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Keener-Tyson model

<u[:gdlAu+u(1—u)—bv(u_a), - W w

Uu-+a

|V, =&(d,Av+u—V), - -




RICHLERET L 2R 5T)
u; = DAu+ F(u), t >0, z € R’
/ di - 0 \

D = , ueR" F: R"—> R"

\0 dn)

Experiment Simulation

. _ . of FHN
BZ reaction: spiral pattern -
] by Hiroshima
Kitahata  (Mimura,
Barkley '95, Keener 94, Mikhailov '94, Fife '88, Kobayashi)

Sandstede, Scheel ’01,
Sandstede, Scheel, wulff ’97, 99
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Core part (tip part)



BZR/\A(Z )LD} ER5E IS,

u;=DAu+F(u), t>0,z€ R ——— U= DU, + F(U), z € R’
2R Tt R8 1R el RE
Ut,z) = S(z — ct) 1 RITEITIHEE

S(z — y)\i,

ct
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Ut,z) = S(x — ct) 1 RITHEIT I R

Sz — ct) . > 2 (,/#M_
N
; QN2 B
BRI > TIRTHETRENEA TS
k<0 v 9*

V: 5'*15'],%%%75#1/\0):_ R E
V=c—-—Mkr g iD=
k>0 (mﬁu(_ FYHMNOTNBEFEETRENET D)

Eikonal curvature equation

M >o0= planar stable
C(k=0) M<0=  ynstable




B MIZDOUNT

u; = DAu+ F(u), t >0, z € B> 2RJcfElE

B )
1% U; = DU, + F(U), z € R! 1R JofelE
A Ut,z) = S(z — ct) 1RITEITIREE

U 1
—cS,=DS,,+F{U), z:=z—cte R

Ut,o) > Ult,2) || BIEER z=x-ct

e N Ut_CUz=DUzz+F(U)7 ZERI
L S(z) ITEE

L*V :=DV,, —cV, +'F'(S(2))V, L*®* =0, ( S,,P* );. =1
[M — (DS, D >L2J

GL m7Aavbk: M =1, Gray-Scott D EE/NILR: M < 0,
FitzHugh-Nagumo D #EfT/NILR: M > 07 &
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u; = DAu+ F(u), t >0, z € R?

L*V := DV,, — ¢V, + tF'(S(2))V, L*®* =0, ( S,,®* ), =1

Ginzburg-Landau (Allen-Cahn) A%z +’
ur = Au+ 3u(l — u?) [l e=0 . >

S(x) = tanh(x/2), Lv = L*v = vy, + %(1 —35%(z))v, ®*(x)= %S’I -1
M: ( DSZ,@* )L2 — 1

(VZC—MH;Z)VZ—K,

) DeMottoni, Schatzman 95, X.F.Chen 92,
Barles, Soner, Souganidis 93 ...
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FitzHugh-Nagumo A= (FHN)

ut:uxx+ f(U)—V,
Vt :S(U—yV),

f(uy=u(l-u)(u-a Existence, Hastings ‘76
( ) ( )( ) Stability, Jones ‘84

0 {ELKL 1, Y > 0 ec Yanagida ‘85

h . .
Traveling solution
u \Y4

t>0,xeR'

[#5 ADRELEER — =
i [ SRR DR
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u, = DAu+ F(u), t >0, v € R

L*V :=DV,, — ¢V, + tF'(S(2))V, L*®* =0, { 8,,®* ). =1

= zum u) — v,

vy = €&(u—yv),
e%u,, —ecu, + f/(Plu—v )
T y LV := ( —ecv, + £(u — yv) ’
u
MHEEL e2U,, + ecu, + f(P)u+ Ev
R ——— :}: L*V p— cCV. — U — E’Y’U 3
S(SC + ECt) Z g

V = (u,v), §:=(®,¥),



Adjoint eigenfunction
LN ?*

By Yanggida ‘89
M = (DSz,Q* )L2 > O

o£/VE
= (#",%") e=c+06), (6°0) = )

