
Euclidean space

a =

 a1

a2

a3

 , b =

 b1

b2

b3

 ∈ R3

⟨a, b⟩ := a1b1 + a2b2 + a3b3 ∈ R

|a| := ⟨a, a⟩1/2 ∈ R

a × b :=

 a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1

 ∈ R3
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What is a surface ?

D ⊂ R2 := {
[

u1

u2

]
=: (ui) =: u} : a domain

f : D → R3 := {

 x1

x2

x3

 =: (xα) =: x} : a C∞ map

∂if := (
∂fα

∂ui
) =

 ∂if
1

∂if
2

∂if
3

 : D → R3
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What is a surface ?

Definition 1.1.

f is a surface
def⇐⇒ {∂1f(u), ∂2f(u)} are linearly independent for ∀u ∈ D

f is a surface ⇐⇒ ∂1f(u) × ∂2f(u) ̸= 0 for ∀u ∈ D.
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What is a surface ?

n(u) := |∂1f(u) × ∂2f(u)|−1∂1f(u) × ∂2f(u)

the unit normal vector of f at u

f∗TuD := span{∂1f(u), ∂2f(u)}
= {v1∂1f(u) + v2∂2f(u) ∈ R3 | v1, v2 ∈ R}
= {X ∈ R3 | ⟨X,n(u)⟩ = 0}

the tangent space of f at u
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What is a minimal surface ?

gij(u) := ⟨∂if(u), ∂jf(u)⟩

(the coefficients of) the first fundamental form of f at u

Area(f) :=
∫

D

|∂1f(u) × ∂2f(u)|du1du2

=
∫

D

√
det(gij(u))du1du2

the area of the surface f(D)
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What is a minimal surface ?

f : D → R3 a surface

{ft} a variation of f , i.e.

ft : D → R3 is a surface, t ∈ (−ε, ε), f0 = f , ft|∂D = f |∂D.
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What is a minimal surface ?

f : D → R3 a surface

{ft} a variation of f , i.e.

ft : D → R3 is a surface, t ∈ (−ε, ε), f0 = f , ft|∂D = f |∂D.

Definition 1.2.

f is a minimal surface

def⇐⇒ d

dt

∣∣∣∣
t=0

Area(ft) = 0 for any variation {ft} of f
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What is a minimal surface ?

Exercise 1.3.

Choose a picture of a minimal surface and explain its properties.

Exercise 1.4.

Find various properties of the following family of surfaces:

ft(u1, u2) =

 |1 − t2|−1/2( tu1 + sin u1 cosh u2)
|1 − t2|−1/2( u2 + t cos u1 sinhu2)

cosh u1 sinhu2



See the animation!
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