE

E% 1.5 (Markov EHiAH)
Sn, Si: BEBUIRAZEMR Q,, Y EOEERLSmEE (BXRERF) (A<n<l)

ZDEE, LTFTHEHRENDER f:S, > S ZMarkovIEDiAA & WD,
(1) ::LJZ;OCj@)
=72 L C(i) C Qy, C(,;) #+ o, C(i) M C(j) =@ (’l,,_] =0,1,... n)
(2) Q) :supp Q) = Cyj) &% % Q LOWRLH (j=0,1,...,n)
ERAY.PX5! Qi) = (Q?j), Q%j)’ coes Ql(j)) 9B
I(cj) >0 (wk S Cj), I(Cj) =0 (in % C(j))

(3) (yﬂa Y1y yl) — f(m07 Llgeeosy mn) %LX—F—CE%?%

Yr = Z miQ’fj)
j=0

#*
[sn DEATIE S, ICEDRENLIWASHIE £(S,) DAL AETHDHRE

|
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1.5 Markov ¥ &iAHA & Chenstov D EHE

Chentsov D EIE

EH 1.6 (Markov EHiAH)

Shy Si: BERIRANZEH

{g™ :neN}: S, LD (0,2) BBF YV ILF g™ 5735
{C":neN}: S, LD (0,3) B2F VLG CM 574375

—> 2 ® Markov BHIAH f: S, — S; ICEAT BAEMHE
g'l(X,Y) = g, (£:X, £.Y)
n l
CI'l(X,Y, Z) = Cj, (f.X, f.Y, f.2)
ZmledEDIE, EEEZRWT

g, (X, Y) = ) _ pe(w:)(X log pe(w:) (Y log pe(wi))

CIUX, Y, 2) = 3 pe(@:) (X log pe(w:) (Y log pe(:)) (Z log pe(:))

ICBES5nNn 5.

((S gt, CF) 7zl (S, V@), gF") #REHEE LA E LA,
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2 AT ZARIA & BN H 22 E]

2.1 BT VVYIIE, REXRTFTVVILIE

R:V OMZET > VI (curvature tensor field)
R(X, Y)Z = Vvaz — Vyvxz — V[X’Y]Z

[X,Y]:=XY -YX = zn: {X*(8:Y7)9; — Y?(8;X")0;}

1,J=1

l l l l m l m

kiy

Y R, .0, = R(9;, 8;)0
=1

O, = 63' AEICHU/NETREIT 5 & O, — O + ngkal EELT B.
=1
SHICTDONRY Mgz §; ARICHBUNETREIT S L, 2FD0ELIE

O — O+ Y TL o+ {Z o+ ) ((air;k) + > rgmrg;) al}
=1 =1 =1 m=1

E72%. 8,0, EITRHDIRFZ ANBRZ, E2EZASEHMET VVIVIGERD.

17/32



2.1 fh&F VYL, REF VIV

T : V OIRFET >V 5 (torsion tensor field)
T(X,Y) i= VxY — VyX — [X,Y]

[X,Y]:=XY —YX =) {X(8:;Y")9; —Y(9;X")d;}
1,7=1
E __ k k

gjé%‘;}ﬁ if =
. =~ -

Bivhi s
, R

. Ly [
BRI ICIRERICA D B8 & FIEAAIRERICA D K D I
Riemann STENOEZX 5 V)74 VEREZED S
Levi-Civita #E#fia& 2 %
R#0, T =0 R=0, T#0
(RAAVAIHER)
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2.2 IREFZRRE

2.2 METZ A

M : ZEriK

h : M ED3IRIE (0,2)-T VG ([ES: g&E & RiemannitE)
V:MLIO7774 %

4 N
=

T 2.1
V*: V O h (CBY % WU
= Xh(Y,Z) = h(VxY, Z)+ h(Y,V%Z).

\_ )

LLF h 5 # (h: semi-Riemannian) , V IZIENDWN (T =0) EIRE

/E% 1 (Kurose) |
(M,V,h) 73‘\.\%31'%1‘%%

i < (Vxh)(Y, Z) = (Vyh)(X, Z). )

C(X,Y,Z):= (Vxh)(Y,Z), 3 XX, Amari-Chentsov 7> VL5
(M,V*,h): (M,V,h) OXIHHHEETZERIE.

