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Mathematical models for waves in Cardiac activity
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Traveling pulse solutions in Cardiac activity

__Stable traveling pulse in cardiac models

. Aliev-Panfilov model (1996)
{ U = E%Ugy — kou(u —a)(u— 1) — uw,
T = elky + kov/(ks +u))|—v — kgu(u — ks — v)],
| — Modified FHN equation
Not overshooting wp = dyuge —u(u—a)(u—1) -,
e.g. Sakaguchi 03 TVt =

dovze + el(kru(ke — u)(u + k3) — vl

Gani, Ogawa 14

overshooting



Comparison between pulses in cardiac tissues and nerve impulses

Comparison between two examples a
Aliev-Panfilov model (1996) AP model <
U = E%Ugy — kou(u —a)(u— 1) — uw, |
{ o = elky + kov/(ks +u))|—v — kqu(u — ks — v)],

In both, existence of stable traveling pulses with node type
FitzHugh-Nagumo equation FHN model

{ Uy = E*Upy + f(u) — v,

Ty = e(u—yv),




Difference between pulses of AP and FHN

FHN

— N

Active region

AP

a

narrow
Interaction of pulses

repulsive

>

wide
T
[ b

Oscillatory interaction appear




Problems

Theoretical explanation that
- single traveling pulse is stable with node type,

- multi stable single traveling pulses interact oscillatory

Construction of solutions with above properties



Ut

The modified m-FHN2 model :

i.e.,

Py = Py (k); F(P-

Bi-stable reaction-diffusion system
= DU, +F(U:;k), t>0, r€ R UecR"

P, ; excitable state

(k); k) = 0 Stable equilibria 5" et seace

)

u =du, +uld-u)(u-a)-v
Vi = dvix +ng(u _7/\/)

u=du_+u(l-u)u—a)—v o =]
—b(u- ol P
(u—yv)e (u=yv) +
v, =d,v, +& =
(u—yv) | —b(u—yv)
e + e p
O<a<l/2 =
b>0
¥ is a bit smaller than ¥ ¥ makes the nullclines symmetric (i.e., the areas between two nullclines

at upper pick and lower pick is equal)



Stable front solutions

Assume stable traveling front solutions: Sy (x + cit); S1(£o0) = Py

C+

P )

repulsive

REM: ¢, < c_, repulsive interaction = stable traveling pulse e (roving direction
with wide excitable region -~ .




Dynamics of front solution near bifurcation point

Ut :DU;L:;L» ——F(U,k), > O, re R

Assume: L — k.: bifurcation point s.t.

S_ has a singularity at k = k. satisfying: S =5.(:) (zi=2+c_1)
L_:=Do2+F'(S_;k.)—c 0, (L_0,S_.=0)L_VY_=-9,5_

L* == D&% +'F'(S_:k,) +c 0, L*® =0 L*U* = —d*
Theorem
If n:= k — k. is sufficiently small, then

Ut,z)=S_(x+c_t—1_(t)+rt)V_(x+c_t—1_(t)) +O(|n|),
[ di_
= 7+ O(|n]),

-
d_: = K(r)+ 0" + [n]*/?) K(r) := —Mon + Myrn + Mar® — Msr®




Bifurcation structure of S

Ult,z) =S_(x+c_t—1_(t) +r{t)¥_(x+c_t—1_(t)) + O(|n|),

-
L
dt

\

p— T,

= K(r)

K(r) := —Muyn + Myrn + Myr? — Msr?

