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M : connected C* manifold

g . (pseudo) Riemannian metric

V : affine connection, TV=0, RY=0

. {z!... z2™}:affine coord.
(M,V,q) : Hessian If

(i) Vg e Sym?3

(i) (Vxg)(Y,Z2) = (Vyg)(X, Z)

(i) g(vxY,2) = g(Y,vxZ)

BL vxY = V%Y — VxY :difference tensor

(iv) g = Vdy
9% .
gij — PYRE . 2



Hessian & Kahlerian

© (M,V) flat
{z1,... 2™} :affine

. 1T M — M

{Enﬁi‘;; & =g+ /1M

= {z1,...,2"}: hol. coord. ie. 3]
© g:Riemannian metric on M

gT = Z(gij @) ﬂ)dzid.@?
(]

= (TM,J,g!) : Hermitian



Fact

(Mav) ﬂat, g Riem.
g : Hessian for (M,V) & g! : Kahler for (T'M,J)

H(X,Y)Z = (V~y)(Y,Z; X) : Hessian curv. tensor
difference tensor
Fact
XRILEHE
- 2H(X,Y)Z = c(9(X,Y)Z + g(Z,X)Y)

- (M,V,g) : Hessian sec. curv =c¢

. (TM,J,g") : hol. sec. curv. = —¢

ZEE (M,g) (F@IEE —c/4 DZERIT




g_*%

(M, V,Qg) s.t.

(i) M is simply connected:;

(i) V is complete affine conn. s.t. TV=0, RY=0;

(iii) g is a Riem. metric s.t. Vg € Syms,

(V,0) :Hesse BrmE|

13 = c;

ZRTEITSH(upto FstERLTH),

cf. [Furuhata-Kurose]




—act 1.

3f . (M™, V) = (R*, D) affine iso., where

(i) M is simply connected;

(ii) V is complete affine conn. s.t. TV=0, RY=0;

(iii) D is the stand. affine conn. on R™

= (R", D) [ZxF L
(i) Dh € Sym?3
(ii) (D,h) : Hessian sec. curv. =c¢

%5 Riemann st= hZzEHNIETRLY,



Theorem 1. (c=0)

(R™,D) [ZxtL Riem. &t = h A%
(i) Dh € Sym?3
(ii) (D,h) : Hessian sec. curv. =0

= JkeN (0<k<n)s.t.

| afey (1<i<n—k)
U (azexp(ag’ + Bi))%6;; (n—k+1<i<n)

where «;,58; € R, a; #0
{z1,..., 2"} : stand. affine coord.




Theorem 2. (c > Q)

M : simply conn.
V :complete affine conn., TV=0, RV=0

= 7 : Hessian sec. curv =c¢ >0

EX. ([,.,\ﬁ] fnxa 3.2.8)
= {z €R"; 2" > 1y 1(ah)?}
p=—tlog(a" — 5 X0 1 (2)?), ¢ >0
= 5(dlog /)45 771 (da')?, f = a"—5 57 ()3

[ H={(y,...,y™);y" > 0}

9= a2 (S Hdy)? + Ldy™)?) =S J



Proof of Theorem 1 (c=0)

K(X,Y)=DxY —-Viy . —(ZF2YI)

Lemma ([Kurose])

(1a) K(X,Y)=K(Y,X) TV=0
(1b) h(K(X,Y),Z) = h(Y,K(X,Z)) Vhe& Sym?
(2) K(Y,K(X,2))=K(X,K(Y,Z)) RV=0

(3") (V'K)(X,Y;V) = —-K(V,K(X,Y)) + K(K(V,X),Y)




Ik eN (0< k < n)
,u™) - ONB

3(‘1.51, o

/

0

K (

G, a)_ 0 (1<i<n-—k)
oul’ OuJ =152

ut v oud

(1b) = K(X,=) is symmetric w.r.t. h
(27) = KX ) &K, (XA

= K(X,*) [ZREIExBI1E AT gE

(n—k+1<i<n)

~
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I'(h)k:O ((ul,...,u™) : ONB w.r.t. h)

]
affine coord. TIL7zLY
="
o 0 (1<i:<n-—k)
Diﬁz —15.. 90 (n—k+1<i<n)
dul wl ] Oy — & =
h DRE
(z1,....2™) : stand. affine coord. on R™®

A o 0
hij .= h(z5> 5.5)

(*%) & D%(%)=O
= i e + B (1<i<n—k)
| exp(azt+6;) (n—k+1<i<n)

- (%)
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R o 0
hij = P(ggi> 5g7)

ou® O oub o
= h . |
(Zﬂ; ox* Ou? Zb: oxJ 8ub)

ou® ou?

