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Overture: Centroaffine Geometry



Notation.

-1 P
R" > x = ; , Y = ;
M, (R) := {n X n-real matrices }
GL(n;R) = {Ae M,(R)|3IA '}
= {Ae M,(R) | det A+# 0}
SL(n;R) = {Ae M,(R)| det A =1}
O(n) = {AeGL(n;R) |TAA=1,}
7 .
where 1,, := e M,(R)
L O 1 -

SO(n) = O(n)NSL(n;R)



Review:

@ : R™ — R™ : Euclidean motion

&L 34 € 50(n), eR™: p(z) = Az + b

Euclidean Geometry
¢(Figure ) = Figure

for Vx € R™
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Review : Euclidean geometry

(x,y) = tzy = Zx’yz . Euclidean metric
i=1

d(x,y) :== |z —y| := /(z — y,z —y) : Euclidean distance

@ : R™ — R" : Euclidean motion
= - d(e(z),o(y) = d(z,y), Y,y € R

- orientation-preserving

AN
7

det(¢(po)@(p1) - - - @(Po)p(Pn))
det(pop1 -+ popn)

l.e. > 0 for po,p1,...,pn € R"
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What is Centroaffine Geometry?
Definition.

@ : R™ — R™ : centroaffine transformation

&L 34 ¢ GL(n;R) : p(x) = Ax  for Vx € R”

Centroaffine Geometry

¢(Figure ) = Figure
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Example.

Problem. Find geometric invariants.

difficulty:

centroaffine geometry > Euclidean geometry
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Act 1: Centroaffine Curves on R?



Review : Curves in Euclidean plane
_ | fi(s)

f(s) = [ fQ(S)

3 arclength parameter ~~ |f'(s)| =1

k(s) := (f"(s),Jf'(s)) : Euclidean curvature

0 —1 (s .
where J := [ | 0 ] : §—rotat|on

Euclidean geometry has the Euclidean metric ( , ).

(,) (e~ SO(2) X R?) ~ K

What does centroaffine geometry have ?
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I C R : interval

f:I—-R?: curve
L det(f(¢) %f(t)) £0, Vtel

I.e. position vector M the tangent line

‘ d d’
f : nondegenerate <= det(— f(t) 7o)

. (1) #0,

Vte I
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Lemma.

f : nondegenerate

d  d
det(Zf &
et( S g2f)

det(f 1)

1/2

dt

curve

is an invariant 1-form on 1.
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Claim 1.

Claim 2.

det(g/ g2l

det(f o1

det(

dtf dt? D

det(f %)

1/2

1/2

dt

dt

d d2 1/2

det(S-Af —5Af
g dt2 ) "

det(Af %A f)

for VA € GL(2;

1/2

det( s - f o)
det(fo¢ gfoﬁ)

ds

for VI o s+— &(s) =t € I : diffeo.

R).

[]
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d d2 1/2

u |det(—f(t) —=f(t
[(f;0,u) ::/ t(dtf( ) gt2 ) dt (0e€1)
| det(f(8) (1)

. centroaffine-arclength function

3 the inverse function of I(f;0, )

~» parameterized by centroaffine-arclength
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Definition.

f: I — R?: centroaffine curve

def
<

Any
arclength.

e : signature of f

parameterized by centroaffine-arclength )

Vs e 1.

has a reparametrization by centroaffine-
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change the orientation e=—1 e=+1




What is centroaffine curvature?

f: I — R?: centroaffine curve
F:I>5s— F(s):=(f(s) f'(s)) € GL(2;R)
d(s) € My(R) : F'(s) = F(s)®(s)

Lemma and Definition.

Nk:T>R: Cb(s):[

kI — R : centroaffine curvature of f
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Review : Curves in Euclidean plane

f: I — R?: curve with (Euclidean) arclength parameter
F:I1>5s— F(s):=(f'(s) Jf'(s)) € SO(2)
d(s) € Ma(R) : F'(s) = F(s)®(s)

B(s) — [ KO —k(s) ] |

k(s) = (f"(s),Jf'(s)) : Euclidean curvature of f
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Remark.
f: I — R?: centroaffine curve

k : centroaffine curvature of f, ¢ : signature of f

—
(1) f(s) = r(s)f'(s) —ef(s),
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Remark.

f . centroaffine curve with general parameter

—

centroaffine curvature at f(¢)

/

E

\

det(f(t)

d

det(%f(t)

1/2

—1
7t 0g

/

\

E

det(f(1) - F(1))°

det(S7(t) T f(0)

\

/
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What is the curve which does not curve in centroaffine geometry?

