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11:00 ~ 12:00 B R 2 — (LKE
B
13:30 ~ 14:45 *
15:00 ~ 16:00 BwoH B ¥ GAI

—~RaBRRKoHEERBIIOVT

88208 (k)

9:30 ~ 10:30 5 W O % (BAM
Ideal M H D - :

11:00 ~ 12:00 B 8 A (AR
‘Effe(:tively hyperbolic equations DGz 207

13:30 ~ 14:45 X

e NTET O SO @G%‘o moR 8 LA
X i
15:45 ~ 16:15 mn B2 ek

Yong-Yills gradient flows IO W T
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9:30 ~ 10:30 12 FEH RIS K2
Scattering problem for the nonlvincar

Schrodinger equations

11:00 ~ 12:00 B O# h BEX
Schrodinger AR ® grazing ray 12T

13:30 ~ 14:45 %

15:00 ~ 15:30 & O % (BEAW
PG REMNNF Y s LVHEOROGR PV T
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FFuEHZ & Fells - Sampson OB FEXD
REBOBEHIZOWT
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BB RT3 200N EHMED
ABBWE Iz > T
11:00 ~ 12:00 xR F OB (BRI

Criteria for hypoellipticity
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FROHS DI EEOBEND T L RTR TR, FhBaHsHE
AT B, BEOHHIEEREOEESY > 51b FOWMEBRED L 5 H
BRI 5D THS S, FhAEETHS, RS EOWBLRT. -

1. Lo S
BEB LS DR EEBHO— DD EAERL
EoThbIuniB3. B L&y
SEDIX, a—t—3 , 7DhD 2 Y — LDMR, &
HE ORI L EET HEEKREOR, RO
BheEhidsns. Zhb LiEERITITE IR,
CCTEORELEAHEIRCERTHRERHL W
500%, BEBDOLSF I 7AE0HEBRCHER
LT et E o0, JBEE (vorticity) iz~ 5 £ T
EEHDO ot L LTEHIhZETHD. &
BRCBES7 pricETIHRIRRE VbR 5.
FERCART O B ENTET, LrLXK
D X iRER O RZE B iRER (vortex ring) <hb
5. ZhiXiBBXFABE LTEY, BRRANX
A BEOECE RLFDO—ETHB. == TH
BLTa01%, BOEDX5IcEEHN, DX
TEBCEOBShCBERT AL WS 2 L, E
BROEILEOHI L OBRE, FoX5kEk
Bl BB E VWS ETHB.
Hho—oDRBE LTEIEY DS, EkoF
TRBEIEELL L1 F I 7 ALK TEEHLT
WhB. ZOX5BELLOFOBEHLELLZ &
MTELD. B = » PEDOWTIE, Fh
MREETHERS = » PEFLELTHLATHS
(F1RX). BRI ZOMERRRE - T,
COHFEOWRNBRBELTE Y
BEMEOHEFEAC L - TLEENBESh
5. i, RoboBEROHMTHFRXLOHTS
(88X, FLEBRORARL7ZL—-LTIE, H
VW oy SERANLEEXYKRESTCEYHT. £0

ERREFHFBYELEE
113 JRCHR SO X A58 7-3-1
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’_/\/-\

Tar] —  Anrvash
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.‘ \\\—//ij:///

#£ 1 ®

v\_\

FFRHC LB = » COMEFANS B LEL
BhTW3.2 L, HBOBEIILBHEEDL
WeTwaB0b, FEEOLOILTLLEVD
Bl

VB D E IR TRIH, RS TR
D EFBBCER L, Eh OB 1 oREE
(BFE)VHRINDZ A I =AXACERYHTTE
22 L THhIz5
2. ThOg

Wtk D& M x=(x,), HEZI t TEBER S vl
N EtEHLEINBETE., HEOPO—KEXDHE
BT 5L E, oMo E b ORI
¥ X ORERIR T RRTEEN T (BAEEE) + (RIGE
) + MBER) OERSAMTES. HTH
DRERNE DO AEEILRE eo=rotv D 1/21I2F L
W, ¥EERSOEERD HAH T -BED
gradd LTRTZENTES. Lo —BRRE
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Hruvzid, I<AabhTwakdic, =2 1n
Bod, Vv/a4 ZaicBos(diveg=0) LiB7/ L
DG vp(rotv,=0) L T H R TEX3: v=vg+vp
(rot vgx:0, divwex0). BIOFEVF2 T3¢, K
5 Us 13— RICHRE @=rot vg #H T BIEEMtED
BaeRbTowew L, Mo ve OFERHED R
TV e MG ERLLTW A,