My = ]_ e=*0t@0(¢)dE, My = [ " ook (09(6))2de

— 00

(o eM 1 1
I <
v M 1 1
v = e = (- 7 7} o,
[0 = Mize—""feg(e)+0(s),
Il) < . ¢
O = f_ eo0Y(e)dt — 1 + O(e),
() = O(e),
L) {w*(z) = 0’

Ei ‘95, Ei, H. Ikeda, K. Ikeda, Yanagida ‘08

( V=ec—Mr=V =cc— Mk

)



Spiral Pattern
Motion of tip part

Heuristic conditions
were added.

V =c— Mk

Eikonal curvature equation

Boundary conditions on tip
IS hecessary



Core part

Quter resion

. Core resion
@ Spiral {

@ Typical behavior of Core : rotating, meandering, - - -




Known Result (Keener)

{ euy = e2Au+ f(u,v)
ve = g(u,v)

=0
Eikonal equation (Keener 1986) K> 0
curve : V =¢—c¢k

O
@ V' : normal velocity
@ ¢ : velocity of 1-D pulse

rotating

@ K : curvature tip :



Known Result (Mikhailov & Zykov)

Mikhailov & Zykov, 1991

k>0

curve : V =Vy— 7k,
tip . G =9(ke — Kg). (%)

@ V' : normal velocity

@ ~ . curvature tip: o =0

@ G : tangential velocity of tip o Note : (#) is given by a

@ Vh, 71, 72 : const. physical background,

@ k. : critical curvature not derived from RD

@ ko = lim k, o : arc length system.

o—0)




Purpose

Derivation of explicit dynamics of
spiral wave from RD,
iIncluding the tip parts



Another approach -front & back- (1)

monostable (pulse) ~
_gk |0
— | - —
pulse
/

bistable (front & back)

IEa R

=

back front y




Bistable Nonlinearity

u, = DAu+F(u), t >0, z € R

Assume: F' has two stable equilbria, say P+

Consider interfacial dynamics connecting P~ and P,




Front and Back traveling solutions
Uy = Duyye + F(u), t >0, 2 € R




Known Result(Hagberg & Meron)

@ 2-comp. Bistable RD system on 2D

{ eTus = 2 Au+ f(u,v) ’\
)

v, = daAv + g(u, v)

e T=7.—17(n <1)

@ e =T.+e1 (e < 1)

tip: k=0

Order parameter equations (Hagberg & Meron, 1998)

V =T -k,
curve :

a
re = Yar — V3T + VK + Too — To [ KV do

@ V : Outward normal velocity

@ r =r(t,o) : "Order parameter”, 7; : const.

84 8EF (AMXE D) Spiral waves in bistable RD systems 2010 % 2/ 138 16 / 31




1D problem
Uy = Duy, + Flu) = L1(u), t >0, 2 € R
F = F(u;k), depending on a parameter k

Assumption:

Li(u) = Li(u; k)

S(x); stationary front solution s.t. £1(S(x);k) = 0

S(x) — Py as ¢ — -

oo, (For simplicity) S(x), odd

k =k, , s.t. pitchfork type bifurcation of traveling fronts occurs.
=, front L:= L(5(x); k)

P s()
back <

Py




Numerical simulations

—\_ S(ac) — a%—back Ej

<

imperfection

~— =>front

i “— <=3 back fron

<

L




Center Manifold near &k = k.
U = Dug, + F(u; k) =: Li(us k), k=k. +n
3®(r;n); Center Manifold and “H;(r;n) € R s.t.