VO : h @ Levi-Civita #ft <= VO =4V +V*
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2.2 IREFZRRE

a I
FE= 2.2 (Lauritzen ICK 2 EH
(M, g) : Riemann Z#ki{&
C : & (0,3)-TVILE
— (M, g,C) % S5 HE &R
o /
4 N
iR 2.3
(M, h) : ¥ Riemann Z#k{F
Levi-Civita ## V© %#D
C : X# (0,3)-Tv VIV
hvQY, 7) .= h(vQy, Z) — %C’(X, Y, Z),
(VY Z) == h(VRY, 2) + CC(X,Y, 2),
—
(1) V@ & v FHEWCREHRIRNOBRWT 7 7 1 ¥ &k
(2) V@h & VEYR (TR
(M,V®,h) & (M,V, h) HEETZHRE
/
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2.3 PUNF-HZE ]

2.3 M IEIHZEMRE

R:V DHERT VYV ILIG
— h(R(X,Y)Z,V)+h(Z,R*(X,Y)V)=0
VvV HIEH = V* HIEH
(MR, V. V) DHTEEE &L v (& V) ATEERT D 7 A VES
\_ J
4 N
V NIRRT 7 74 VERE
— M LOREEZER {6',602%,...,0"} TREBL-TEDNEET 3.
Yy =0
1) -
CDEIRBRERZER {6} # 7774 VEEREWD,
\_ )
4 N
(M,h,V,V*) : JFFIEZER
— VT 774 VEER {n;} REBFLITEOIEET 5.
o 0 .
() -
00" On;
)

o
{ni} 2 V O h ICEAT S WHEZRREWND
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2.3 PUNF-HZE ]

A4
(M, h,V,V*) : WX FIHZR
{6} : V-TT7 71 VERES
{n:} : {6} ODWHET 7 741 VEER
— M OB ¢ & ¢ ATEELTRARY LD

Y 8 |
o is = 07', — 92 1 — O. 3
06 = o ¥(p) + ¢(p) ; (p)n:(p) 3)
S HITREKYIID
2 2
hy= 00 gz 2P ()
00'067 0n;on;

=L
(h;;) : B RiemannitE h OXF1TI
(h*) : (h;;) DOHITH

\

VY & O-RTVIvIL B, ¢ & n-RT Vvl B
(3) DEFRR%Z Legendre i & L&

(M,V,h), (Ma V*ah) 7 Hesse ZHkiA & L&
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2.3 PUNF-HZE ]

D
(M1, 9, V) :

XN I 1H 22 ]
/fﬁ?
, ) D 0-/1'\7'//1711/55?5(

8%
90903 HO*

Cijr =

ZDEZRDKYILD.

1
h(VxY,Z) = h(VYY, Z) — ,C(X,Y, 2),

1
h(VyY,Z) = h(VYY, Z) + C(X,Y, Z)

\7‘:7‘:“ L VO [ h ® Levi-Civita E#Tdh 5.

AR 2.6 3READISMETZDHRAZEBUR LIZEEREL
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24 XAN—=Tx ALK Pythagoras O 5E M

2.4 YA4N—2 VR EYR Pythagoras D EE

- EESAN—UT VR .

(M, h,V,V*) : JUFIAZER

{6} : V-7 77 4/r¢ﬁ%

{n;} : {6} DRHT 7 714 VEER

v:h® 9-2!"\’7_-‘/91711/

¢:hDn-RFIvb

IDEEMXx M EOBE D H» (M,h,V,V*) DIEESA/N—I TV

EL D(pq) = ¥(p) + d(a) — > 0 (p)mi(q)

