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Following the ideas of Klein, presented in his famous lecture at Er-

langen, several geometers in the early 20th century proposed the study

of curves and surfaces with respect to different transformation groups.

In 1907 Tzitzéica∗ found that for a surface in Euclidean 3-space the

property that the ratio of the Gauss curvature to the fourth power of

the distance of the tangent plane from the origin is constant is invariant

under a centroaffine transformation. The surfaces with this property

turn out to be what are now called Tzitzéica surfaces, or proper affine

spheres with center at the origin. This work is regarded as the source

of so-called Affine Differential Geometry.

A centroaffine transformation is nothing but a general linear trans-

formation Rn 3 x 7→ Ax ∈ Rn where A ∈ GL(n,R). In this talk,

an introduction to centroaffine geometry of curves and surfaces will be

given.

In Euclidean geometry, we investigate the properties of curves and

surfaces invariant under a transformation Rn 3 x 7→ Ax+b ∈ Rn where

A ∈ O(n) † and b ∈ Rn. You are reminded that as the first step, we

should define the arc-length, the curvature and so on for a curve by

using the Euclidean metric (the standard inner product). Besides, we

need it to define the unit normal vector field and various curvatures for

a surface as well.
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∗Gheorghe Tzitzéica is a Romanian mathematician, and his name is spelled Tz-
itzeica, Titeica, Ţiţeica and so on.

†O(n) := {A ∈ GL(n,R) | 〈Ax,Ax〉 = 〈x, x〉, ∀x ∈ Rn} is the orthogonal group.
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In centroaffine geometry, we should not expect that the ambient

space has such a metric. How then do you define the arc-length of a

curve, and . . . ? As a matter of fact, we can define the centroaffine

curvature, and get that the ellipse and the the hyperbola are of cen-

troaffine curvature zero. We also obtain that the curves in the figures

above are of non-zero constant centroaffine curvature.

The surfaces in the figures below are explicitly given as follows. In

this talk, what these surfaces are will be clarified.
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(1)(2) fab(u, v) := (u, v, u−av−b), a, b ∈ R : ab(a + b + 1) 6= 0,

(3) fJon(u, v) := (cos(
√

3u) exp(−v), sin(
√

3u) exp(−v), exp(2v)),
(4) fFuj(u, v) := (u−1e−u cos v, u−1e−u sin v, 1− u−1).
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