RE o *ERIETOER~R 7 M4 jioin
¥DE, eo=rotv DRI D, v IS H it
BLTwD, T TRIZMAHETF Y s LAY E
ATBE, €« 43— A DBAKIZ L » T, FHE
v

v(x,=rot 4, A= S“’U" Dasy (1)
lx—yl|

&ib&f,aMimWFﬂoﬁﬁéﬁTé.v
TR HRCT 551, 0 ONHITEROH
SRONACFEDIZDOASHBLDERET S, L
TV TLIELE, DhbtolRl- ST
BB ENRELRD. WE x=|x| 2l y=|y|
Km&1+ﬁwk%ukbf

1 1,91 @ 1
[x—y| x yax. + y‘y’axa x
(2)
ERBAT 3. (Z 2T MEEOREBEANCRE,

RAURFIHZEhbbbhb L iz, i=1,2,312
DWTHIR LB DETS) HiED oStk
ER%KLK®T3v=yw@®%K§h?L
EEHRT VY o1 013 52
1 J 1 0°
=P
0= b % an s,
tFzhToENTESL, T
1 1
PFES()’Xw)sd’y, Q‘,=Er§y,-(y><w),da s

4)

LEFHIND. BEOWHEEL LTl xickflT3
BFLHHITTHBEN, WEOEAESFOFKRK
F@WDEHO&ké.CDE%%;D,ﬁﬁﬁ
Dbt 4 B 1o S Cit, EEE 0,=00/9x, 1
O(x™%) kigBz Lhibh b,

UTOBRENE, O X5 fedRERRME DM S
LEMEDOENHR I BRELHLNICT S -
LThD TOLEHBELBREUXFELIOIL, B
DIERBHR L EXROFREL TH 5.

-—+0&“)G)

3. AEEhEEHY OHEHER
ke LOREOEBHEL L 5. TOHBR
(£

o5 en=0 @EED )

a%mw ovi0=— —(ﬁ@baﬁ%ﬁ) ©)

dp=cidp (BFRBIEER) (7)
THEABhA. ZCTpREBE, pIixERN, =

vV(@3plop), X EFEEERFLT. FEHMEREDOES T
R=vier-sixRFEIHh, REFERELLT
KMNEES = LicT5. KG)icafot, (6)i d/ox,
ZIER 28, Ppvforox, #HEEL, T %
FoToklETst,

1 ¢
oot ~VP=

o ‘a I(va ) ®)

2B5. COXTLLEAEAN 0D, FHEOBM
REEEYERELTRTHIMN, HLD v, ¥ &L
Hhbd®, GROALLTEOREY LKL
LTwa. Tiebb, HEM v, L0 5 R
FICHETHZLRRLTWS. ZDX 5 A
B4 5% Lighthill? {3 aerodynamic sound
(Z=BHE) LRV, ThhbRETHEOEM., +
SEF TR E v, OWEEBRFEOKE & A%
ThrZ LuiEELL. o TR LIDO/EN
CIREBNC L A2 FOREOMBELEE L TR,
B CEELICL 51, ZRINCRELIRE
Boibh, ThiCX- THRhoBE AFEIRTY
LB I0EEELDOEEROE)THRET
3. ZOBEBROLREAYr -0, HEOKE
S uTRESRBEL LS. HhoOBIRERMAY
CEBT2ZLT, FOX5fEEIEERS
THAH . FRIBGEHOEL YEribsB4
ERVEELTEDISIBECEDETHA S b
BIERB TG —R I EE 00, ED po F
HerndbohDe:t+s, ¥ uidTEcIcl
RCHHPEWERET 5B

M=% «1.
[+

FHEXQ@)DENHE=I] O(dp/l?) L7 O(pu*/l?)
ENAT AT BEEZ B L, EHEBITAp~put

=pctM? DKRKEXT, RN X b, BEXENL do
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~p M2, BT dolpp~Mik1 T, BEXLBIXt+
HINE W Edibhb. £ ZTRB)DEILT p=
P (BE) L&, c bEHELTRS..