®(r;n) = ®(r;n)(z) € R", —Ho®, + H1®, = L1(®; k. + 1),
ol e = Sl = UG

] { [ = Ho(r;n)
(), 2M; >0, }A.ﬁ(rlv--‘“\ ro= s
®(r;n) =S(x) +ryp(x) + - - -, = front
folrin) =r+ 5(0) N =
Hi(r;n) = —(Myr* — Mon)r + - - - = . ~back
s
L:=L{(S(x);k.) M, M, >0=
k=ke+mn

Linearized operator at £ = k.



2D problem

u; = e?DAu+ F(us k), t >0, x € R’
k=k.+n0<e n<<1)

front

“Ole)

. Inner Layer

Dynamics of interfaces



Tubular Nbd of Interface
P
Py

Kk > 0

UV
v = v(t,o) : Outward normal unit vector

x=I(to0)+ v(t,o),c =X, x), A= A(t, x)

r=(z,y) < (\0) ;::;u (1, 0)

I'={I'(t,0)} Kk = Ii(t, 0') : Curvature

u(t, ) = ®(r(t,0);




Derivation of Interface equations |

u(t,x) = ®(r(t,X(t,x));n)(At,x)/e) + v
Substituteﬂ

Uy = 2 DAu + F(’U,,kc —|‘77) —. £2(u;kc _|_77)

ﬂ u = u(t, o, p

ur + (Ar/e)u, + Yiu,
2

EK 3 1
=D - - F(u; ke
{u”” 1—5&uu”+ 1 —ekrp (I—S&HU )J}+ (u; ketn)

eK(e)u
= Li(uske + 1) + K (e)u,

Li(u; k) := Duyg, + F(u; k), u =u(t,o,u) =@+ v



Derivation of Interface equations ||
u; = e?DAu + F(u; k. + 1)
@u:u(t,o,,u)

ur + (At/e)u, + Xiu, = L1(us ke + 1) + eK(e)u

L u=2t,0):0)(n) +v(t,0,p)

T (At/E)’U“ . Zt'va - (At/E)(I)u L DtT(I)r
= L1(P;k) +eK® + L) (P;k)v + eKv + O(v?),

(k:kc—l—n, K:K(E), Dtr L= rt—I—Z]tra)
—HO(I)“ + chI)rp = ﬁl ((I’, kc + 77) holds.
\/ At/cf — —(H() —l“Hg), DtT — Hl —|—I{i<

v — (B - B, - S, - ERW, L ERa,
—cK® + L (®;k)v + cKv + O(v?),




Derivation of Interface equations |l
G — B A B, = P, — HEGe TR
—cK® + L(®;k)v + eKv + O(v?),
V=v9+eEv + -,
Standard perturbation method

He = ek + O(e?), H} = eak + 23766 + O(2)

s 2, 73)
Thus,
[ AiJe = —(Ho(r) +emr)+--=—(r+eyk)+---,
X B e Hl(T) =l 62’}’37"00 .
= (Maon— Myr?)r +evyak + 293756 + - - -

@ r= ikt D,R=R; +%,R,,
Ae = —(eymR+enk)+---, Q(R) := (M, — MiR*)R
DR = nQ(R)+ (¢//M)y2K + e¢vs Ry + - -



|

|

Derivation of Interface

equations |V

DR =R, + X R,,
Q(R) := (M2 — MiR*)R

)

(DTR - = RT + ZTRO')

A-t - —(5\/ﬁR+5271f$)+"' :
DtR = WQ(R) - (5/\/’5)"}/’25', e 52"\/3]20_0_ + .-
@ - 773/2 (
A = —P(BAmme)+---,
DR = n(Q(R) + vk +n*yllss) + - -
@ E—
Ar = —nR+nmK)+--,
DR = Q(R)+ vk +n*13Re + -
ﬂ Oriz '
Ar = —(R+mme)+-,
nDrR = Q(R) + vk +1n*p3los + -



Dynamics of Interfaces

v = —(RR) e e
nDrR = Q(R)+ 72K+ 13Res + -+ = D(T) ={I(T,0)]
ﬁ nd0
Note: Ay = —V (normal velocity)

i - -
{ o = om+ne L =1TUL
) I VE = R¥(k),
T Ve =R7(k),




Inner Layer

R
nDrR = Q(R)+ vk +n*13R0 + -+
@R_R(T,U"*(T)) ..o o'(T) R (k)
! ! R(l)
{ Ar = —(Rpam) oo -—
nBlr + (—op +37)R = Q(R) + vek +y3ly + -+

Q(R) + y26 + 3 Ry

S.t.