2. oxt Ox)

_ | a2 (1<i<n-—k)
| (agexp(aa + Bi))%6;; (n—k+1<i<n)
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Proof of Theorem 2 (¢ > 0)

Fact
h : R" E® Riem. it=2, RILRE{E:

(I) (R™, D,h) : Hessian sec. curv =c¢

(i) (TR",Jg,h!) : Kéhler, hol. sec. curv. = —c

Fact 2.

(C™, Jo) EIzIZ hol. sec. curv. ¢ < 0 @ Kahler SHEX7EELAL

f~1:(R" D) — (M,V) : affine iso.
g. Hessian metric on M, ¢> 0
= h=f"1*: (R*", V) _L® Hesse,c >0

= T - cn @ Kéhler, hol. sec. curve —¢ < F& 13




Fact 2.

(C™, Jo) EIzIZ hol. sec. curv. ¢ < 0 @ Kahler SHEX7EELAL

e A

—RT — Bfmiz — XEMiz — FFE

| | |

Lemma 2.3 Lemma 2.4 C" — B"™ : hol.

14



Lemma 2.3.
(V,J,g) connected Kahler

f1, fo:hol. tot.geod. isom. imm.
fi . (V: J,g) — (anjB?gB)

= Hﬁb : (BH,JB,QB) @ hol. iIsom. s.t. dpof1= fo.

Lemma 2.4.

(N, J,g) simply connected Kahler, x € N fix
Vp e N, V, : convex
3 (Vi, J,5) — (B™, Jg,gg) hol. tot. geod. isom. imm.
= 3f:(N,J,3) — (B", Jg,gg) hol. tot. geod. isom. imm.

st. flv, = f.




/‘

o€V fix

) G

Proof of Lemma 2.3

. 0:= f1(0) = f2(0) LIR5E

hol isom. gp. of (B", Jg, g5)

G ~ B™ :transitive

= e G s.t. ¥(f1(0)) = f2(0)

" 3AeU()ss.t. Ao (df1)o= (df2)o

T

unitary gp. of (75B", Jg, gp)
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© {eaq,Jea}i_; : ONB for (T,V,g)

= {df1(ea), Jp(dfi(€ea))}_; : ON (- f hol. isom.)

= Uy} c T5B" s.t. {dfi(ea), Jg(fdi(eaq))} U {vp}

|

ONB for (TEBH, gB)

l

© {wp} C T5B" s.t. {dfa(ea), Jp(fda(ea))} U {@p}

@ A T{—JBH — TEBH’ by
Up

- A(dfl(ea)) = df?(ea)
A(Ty) = Jp(dfi(ea))
Y A(Up(df1(eq)) = Jp(dfa(ea))

d a
L AUB()) = (@) filea)




©

©

linear isotropy gp. of Gat 0 = U (n)
= pecGs.t. ¢(6) =20, (dp);= A

¢(f1(0)) = 0 = fa(o),
d(¢o f1)o = Ao (df1)o = (df2)o

Vii={peV; ¢(f1(p)) = f2(p), d(¢of1)p = (df2)p}

= Vi=V

{ - V' : closed }
- V! : open
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Lemma 2.4.

(N, J,g) simply connected Kahler, z € N fix
Vp e N, 3V, : convex
3y (Vp, J,g) — (B™, Jg,gp) hol. tot. geod. isom. imm.
= 3f:(N,J,3) — (B", Jg,gp) hol. tot. geod. isom. imm.

s.t. fly, = f.

(1) :[0.1] = N sit. ¢(0) =z, (1) =y € N

{Vi}itist. eV, y€ Vi, ViNViy 1 #10
ke

VinViy1 #0 v

= EﬁbEGStQﬁDfE_I_l:fi Vl
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Fact 2.
(C™, Jo) _EIZIZE hol. sec. curv. ¢ < 0 @ Kahler S E(XEELLEL

BHHEE:

35 : Kihler on (C™, Jy), hol. sec. curv. ¢< 0

Vp e C", . .
( * ) hol. isom. iso.

pedvVccCr, U cBs.t. 3f (U, Jo,7) — (U,Jg, 95)

where g’ = Ag, A = ———’3(’”’;1)

Lemma 2.4 & (%*)

= 2f:(C" Jo,3") — (B",JB,9B) :hol. tot. geod. isom. imm

S.t. fly = f.

20




Rem.

(1) g, gg : hol. sec. curv. n__—|—21

(ii) Fact2 [FERIBEZLEZHEMILLALY,

(iii) c < 0 DHBFITHETELE Ao

21
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