D% (M,h,V,V*) D V-§A4NR—=IUVREHEWND

} D(p,q): V-94N—=YxVR <= D(q,p): V*-41RX—UxV2R
_/

HE 2.7 EES(N—YTY2 D 777 A VERRORY HICKELAL

(R", g%, VE, VE): (BE®) Euclid 2

1
D(p,q) = 2 llp = q||?
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24 XAN—=Tx ALK Pythagoras O 5E M

{3k Pythagoras D EIE

EIE 2.8
(M, h,V,V*) : xJF1H 22
p,q, 7 € M

Y1 ¢ p,q =S V- AR
Y2 i q,r ZHES V*- AR
gqliCBEWVWT v & v DN hICBELTEXRYT S

— D(p,r) = D(p,q) + D(q,7)

P
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24 XAN—=Tx ALK Pythagoras O 5E M

— % L 7= E 18

T 2.9
(M,h,V,V*) : Xx3I1HZEfE

S C M: D% EkiE

peEM, resS

D(p,7): (M,h,V,V*) O V-4 /IRX—=2 VR

p ZBEEL f(r) = D(p,7) IC&>T S LOBEW f 2EH 5.

f(r) B qe S ICBWTEEZERERD
— qE S ICBWVWT p,q =X V-HHIERAS & R ICEALTERT 3
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2.5 FEBEUIIAG R D AT

2.5 FEHEDMIEROBZMF
MEtETIL S, M BERE S HE

def S, — {p(a}; 6) | p(x;6) = exp[C(x) + > 6°Fy(w) — ¢(9)]} ,
C.Fy,- F, : Q FOWEELY .
" e

(0} & BREERE &,

R 2.10  IEEESTEIEICT LRAEY 110 )
(1) vV (23738
(2) {6} @ VO LT 37 774 VEER, $HDET =0
%

BEEDD C =0 2#IRET 5.
g;;(8) = E[(dilogp(x;0))(8;log p(x;8))]
= E[-08;0;logp(x;0)] = E[0;0;9(0)]
8z83¢(9) . Fisher E‘k%
E[(9;log p(x; 0))(9;log p(x; 0)) (0 log p(x; 0))]
(Se, V), gF) & (S, V™), gF) (L Hesse ZAETH 3.

C;ix(6)
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2.5 FEBEUIIAG R D AT

HE 2 MBS S, IRt LTTFARY 0.
(1) (Se, g¥, V&), VM) ¢ 8410 78 ]
(2) {6}: S. D V-7 7741 VEREZR
(3) ¥(0): {0} ICBET 2 gF DRFV v
9;;(0) = 8:9;(0), (d; = d/08").
(4) BEZEH Fi(x) ODHFEE n; = Ep[Fi(x)] £85<
— {n;} 1T {0} D g ICBT B IS EEAER

(5) ¢(n) = Epllogp(z;0)] £H5<
— () & {n;} KET2gF DEFVOvILTHS.

- /

(Se, gF, V), VM) [ZWHFIHEETH S H 5, Legendre B E Y ILD.

&y 9y B i o
ogi " am_g’ Y (p) + ¢(p) ;9(17)771(17)—0

Y 90i90i’ wk T 90i907 90k
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2.5 FEBEUIIAG R D AT

S @ Kullback-Leibler ¥ 41 /N—Y VR (FAEMEEGTIY hOE—)
PN Dgyr(p,r) = /p(w) log p(w)dw
Q r(x)
= Ep[log p(x) — logr(x)]

(= ¥(r) + ¢(p) — ZBi(r)m(p) = D(r,p))

BHESE S, DHE, Dgp $FEBBESHKE (S, VM, gf) Oh/ =7
W TANRN=—IU TV RE—HT 5.
- WERBEMIAODT A N—21 Y 2O ~

9/0€" log p(x; €)
s(z;€) = :

0/0&™ log p(x; &)
AT7EAHENSA—YICEALTED L, BiFEAXZEZ 5.

dir(p,r) := / p(x; &) log r(x; £)dx SHO/7AOX-TrhOE—
Q

) p(z; &) DAATEH (HEREZ

O - bMAE—A2FHAWVWT KL-YMNN—Y 2V RIIRTEZOHNS.

