
HESSIAN STRUCTURE

OF AN IMPROPER AFFINE SPHERE
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f : M → R

n+1 ,�-/.021 ξ 3 f4$5$6�798�:<;>=@?BADC2EGFIHKJ�F 1ML�NPO 4RQ DXf∗Y = f∗∇XY +

g(X, Y )ξ S<TVU J M W 4 !X#)%'&(�YXZ F\[^]2_ (I`9a 4�b (∇, g)c<dfe^gihkj , � J�l dme^g<nXo�p 4�q$rKsut^v 0k1 !X#�%'�(IwXxn$o$p�y ,{zG.P|<-�} 3~ |X� HV��F 1 H �i�)� 1 �$�\�"�����@�� !$#�%'&(
*X+ 4 ��� |i�9� 5M?96 O 3P~ |>� HV��F c S"� � |X���� sB�
U�� 1 dme^g<h�j F .P0k1��i� F ����� � � 4 3��M� J\�\F�sut c�P�$� | lM�94��X�2�GF .�0i1��X k¡ n�okp�¢9£�¢$¤k¥�¦9§�¨�© � ∗ Sc<ª�« 4�¬$ 3P®$¯ .I1k°X± � EX² ³ dme^g2hkj@´ °$± :�]M6k] h�j

SMµ JPE$²$¶@4�·�¸ y ��¹@º ,i»X|20�¼�½B. � l
¾X¿ÁÀ l d�e�g�Â +)Ã{Ä ´ � T 4 ���>�����{�@�� �!�#\%�'&(�*�+ c 1Å&ÆÇ$È$É + ³Ê4<�<ËX¶BF�¸$Ì !$#@%P')( ²)Í S>µ J{l
��Î ,�»$|i0i1PÏ9ÐkÑkÒ [5]

c 1 Ã{+ 4RE9² ,{1 ®9¯ . �{Ó ;BF c{Ô4 ¹�º 3�Õ�� 0M| J�lV��4KÖ<]×A S c 1 !X#)%'&(�*$+ F c9Ø t � |E$² 1 H �2�)� 1kÙ�Ú YXZ ´kÛkÜ F c�Ø t � | E$²&4�¬� 3 ¼�½ H�J�MF , H@J{l
¾9ÝBÞ l�ß2àiá

M W 4 !k#X%�'\(âY2Z ∇
F$[�]�_ (â`ia

g
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(∇, g)´<ã ` h�j ³ U � c 1�ä�å e^æ2h9j ¶ S�µ J&F c 1 (1) ∇
´iç Î ´ �

|�1 (2) ∇g
´ -�è S>µ J 1 3 v � HfF �k3 | � l
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ã ` h2j
(∇, g) ,R-u.I0i1{ü 4 a ´ T Ò�ý Î\JRl ∇g 3 g

4Vþ�ÿ����
æ ÿ���� Y$Z F .�1 γ = γ(∇,g) ∈ Γ(TM (1,2)) 3

γ(X, Y ) := γXY := ∇g

XY −∇XY

F��
	 l U � 1 H = H (∇,g) ∈ Γ(TM (1,3)) 3
H(X, Y, Z) := (∇Y γ) (Z, X)

F T � J{l ∇
´<Û2Ü 4RE�² 1 H ���)� (∇, g)

´kd�eIg<h2j 4{E�² 1 Hc�������
[6]
4 T Ò . � dme^g Ã�Ä���(�� C2E S>µ J�l d�e�g9Â +Ã{Ä ´ � T c
F�H@J)F 1

H(X, Y, Z) = (c/2) {g(Y, Z)X + g(Y, X)Z}

´ ��� � » l@�\� S 1 ã ` h�j 4{E$² �^1 ��4{Q S Â +)Ã�Ä � T c
F

| ��� ¥ 3 1���, T � 0 �
	���F , H@J{l
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(∇, g, J)
´ Ñ � ã ` h<j SXµ JKF c 1 (1) (∇, g)

´�ã ` hij 1
(2) ω(X, Y ) := g(JX, Y )

´ ³
J !�" � ¶$#�%$Q S 1 (3) ∇ω = 0 1 3v � HuF �k3 | � l

∇
´iÛkÜ 4RE$² 1iÑ�� ã ` h9j F | ��� ¥@c 12°�± :M]M62] h9j F

�'&<Î)J � 4"FÍ � � 4 S>µ J ³ � F � & 1 [1] (�) ¶øl

f : M → R
n+1 3 ���K�&���'*�Ã�+ FIH)J{l ξ 3 f

4$5M697X8<:�;
=K?/ADCiE ³ T Ò c 1 � F � & [4] (�) ¶�F�HKJ@F 1 W F�Í{à ,�1�L@NO 4RQ DXf∗Y = f∗∇XY + g(X, Y )ξ S�T&U J M W 4 !�#�%�')(�Y�ZFX[�]i_ (�`2a 4{b

(∇, g)
c{ã ` hkj , � JRl���4 ã ` h2j 3 f , �� Ù�Úmý Î � ã ` hkj F<��+<l ý t ,�19Ù�Úmý Î � ã ` h9j@´ Ñ�� ã` h�j F � J ��� hkj J 3-,�. H@J)F � 1 f : M → R

n+1 30/�1 2�34�57698':�;=<�> F | � l ³ �9� S c F � µk�i� � �@? A S �B	 l ¶Ñ�� ã ` hkj�c 1�C�D�E�, � � c �{� 0 º'F , T Òmý Î � � ¥ S�µJ ³
[3]
�HG 3I(�) ¶ l U � 1�Ñ�� ã ` h2j 3 �» *)Ã{+ c 1�JLK�M�N

[2] S � ¦�§ ý Î 0X| J{l�OQP c ü 3IR H��>F ´ S�� J{l
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¾�¿HS l Ñ � ã ` h<j 3 �^» *KÃR+ c 1�Ù<ÚVý Î � ã ` hij 4 Â +KÃRÄ´ � T � tI& 1 Å�ÆÇ9È$É + ³ 4��<ËX¶fF�¸�Ì !�#@%�'�( ²)Í S>µ J{l
¹@º 4 Ó�T c 1 «<¤ 4VU�WYX����'Z *)Ã{+ 4 !\[ ]M6"[ � � ³ [4] (

) ¶"� � 1 γ = 0 3 Ú 	 l>� .^0i1 γ = 0
� tI&^] ü *@Ã{+ S�µ J@F |�'_ e ?`� = !�a C Aõ4 T b ³

[4] (�) ¶ 3dc | Îe&K� | l
f gYh l Ñ�� ã ` h2j (∇, g, J) ,{-/.�0i1>»7i ´ ��� � » l

(1) γXJY = Jγ∗

XY = −JγXY ,

(2) ∇XJY = J∇∗

XY .�k� S 1 ∇∗
c

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇∗

XZ) S�T&U J !$#K%^'(�Y$Z S 1 γ∗ = γ(∇∗,g) SMµ J{l
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