fati, BMEBDOR r — iz t=llu DRETH
5LT5L, ZOEEBHHDOOL HFOHERIL A=
cr=IIM DBE LA, o TAXBERDOR
F—rlXxhbPobkEV. WERX Q) OEY
“HoOkY LB L

o(zlm)/ o p)=le =1 r=M <1,

o THE—HOFERIERC/NEIWZ LT D,
Fhydm+ss, REIZ
. 3t
—pVp= Poa o J )
LB, :;mic—oo}:l,f EELRLTHA.

i1z ORIFERBOHBRAERL TV 5. &
W DL, p=p £THE, N5 dive=0 &
th, TLRRE6) o diviEhiE, RxyOn
Boh3hbTHS.

Kicb o kEhAyr—n, TinhbloBiE
DAy —NVTOREXEXTAHALD. RI%XAT
BT E, ENZHOHIX

1 A2
O(c—’P ")/ orp= ctr? =1
Lhh, ABREOKZXLLS. ZhicHL, A
TADFIL x—0 To=0(x"%) LBz &b,

| st O(MY) OEE KT BEL T, RE)IX

1 9%p _
C_2 'a—t'z-—Vzp—-o (10)

Ligk. HEH T, WEOEBEELSSD

EERBLTWA., YROZ Ligdih, K& A
y—nTi, BEROFRELXZER LT hEen
ou,

RO CRY, EED vx) HWEEMTHHEL
THRHAOERYE L TAH LS. v 7-) =3
RTBHE, P-o=013, B g0 g cxL
q-0(q)=0 X TR T 5. —HEFWH p,0*(v,v,)/0x.x,
D k DR

—pog(k-é(q» (k-D(k—g)) d°q

EBFB. A7 b b(g),0k—q) » b k FF
DREDFEXED, ThHLOBEESTH. ThAE
ﬁx&ﬂb»ﬂM%ﬁﬂ%mmﬁ?ackkﬁ

TEEBUR
ydmER . )
£=0(1)

[y Oz \ |

{ iﬁi!)ill x=0(1)

\ "\ T //
\ s
~ -

HB2E =o0Axyr—n1L2LHENBOBE,

RT3, EEHBEVLEL I ODORFIRY
r by,
ﬁkﬁﬁﬁfuﬁﬁﬂﬁu~oox#—»uu
PEELTWAY, BELCOWTIEZo0RKRS
Ar—nlE ABEETS. | TRy —ALEh%
REiSEg OB X NMER, 2 TAyr -1 3
haEBOBY NHBERELFSZ LTS (BF2
). FhEFhOF\BETOMERD, WELER
LT, BEEC L A3FOHHMOBYENTHRIES.

4. FhiBOEHEHEHEDOEN
(a) AEBEEER \He)
WWﬁﬁ&ﬁmfaom&o*47 FHBAT
H5:

3 Jr— _a._ . =—i
divv=0, Py v+@P)v o gradp. (11)
ZZC L=w-PotBE, <7 A BEERNLH
5¢&

L=(v-V)v=w><v+grad"-’2: (12)

LBIA. FrCH17—DR(A)Drot & B

& .
§b+mumxw=o. (13)

thiz o OREBEZETHIHERTDH 5.

5, EHPp XHABRKO)LLREINBMN,
V-o=0%{5 %, —Fp=pf-LELBEBLzLiT
5. cOREpBATERT7 YV vHBREART,
7Y - vBK Gx,y) *EAT B L P:G=—d(x

-»), P=SGPoV°LdJ’ D &I 5. £ T—FK
BHRDTB L
P d==p[Le0 T GE NGy (4
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%@6 LLL,m—-ﬁhuWﬁﬁﬁwEﬂE
ﬁ%%ierva itr;uykﬁ?arﬁ
BT Chs / \
&) ShapiEs (rm’mm{\.w S
ﬁ%ﬂﬁﬁDEﬂOﬁﬂﬂEﬁtﬂf Kip st
mo BOEHORERD LS. EOFRITES
HER10) cRESh S, HHBO—BRALS
FERAOHMTRbLES. Thbb, af) ¥EE
DB E L, x=Ix| T 5L E, xa(t—x/c) bt
BTHHENY T, BEEXWETAEERD
HEAK LR L e B (—x/c (LBIERRTH 5).
WERREROERTER Y
) Cx'=xll, V=t
LBl T B, ABTRREAy — AN 2=
IMThaz L% ZEBLT, ABRBRTERR
R=x[A=Mx' TEHETH. “DLE, EBIERM
(t—x/c) DERTIE V! —Mx! =t/ — % ki B.' =
DX LT, AMBROFEOEML, HAB
iz M BB DT