Dkr(p,r) = dxr(p,p) — dxr(p,7)
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3 RALEE=DRMF

S ={p(xz;¢)|€ € B} : METETIV
{z1,...,zn}: p(x;€) € S hHiEbnd N-EDERAE

L(¢) : REEK

def L(¢) = p(z1; &)p(x2; &) + - - p(z N3 §)
N
(@ log L(&) = Zlogp(amﬁ))
=1
¢ BrnEE \
<d—if> é: arg max L(&) <= arg max 10gp(:13;£)> y
EcE €8

TEGEK <— KL-§A4/3N\—Y ¥V A5/
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S : BB DTk
M : S OHIEHE DK (S DI ZHRIF)
{x1,....,2zn}: p(x;u) = p(x;0(u)) € M oD N EDOERAME

LERBABIZRTEHREI NS :

log L(u) = ) log(zju) = »_ {Sj 0% (u) Fi(x;) —¢(0(u))}

j=1 Ui=1

1=1
n N
= > 0'(u) ) Fi(z;) — Ny(6(u)).
=1 71=1
NELE AR
N
(% log L(u) = Z Fz(CIJ]) — N8z¢(9(u)) = 0.
71=1

L7222 T, S ODRAEEEIRTEZASNS.



— A KL-Y14/1X—o v RiF
Dkr(p(n),p(6(u))) = D(p(6(u)),p(n))
= $(0(w) + ¢(1) — p_ 0" (w)n,

= §() — - log L(u).

E7RB.

[ TEHRK < KL-Y14 /1 X—Y x v RAx/M
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1 Deformed exponential family (x-exfiatiatividy jnanifolds on deformed exponential families and their applications

1 Deformed exponential family (x-exp. family)

X : (0,00) = (0,00) : strictly increasing (a deformation function)

p

Definition 1.1
d

T EXPy T = X{eXpX x}

log., x :—/ —dt
* x(t)

-

Y-exponential, xy-logarithm

Y-exponential

x-logarithm

We define a function A by A(log, t) = x(¢)

In the case x(t) = t, x-exponential and x-logarithm recover the stan-

dard exponential and the standard logarithm.

p
Example 1.2 In the case x(t) = t1, we have
/w Lo [Tlg o logarith
1 x(t) 1t 1—gq !

At) = 1+ (1 —q)t)™e

1—|—/Om)\(t)dt

-

1
(14 (1 —q)x)i-« q-exponential

~
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1 Deformed exponential family (x-exp. family)

X : (0,00) = (0,00) : strictly increasing (a deformation function)

-exponential, y-logarithm
‘Definition }il XTEEP » X708 )
- exp, T = X{expx x} Y-exponential
log, @ := / —dt x-logarithm
* x(t) )

Fi(x),..., F,(x) : functions on
0 ={6',...,0"} : parameters

S = {p(m,@) | p(x;0) > O,/ p(x; 0)dx = 1}: statistical model
Q

-
Definition 1.4
= {p(x;0)} : x-exponential family, deformed exponential family

& S, {pcc,e)p(:c;e) = exp, [Z 0'F;(x) — ¢<9>] ,p(x,0) € S}

N J
Sq: g-exponential family when the deformed exponential is exp,.
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1 Deformed exponential family (x-exp. family)

Example 1.5 (Student t-distribution (g-normal distribution))
Q=R, n=2, £E=(u,0) € Ri (the upper half plane), g > 1.
1

1 1 —g(z— p)*|™
p(z;p,0) = — |1 — ;
Zq 3—q o
Set
91 — - Zq—l . ﬂ’ 92 — 1 Zq—l . i
3 — q q o2 3 — q q o2
Then
1 1 1—gqg(z—p)
lo r) == — l—q _ 1 = —_
8¢ Pq() 1 — (p 1_q{z;—q( 3—q o2
2pzd1 231 e |

B—q)o? (3—q0® 3-q o 1-g
— 0'z + 0%z% — ¥(0)
042 =27t -1
0) = — —
Y(0) 102 I —q

[T he set of Student t-distributions is a g-exponential family.
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1 Deformed exponential family (x-exp. family)

Example 1.6 (discrete distributions)
Q= {xg,x1,...,Tn}

Sn = {P(wm) n; > 0, ZT’@' =1, P(CL‘W) — anéz(m)} ’
1=0 1=0

Mo = 1—2’%
i=1

Set 97’ — logxp(mz) — lOgX p(w()) = lOgX n; — logx Mo

Then
logx (Z méi (w))
1=0

n

log, p(x)

