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Introduction



In Affine differential geometry
f:M"™— R 1 -an immersion
¢ e M(TR*+1) :transv. v.f.
(Tp (R = fup(TpM) ® Span(ép))
Vix(fY) = fi(VxY) + (X, Y)¢

iInduced affine f.f.

Rem.
. TV =0, g: symm.
. g. non-deg. = (M,V,gqg): stati. mfd
(Vg € Sym3)



In Information Geometry

(X,8B,dz): measurable sp.

S={@6...,") € ©;, © CR"} CP(X)
|
{p: [xpdz =1, p> 0}

g = [E[0;4y 0;4p]]

(@) _ 0
Ciik = Toe — 2Tk —— v(@
lp = 10gp
L ’

T = E[0:£90;£90 0]



Stati. str. (9, V)

TV =0
Vg € Sym?3

Affine G.

<— Codazzi eq.

Information G.

[

|

—

Hessian G.

A

Dually flat (g,V, V™)
RV =0 (RV" =0)
- Hessian

Sympl. G.



Stati. str. (9, V) Dually flat (g,V, V™)

Vg € Sym3 < Codazzi eq. . Hessian
Affine G. Information G,  Offering

[ /N\ } (i) special Kahler str.

(i) Fisher <—— Fubini-Study

Hessian G.  sympl. G. (i) grad. flow <— Hamiltonian
flow

History:
Friedrich(1991), Nakamura(1993), Hitchin(1997),
Barndorff-Nielsen & Jupp(1997), Shishido (2005), Zhang ... etc.



(i) special Kahler manifold

stat. str. + sympl. str. + flatness



Lemma.

(M, g, V) :statistical manifold
J:alm. cpx.str. s.t. 9(JX,JY) = g(X,Y)

" V*=V-—-J(VJ)
" (VxJ)Y = (VyJ)X
=>w(X,Y) =¢(JX,Y) then dw =0, Vw=0.

(M, w) :symplectic manifold
V :symplectic connection (i.e., torsionfree and preserve w)
J:alm. cpx. str. compatible with w

= () V¥ =V -J(VJ)
(IN(VxJ)Y = (VyJ)X & (S, g,V)is statistical manifold




Lemma.

(M, gq,J,w,V,V*) :stati. & sympl.
( &< special symplectic manifold)

(i) V*w =0 (i.e. V*is a symplectic connection)

() v0:=1(v + v

then VO =0, 7V° =0 and VOJ = 0.
i -

Levi-Civita Integrable

c.f. [Furuhata]
holomorphic statistical




(M, J):.cpx.mfd

V:torsionfree flat conn.
w:sympl.

(i) (M, J, V):special complex if (VxJ)Y = (VyJ)X.

(ii) (M, J,V,w):special symplectic if Vw = 0.

(iii) (M, J,V,w):special Kahler if w is J-invariant.

cf. dyJ =0¢€ Q2(M,TM)
do : QP(M,TM) — QPYY(M, TM), J € QY (M, TM)
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Fact. (Cortés)

(M, J,qg,V) simply conn. sp. K.

= 3. M = R?27+1 st V:induced, g: affine f.f.

Fact. (Alekseevsky-Cortés-Devchand)

() U cC”™: open, conn.
F :U — C hol. s.t. ( ) invertible
Mg = dF(U): |mage
J stand. cpx. str. on T*C" = C2"

g = Re(x /—_19(.;)‘MF), Q2 = > dz; N\ dw

V:torsionfree affine s.t. (z; = Re,zi,yj = Rewj)
affine coord.

= (Mp,J,g,V) : sp. K.

(if) inverse is also true.
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(V,{,)y):real symplectic v. sp.

(i) sympl. str. on Vi x Vo:
21:the can. sympl. str. on V3 x Vo =Vp x V7.

QQ:SymDI' str. WT.<’>1 _ﬂ-5<’>2 on (Vla (:)1) X (VQa <:~>2)-

(ii) metric on V7 x V5!
9((a,5), (a,5)) = ~(a,b)y.

Fact. (Hitchin)

M C Vq x Vo:Lagr. w.r.t. €27 and €25 s.t.transv.to w,and «,

= g|ps IS special Kadhler.

Vgprispecial Kahler on a mfd M
= JV s.t. gM=g|M for M CV xV.




(V,{,)y):real symplectic v. sp.
(zl,...,2°") : coord.

<*, '>V —_ (.d%jdﬂjt /N d$‘?
Vl X VQ — {(xla v }mznjylj S :lygn)}
dé; = w;jdy’

= Q1= Qwijda:i A dyj — Vi x Vo =V x VI

2y = wi;jd.ri A dzd — wi;jdy’i A dyj

. o — 71601 — )2
= wi;dz’ N\ dr) + wd&; A dE;
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outline of proof

© Vand w

identify

pri:VixVp—=>Vy T M=V

V :flat / V -flat

<, >,:symplectic > w:symplectic | on M
VvV w=0
@ g
9=9lM (EEREEEBELEL) o
M
M C (T*V,Qq):Lagr. & o h M L~

3¢St Eﬁ'_am




%, o6, 0 0 02¢ O

: +—> X : | .
oz’ ! 33:3 + Ozt g, Oxt  Ox'dxk ogy
M M
(TM) F(V xV)

 9((@,8),(2,8) = S@ Oy onVxV

92¢

dxFdz’
Oxkdxd var

on M

= gkjd:ckd:cj = g(Xk.Xj)d:ckdwj =
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Q |

[ =0

& 0= Qo(Xy, X;) = wij + gragjpw™

© 2= _id, where I] = witg,,
« ijO0p 0 . 0
¢ 2% O P Hamiltonian v.f.
oa; .
= Sp =@ =1
= [ = dVqu

V:flat = dyl=déX,=0.
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@ __Integrability of |
zj = x) — \/leawjk%
= dzj =dxj — V—1w¥gp,dz® = dxj — V/—1I}dz"
. type (1,0)

ALO 5 E = Span{dzy,...,dzo,}

dzl ~ dz?"™ is basis for Al

= rank EF=n




Ex. (Hitchin) M: moduli sp. of cpt. cpx. Lagr.

(X, w):cpx.sympl., w¢® = w1 + vV—1w»>

Y C X:cpt. cpx. Lagr.

= Ty M = HO(Y,N) = HO(Y, T*)

V= Hl(Y,R) a = [a], bz[ﬁ]EHl,
{a, b) = / lef\ﬁ/\h?}_l hy : Kahler form
Y

=
w1 ~ - M—V
= (u,v) M —-V XV

woy ~ v.M—V
sp. K. str. on M

|
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