—c_t+1_(t)

In the case of sufficiently small ¢ and S_ close to odd symmetry
—> My, M, sufficiently small

Assume all coefficients are positive and M, My sufficiently small

A-- \

K (r)

c_ L 4
Ve
velocity kc

I* :T \\//\ I > T
C c*
n <0 n>0
-k

(¢ :=c_—cy) cC_.—r>cy < r<c’



Bifurcation structure of S+and S
S+ I

> [ dl_
‘/¥h—L . AT = _t S_—

- ;

dt

—~cot 4L (1) —c_t+1_(t) \
: R k \

N

Assume velocity ke
S_ is always faster than S,

Assume S+ is stable near k = kc

cC_—r>cy &= r<c
(c*:=c_ —cy) . S




Pulse solution consisting with S, and S near k = kc

S velﬂouty , ,//45 o
1. : c|
= i ——
SRESA() e t41-(1 = Sy
ke
K(r) := Mon + Myrn + Myr? — Msr? k=k.+n(0<n<<1)

Theorem Suppose 5,(z) e *a+Py, S_(2) s e**a+P, 0<c_ —cqy <<1

Ult,x) =Si(x+cet—11(t)+S_(x+c_t —1_(t) +r(t)V_(x+c_t —1_(t)) + O(|n|),

( dl
— = —Niem "+ 07 + 0%+ ),
d
{ T = Nae M4 K(r)+O(em 41t 4 [nf2),
dl_ _ —ah —2ah
\ E = N3€ ‘|‘T‘|‘O(€ )




Existence of stable traveling pulse

(- dl
RN
~eyb 4 -t & — Nge—ah’—l—’}“ K(r) := —Mon + Myrn + Mar? — Msr®
\
K(r)
h::Z_—l_|_—C*t > \
C ‘—C_ —C N\ | T
+ \C*
> 0
( dh o ) '
_t — (Nl—I—NS)Ba —|—T—C:
\
r
— = Npe*h 4 K
. dt 2¢ + K(r)




N

Analysis of reduced ODE

( dh ( dH

s= (N1 + Ng)e™ " ¢ —¢*, H(t):=e " ? = —aH{(N1+ N3)H +r—c"}.
r | > < r
= — Noae @ K — = NoH+ K
- e 4+ K(r) w o H + K(r)
H
4 K(r) := —Myn + Myrn + Mar? — Msr?

PROP There is one stable equilibrium with
node type.

T T T T
240.04*(r+0.35)+h-0.004 =0 — _|
h*(r}7*h-0.3) = 0 ——

Stable traveling pulse solution
with note type.




Periodic traveling pulses  ~

511 - M Periodic boundary condition
_ (Pulse train) [ >> 1

|
0 —cit+ () —c-t+1- |
dl _B(L—h) o Suppose Si(z) = e P*b+ P_, S_(z) = e’*b+ P_
— = Nye # — Nie “",
g'r K(r)
a?? = —Nze PE=M) 4 Noe=oh 4+ K (r), \ - .
~— | >
d—t_ o Nge—ah’ — Nﬁe—B(L—h) + r C*
@ K(r) := —Mon + Myrn + Mar? — Msr3 1) > 0

W cti=c_ —cy | | | | + H
[ (N1 + Ng)e®" — (Ny + Ne)e PE=M 1 — ¢, N
r —B(L— —a

Repulsive <= all coefficients IV; positive : r




Analysis of reduced ODE

( dh
gt = (N1 + N3Je™®" — (Ny + Ng)e PEM) o —
<
4
2 _N.p—B(L-h) —ah
wr N56 +N26 —|_K(T) @ H(t) - e—ah(t)
( dH e Pt I
— = —aH{(Ny+ N3)H — (Ni + No) - +7 — ¢}
r o
dt _N5H6/ + N H + K(r) h

Oscillatory behavior appears
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Enlargement
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( dH

dt
dr

Cdt

—OzH{(Nl + Ng)H — (N4 + Nﬁ)

_N5

e PL

HPB/«

Dependence on L

+ NoH + K(7)

e_ﬁL

HP/e

+r—c'},
}’<

(

\

dH
i
dt

—aH{(N1+ N3)H +r—c*},

NQH + K(T)
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monotone)

Modified FHN2 (non

PDE simulation
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Ludy-Ruo model

Mathematical model describing heart muscle excitation (Hodgkin-Huxley type) with 8

variables

Qualitative comparison is possible with real experiment
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Summary

- Construction of oscillatory traveling pulse train
consisting with stable traveling pulses.

Thank you for your attention.
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