— Z (log, mi — log, m0) di(z) + log, (o)
i—1

’(p(H) - = logx Mo

[The set of discrete distributions is a x-exponential family for any . }
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2 Expectation functionals

2 Expectation functionals

Example 2.1 (g-normal distributions)

1
1 1 —g(z—p)*|™
p(z;p,0) = — |1 — >
Zq 3—q o +
q distribution l mean | variance .
—1 semi-circle 0 o q > 3
1 . normal o © V[X] does not exist.
1+ student ¢ o) o) q> 2
n—+1 E[X] does not exist.
2 Cauchy X X

Expectations give nothing but a local coordinate system.
— It is better to choose a good local coordinate (expectations).

2

Local coordinates should be chosen to the purposes.
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2 Expectation functionals

"Definition 2.2 A
Py (x), P:*(x) : an escort distribution and a normalized escort distri-
bution of p(x)

def
Py(x;0) = x(p(z;0)),
P& (x;0) = : 0 Z,(0) = :0))d
C(@30) = 5 G p0), 24(0) = | x(p(a:0)de
E, p|f(x)] : the x-canonical expectation of f(x)
def
Ey p[f(x)] Z/Qf(w)Px(m;H)de = /Qf(m)x(p(w;é’))dfﬁ
EZ*[f ()] : the normalized x-escort expectatilon of f(x)
def esc . esc . . .
Q x(0) Jo

N J

p Y-exponential, x-logarithm N

log, @ := / ﬁdt x-logarithm

exp, T := 1 —I—/ A(t)dt (where A(log, t) = x(t)) x-exponential

- J
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2 Expectation functionals

Why the escort expectation needs ?

P12
P(): the set of positive functions on (2 (2)
S: a statistical model
S =<p(x;0 /pa:;@daczl}C’PQ _ _
{ (z;0) | | p(;0) (£2) S = (p(x; 0))
Expectations should express the
“embedding” of S into P(2)

In the case of normal distributions,

O o0 o0 .
—/ p(x; p, o)dx =/ @ “)p(w;uaa)dw =0
o J_oo o2

— o0

O o0 oo _ 2 2
—/ p(x; pyo)dxr = / @-w —o p(z;p,0)de = 0
0o J_ oo o3

Therefore we obtain

Ey|X]| = p, Ep[(X — p)’] = Vp[X] = o*
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2 Expectation functionals

In the case of g-normal distributions

Sq = {p(wsmd) p(x; p, o) = - [1 - _q(w_M)qu}

Zq 3—q o2 n
P(N)
Sq = {p(w;H) /p(w;H)div = 1} CP(Q)
Q
8 o0

—/ p(z; p, o)dx S ={p(x;0)}

oun J_oo

— Z(ZQ)q_l ” . q

= o | @ = wipGm o)) ds

=0

Therefore we obtain

o0 . qd
BeseX] = S eip(z;py o) }de y

2 Ap(z; 1, o) }oda
(Eesc[(X — p)?*] = o? also holds.)

q,p
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2 Expectation functionals

expgcm)(a:) : the m-th differential of deformed exponential function

- N
Definition 2.3 (Higher order escort distributions)
Py (m) (23 0), P26, (x;6) : the m-th escort distribution and
the normalized m-th escort distribution of p(x;0)

def m - i
P, im)(z;0) = exp; ) [ZO F;(x) — \IJ(H)] ,

Py (a3 0) = Py (m) (23 0), Zy,(m)(0) = /Q Py (m)(x; 0)dz

ZXv(m) (6)

Ey (m) plf(x)] : the m-th x-canonical expectation of f(x)
Bmalf @] = [ £(@)Pyon(:0)da

[f(x)] : the normalized m-th x-escort expectation of f(x)

def

esc
X,(m),p

def esc sc

& B, @) = [ 1P @5 0)ds
N J
In the case of g-exponential family p, € S,

P m)(x;0) := {q(2¢ —1)--- ((m — 1)g — (m — 2))} {py(=; g)}ma—(m=1)
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3 Geometry of deformed exponential families