What is the curve of centroaffine curvature 07

f'(s) =0f'(s) —ef(s) ~

=1 = =] St ]
e=+1 — 1= | ]

under the condition (f(0) f/(0))
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Theorem (Classification of curves of constant centroaffine curvature).

Curve of signature £ and centroaffine curvature constant k is given as

Case (i): e = —1

1 Aexp(—A71s) + A7 Lexp(\s)
~1

1
fs) = A+ A1 [ —exp(—A7"s) +exp(As) |’ A= 50{ VAR,
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Case (ii-1): e = +1, || > 2
1 Aexp(A71s) — A texp(\s) _ 1 2 _ Y4
f(s) = N _ )\ -1 _ exp()\_ls) + exp(As) |’ A= 2(/% TVH )
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Case (ii-2): e = +1, Kk = 42

sexp(s)

£s) = [ exp(s) — s exp(s) ] |

Case (ii-3) : e =+1, k = =2
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Case (ii-4) : e = +1, |k| < 2

fls) =

exp(as) cos(Bs) — afB 1 exp(as) sin(Bs)

—B texp(as)sin(Bs) |’

----------

7777777777



Question. Find a “good” representative of a given centroaffine curve!

Draw interesting pictures!

1-19



Proposition (Centroaffine Clothoid).

Curve of signature € and centroaffine curvature k(s) = s is given as

Case (i): e=—1 = f(s) =

Case (ii): e =41 = f(s) =
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where erf, erfi are defined by

erf(z) : \/,/ exp(—t2)dt, erfi(z) := \/iilerf(\/—ilz).
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Act 2: Centroaffine Surfaces in R?



M : 2-dim manifold

f: M — R?: surface (i.e. immersion)

fiTuM C Tt R? : tangent plane of the surface f(M) at f(u)
f: surface

def

< Tf(u)RB = f T, M & Rf(u), YVue M

i.e. position vector M the tangent plane
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D : the standard flat affine connection of R?
Review: In general, what is affine connection ?
N : manifold

[(TN®P9) := {tensor fields on N of type (p,q)}
[(TN) :=T(TN®9) = {vector fields on N}
['(TN)> X

XP:ZXi(p) (8({;2) eT,N (pe (U;a',...,2") C N)
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Review (cont):
V:I(TN)3Y — VY ¢ I(TN1Y)
ie. V:T(TN)xT(TN)> (X,Y)— VxY € I['(TN)
. affine connection (covariant derivative) of N

def
e

(1) Vixi+x,Y = iV, Y + foVyY, Vfie C*°(N)
(2) Vx(a1Y1 +c2Ys) =c1VxYr + oVxYs, Ve €R
(3) Vx(fY)=(Xf)Y + fVxY, VfeC>®N)
VX, X;,Y,Y; € T(TN)

2-3



Review (cont):

N =R?  (x! 22 23) : standard coordinates of R?

I'(TR3) 5 X = ZXZ LY = Zwax

3

1 ) . ) aY'L 3
DxY = Z (XY")5— where XYi(p) : —j:lej(p)axj(p), peR
—
. . . 3 . 0
D is the affine connection of R” satisfying D g9 7— =0.
Y 0xI
oz’
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f:M — R3: surface
TrwR? = f.T.M &Rf(u), YueM
Define V and h by
Dxf.Y = f,VxY +h(X,Y)f, VX, Y e(TM)
—> V : affine connection of M

h € T(TM©2) . symmetric (0,2)-tensor field on M

k

o)
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Proposition (Fundamental theorem for centroaffine surfaces).

fas V. h, f~V,h

f is centroaffinely congruent to f

~ ~

«— V=V and h=~h

«— V=V

~ Tensor fields defined from V and h are also centroaffine invariant.
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Definition.
f:M—R?:

EL TrwR3 = L, TLM & Rf(u), Yue M

h : &+ Riemannian metric on M

V : centroaffine induced connection of f

h : centroaffine metric of f

centroaffine surface
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Definition.