[ —0R, = Q(R) + v2k + 3Ry
R(:I:OO) — Ri(ﬁ;)




Dynamics of interfaces ||
(Symmetric case)

= front \Q(R)
S R~ () g
u :ﬁ_ back
B A \— 72K
A ssume vy > 0

Ek>0=0<0,k<0=60>0




Dynamics of interfaces Il
(unsymmetrical case)

Q(R) = (M, — M1 R?)R+46Q(R)

; = front
M. { —0R, = Q(R) + vor + y3 Ry

R(£o) = R (k)

imperfection

Y2 <0

Py

vy > 0 Kk < 0




Dynamics of interfaces |V

erur = e2Au+ f(u,v)
vp = dAv—+ glu,v),

Bistable systems,
(E, Ikeda, kawana)
o,
Y2 < 0 Y2 >0 @
2 <Q\ { Uy
Uy

wi

’t>O,:r:ER2.
Vo > (0

e2d1 Au + f1(u, v, w),
e2doAv + fo(u,v,w), t>0, z € R
e2dpAw + fa(u,v, w)

3 species competition diffusion systems

Remark- (C.C.Chen, L.C.Hung, M.Mimura)

Planar front: 1/ = RJF(K,) or (V =R (k))
vo > 0; stable, v < 0, unstable



Summary

Front and back traveling solutions are considered for RD

systems with bistable nonlinearity.

Interfacial dynamics is formally derived. It includes the tip

motion explicitly.
Several statinary rotating spiral solutions are mentioned.

Other dynamics of spirals such as meandering are still in

progress even in formal level.



Problems

—(R+nmk) +--
Q(R) + vok + n*v3Rp0 + - -

—N—
N
S =
NN
iy
T

A7 = —V: Normal velocity
V. Transition layer of V appears

—-< Consider stretched equation
No reduced equation
‘\H_ ]_" Scaling has problems?

RG method is effective



interfacial equation
describing spiral waves

V. =er+e*vmk
DtT — (UMQ — M17“2)7° + V5 + €Yo K + 62’)/47°00

V:outward normal velocity, &:curvature measured outward
o:arc length parameter, r = r(t,0) € R

0 < i, Mj,m

OD<exk 1 v

['(t) = {I'(t,0) }:curved line [(t)

Rem.r is regard as normal velocity of I'

How to simulate this interface equation ?




Level surface method

[(t) = (2, y)lu(t,z,y) = 0}

Uy . Vu
—d
Vu " w(\Vu\)

we extend r = r(t, z,y)
|$—?u| = er+62'yldiv(|g—z|)
re = mMa = Mir)r + 95 + enadiv(y) + €T

V =




Difference of r,,

v:unit normal vector

n:unit tangent vector

[V

= ¥u (_Uya Ug )

ro= <Vr,n>
roo= < VVrn>n>

< , >:nner product




I ' An

A%

4 1d

9 I

41 ZLH

15

U level line ot u
€ — 035,?’] = 1,M2 = 1,M1 = 1,")/1 = 1,")/2 — 1,")/4 =1
v5 = 0 => Symmetry case
Simulation of Interfacial equation



an

B

1 1

1 1B

0 level line of u
0 level lineof r

rotate with respect to one point



Summray

* We consider interfacial equation describing
spiral waves

* We simulate interfacial equation by using
level surface method

» Spiral motions are reappeared by
numerical simulations of reduced interfacial
equations



Thank you for your attention