3 Geometry of deformed exponential families

S, : a deformed exponential family

def

< Sy = {p(w,9)|p(w;0) = exp, [Z 0'F;(x) — (0) |, p(x,0) € S}

P, (m)(x;0): the m-th escort distribution of p(x;0) € S,

Definition 3.1 (A sequential structure of statistical manifolds)
g™): m-th Riemannian metric, and C™: m-th cubic form

gzg )(9) /Q(az lnx PH)(BJ lnx pe)PX,(m) (33, H)d:c,

Ci(0) = L(ailﬂxpa)(aj Iny pe)(8; Iny pg) Py, (m+1) (23 6)d.

Then, we obtain statistical manifold structures
(Sxag(l)a C(l)) N (SX’Q(Z)’ 0(2)) C3 eee — (Sx,g(m), C(m)) ...

y,
By setting ) mirc 1 _m)  (m)m) [(m)LC (m)
Fz’j,k = Fz’j,k — _Cz'jk ’ Fz’j,k = zg kT C]k ’

where I‘EJ’,z is the connection coefficient of the Levi-Civita connection

with respect to ¢g("™, we obtain a pair of dual affine connections.
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3 Geometry of deformed exponential families

- The first Riemannian metric for S,

gm)(H) = /ﬂailnxp(a:;H)Bj In, p(x; 0) Py (x;0) dx

= F, ,[(0i1n, pg)(9;1n, pg)] < x-canonical expectation

9i; 2(0) = /ﬂ 0;p(x; 0)0; In, p(x; 0) dx

N(g) — ! o(x: 0 dn(x: 0) da
gz’j(e) - /QPX(CU;G)sz( 79)6217( 70)d

-

Theorem 3.2 For a deformed exponential family S,,
g,(0) = gX(6) = gl(0).

o

Dual affine connections V(I(e) w1)(m),

I‘(l)(e)(H) = /ka(a:;H)Biaj In, p(x; 0)dx
Q

g,k

15,k

I‘(l)(m) (0) = / 0;0;p(x;0)0; In, p(x;0)dx
)

The quadruplet (Sx,g(l), v (e, V(l)(m)) is a dually flat space.
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3 Geometry of deformed exponential families

Construction of 3-divergence (3 =1 — q) for Sy

N
uq(x; 0): a weighted score function
def n
<~ ug(x;0) = (ucll(a:; 0),...,u;(w; 0))*

uf](w; 0) = p(x;0)' 795" (x;0) — E,[p(x;0)' 15" (x; )]

0

0
= —In,p(x;0) — E, | —In,p(x;0)
06° "loet T

generalized score function bias correction
_ J

By integrating u,(x; 0), we obtain the 3-divergence (8 =1 — q):

1 2~ .,
Diylpr) = ooy o P

1

1
——— [ p(z)r(x)' " %dx + —/ r(z)* 9dx
1—qJa 2 Q

Remark 3.3
D,_, induces a dually flat structure (S,, gt), V()(m) w1)(e)),
In the xy-exponential case, it is known as a U-divergence.
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3 Geometry of deformed exponential families

p The second Riemannian metric for S,

gg)(ﬁ) = /Q 0; In,, p(x; 0)0; In, p(x; ) P, (2)(x; 0) dx

the second Riemannian metric

ngj(g) = 0;0;9(0) (<« x-Fisher metric)

KTheorem 3.4 For a deformed exponential family S,,
2
g§j)(0) = ZX,(l)(H)gfj(H),
where Z, 1) = / P, (z;0)dx
Q

C(0) = 0:0;0k(0) (+ x-Fisher metric)
By setting

1 1
)(e) . p(OLC ( ()(m) . n()LC (
e 5@5‘,3, R gcz’;’(k)’

where I‘%LLC is the Levi-Civita connection with respect to g

— (S,, g%, VX&), vX(M)) ig a dually flat space.
However, (S,, g®»,C®?) may not define a dually flat structure.
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3 Geometry of deformed exponential families

Construction of a-divergence (o = 1 — 2q) for S

(s?)(x; 0) : g-score function

def (Sq)(iﬂ; 9) — ((88(1)1(:3; 9), ceey (sq)n(w; 9))T
(s9)' (2 0) = %lnqp(w;é’)

N J
A g-score function is unbiased w.r.t. the g-canonical expectation.