V" : Levi-Civita connection of h

K :=V - V" e I(TM™2) . difference tensor field of f
T :=trp, K € I'(T'M) : Tchebychev vector field of f

T := VM e T(TM™D) : Tchebychev operator of f
Remark.

{K=0} = {T=0} = {7 =0} = {tr7 =0}

K=07
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Theorem (G.Pick, 1917 7).

K =0 = ellipsoid or hyperboloid of two-sheets
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=07

G. Tzitzéica, in 1908, without the discussion above,
found a property invariant under centroaffine transformations
for surfaces in Euclidean 3-space.

( = the source of Affine Differential Geometry)

What is the property?
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Notation.

(R3,(-,-)) : Euclidean 3-space

f: M — R? : centroaffine immersion

n € I'(f~YTR?) : unit normal vector field of f

I:= f*(.,.) e (TM©2) : first fundamental form of f

(Riemannian metric on M induced by f)
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II € T(TM©2) : second fundamental form of f
V! : affine connection induced by f (Levi-Civita connection of I)

defined by

Dxf.Y = £f.VLY + II(X,Y)n, X,Y € T(TM)

p: M — R : Euclidean support function of f w.r.t. 0

defined by p(u) := (f(u),n(u)), ue M

the distance of the tangent plane f.T,, M from the origin 0
JC = det(I71II) : Gauss (-Kronecker) curvature of f
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Theorem (Modern version of Tzitzéica's theorem).

T=0 < Kp *is const.

In particular, the property that

the ratio of the Gauss curvature to the fourth power of the distance of
the tangent plane from the origin is constant

is invariant under a centroaffine transformation.

f: M — R? : centroaffine surface

ey def
f . Tzitzéica surface <= T =0

(proper affine sphere with center at the origin)
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1
+ Claim. T = —3 grad,, log Kp~*. []

Remark.

f:M"™ — R*" : centroaffine hypersurface

1
— T = —§gradhlogle_(”+2).

Reference.
Furuhata, H., Surfaces in centroaffine geometry, to appear in Differential geometry
of submanifolds and related topics, Surikaisekikenkyusho Kokytroku (Japanese).
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Example.

(1) f(u,v) :== (u,v,u" o1,
(2) fron(u,v) := (cos(v/3u) exp(—v), sin(v/3u) exp(—v), exp(2v))

3 many Tzitzéica surfaces
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{K=0} = {T=0} = {7 =0} = {tr7 =0}
T =07

Local Classification Theorem (Liu,H.- Wang,C.P., 1995).
f: M — R? : centroaffine surface with 7 = 0

—

(1) Tzitzéica surface

(2) fap(u,v) := (u,v,u"%%"?), abER:abla+b+1)#0
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Example. (2) fup(u,v) := (u,v,u"%7?), a,b€R:abla+b+1)#0

a=-1/2, b=—1/2+1/100
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{K=0} = {T=0} = {7 =0} = {tr7 =0}
tr7 =07
Theorem (Wang,C.P., 1994).

For Vf; : M — R? centroaffine variation of f

a
dt

/volht:O — tr7 =0
t=0J M

~ centroaffine minimal surfaces
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Example. 2

LTV '\\\\
rEnaVRONY
NSy

A/ .. ‘?

1

fruj(u,v) := (v te ™ cosv,u"te " sinv, 1 —ut)

fru € {trT = 0} \ {T = 0}

Reference.
Fujioka, A., Centroaffine minimal surfaces with constant curvature metric, Kyungpook Math. J.

46(2006), 297-305.

2-19



4 many centroaffine minimal surfaces
~ Centroaffine Bernstein Problem 7?7

Reference.
Li, A.M., Li, H. and Simon, U., Centroaffine Bernstein problems, Differential
Geom. Appl. 20(2004), 331-356.

Problem. Characterize the surfaces with 7 = 0 geometrically.
Candidate: surfaces with self-congruent center map

Reference.

Furuhata, H. and Vrancken, L., The center map of an affine immersion, Results
Math. 49(2006), 201-217.
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Problem. 7 d Application of Centroaffine Geometry in technology
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