E.p[(s9)'(x;0)] =0

—> We regard that si(x;0) is a generalization of estimating function.
By integrating s?(x; 0), we obtain the a-divergence (a« = 1 — 2q):

a-divergence (a = 1 — 2q)

D1—29) (p(x),r(x)) = 1/ p(x){In, p(x) — In, r(x) }dz
qJo

D(1~29) jnduces a non-flat invariant statistical manifold (S,, V129, g,
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3 Geometry of deformed exponential families

a-divergence (o = 1 — 2q)

DU (p(a), r(2)) = - [ p(a)"{In,p(e) — In,r(2)}da
q.Jo

D(~29) induces a non-flat invariant statistical manifold (S,,V1729, g¥'),
which coincides with (S,, V(2(€) g(2).

—— normalized Tsallis relative entropy (x-relative entropy) ————

DY (p(x),r(x)) = E In, p(x) — Ing r(x)]
q

= p(@)’ n,p(x) —In,r(x)}de | = (1=29)(p,
= [ S p(@) —gr@)de (= D00 )

- _/

DY induces a dually flat structure (S,, g?, Vi(©), va(m)),

The difference is just a normalization Z,(6).

s R
V() v(x) Normalization of a positive measure

Z,(v) to a probability measure

prob. measure is NOT a trivial problem.
N J

POS. Imeasure

15/18



Summary l

- Higher order escort distributions N
Py (m) (23 0), P2 (x;6) : the m-th escort distribution and
the normalized m-th escort distribution of p(x; 0)

def m & i
<~ Py (m)(x;0) = exp& ) !ZB Fi(x) — \I’(H)] ,
i=1
1
- J

p
E, (m)plf(x)] : the m-th x-canonical expectation of f(x)
def

&L By iyl f(2)] = / F(@) Py (3 0) da

E o plf ()] : the normalized m-th x-escort expectation of f(x)

& B @) = [ F@P,(@i0)de




3 Geometry of deformed exponential families

- First escort distribution (S,, g1, vD(e) v 1(m)) N

Riemannian metric: g,g)(H) = /Q(Bz In, po) (0; In, pe) P, (0)dx
(Sy, g, V() wM(m): a5 dually flat space,

which is induced from (G-divergence.
- J

- Second escort distribution (S, g(?), V(@) v (2)(m)) N
9(0) = [ (0:10,20)(9; 10, po) Py 2)(6)da

— (1/q) L(az In pg) (83 In pg)pgd(l?
= (1/q) 95(9) ((standard) Fisher metric)

(Sqs g®,vle), V(z)(m)): an invariant statistical manifold structure

which is induced from a-divergence.
\— J

Future problem
The meaning of sequential structure is not clear at this moment.

(Sx,g(l),C(l)) N (SX,Q(Z),C(z))—>°--—>(Sx,g(m),C(m))—>---

Probably, projective equivalence of statistical manifolds is important for
this problem.
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3 Geometry of deformed exponential families

Markov I8 & 3A H

Definition 3.5 (Markov £&3A )
Sn, Si: BERURARZER Q,, QY LOWRSEEE (EXREBERF) (1A <n<l)

CDEE, UTFTEHAEINDER f: S, = S; 2 MarkoviEHiAHE WD,
(1) 4 = UL, Cp)
=7z L Ciy CQy, Cuy#op, CuynNCy =¢ (2,7 =0,1,...m)

(2) Q) : supp Q;) = Cy) 4% Q LOWESHE (J=0,1,...,n)
THDE Q) = (Q?j)’Qb‘)’ ' ’Ql(j)) cIBE
(J) > 0 (zr € Cj), (]) =0 (zx & C(y))
(3) (y09 Y1y .- yl) — f(mOa L1yeeey mn) %L:L—thﬁj_%)

ye =) %;Q;
§=0

[Tsalhs MRETFE TIE Markov IBHIAHDIREIETRER?

18/18