, pO(iﬁt) M f +M agt xlu~:
s 0F A (t'—%) , o
tMoeE, £ T (15)

EEb® D K=x/). T, A(), AW),
Ay(t'), - REB 1V OREDCBRE T, ENDOKRT
¥LOBTHS. NHENORLD, Zhb 0
ﬁ%&ﬁr%%kb.ﬂ@ﬁklaﬁm%imi
3N E- SRR Y R -

(© RO

W%ﬁﬁ@Eﬁh&ﬂ%ﬁﬁwEﬁAO&ﬁ
BKRDIIREZRLL ESWTThhS, BHED
B2 AT OEEER Y S A OB BRI~
GBI T 5. EHORICLZFD X 5 el
AL TE DDy, ETF—HOREMLMS
DRANBTTHHRHBEESEET 5 2 LD E
ThdH. LI, TOEBEBCE T, LUTD
BRIV THERBEMEENC—HTHE5%
#5874 = LT % (method of matched asymp-
totic expansions).® BRI Pﬂ%ﬂ!é{‘ﬁ x! C&H
He, X! BNtHgRKEfx L 2FRTHA5 L,
HEMEBE THRDERRCHFELZHTHS
5. FTTHLVEN §=Mex’ (a1t 0<a<l O

S e
-#%3E —ﬁDEEm#/

¢ !

EBR)RERT HE, X'=M"¢, % M"“f ’C'a‘b b,
M—-0 DERIZ BT, £=0(1) DFIKTIX x>
o0, 20 Lig Y, ChEdRBEIREE L 5 L
*C'? 15 (@E2R). FrCROBEREEY
llm P:(E) llm Po(e) “(§=fixed) - (16)"

E#xé hwlﬁkﬁETAwL¢MJdm

YRETEC &k?é hoﬁ&bﬁ%ﬁﬁfﬁ
mefEbhl o, EVREET 53— 0l|kc
lb*ﬂm%ﬁﬁfbotiﬁ3ﬂﬂ’ o

ol Uk U o oo

C HRZTMTORERS -

%ﬁOtb%mm¢¢roﬁ%®§ﬁ%$bl
5. Em§ﬁ1®¢)~/ﬁﬁ6m;<ﬂbhf
LélﬁL

L . 1

TR G( x )= 4r Ix—yl Lot
ThBH. ThERBMA)RATHLE, y=
O) CHAHZ LRERLLS. WEANRME 0¥
HAERT DL, x>y TORRNLELL D, *
CTCARQORBRHEL, V, %1EAXR 3L,

Lﬂnw#—171+mxy+mfﬂ.ﬂﬂ

O%k%< &ﬁf?b =L
y(x. y)— — (x »(x ><y)

Tbbm.kbﬁmith—@ﬂxﬁfﬂN
dnx® DRER H B0 HTHB. KA % (14)1Lf
ATBE, WEILOFSRIMEL B, HHH
LTR—ERIBSTL, BRIBBZ -0
(P XL)-g DI 524, R %5 &, PX L=
PxX(wxv) LBIT, X6k (13) 26 - it
—dw/ot TE L\, ZDX5ICLT, ETFEHEL
THY L, S
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Pilx, 0= PoQu(t) o —+0(x") (18)
Xi0Xy X

@wdgﬁﬂ%ﬁé.;ufgﬂﬁﬂﬂfﬁi
EhicBTHD, Qu=02,7lch 7. 1B
Eooffirmbhicldane, Q0 MREEXD,
EHIZ x—0 TO pi(x, ) LEES. ZDpy OF

R (18) REEE AT v v 4 A DR LT B,

B oOR VPR E, cRbT v, x=(/

Meg, DBARERATHE, KOERLBS:
My 3 1 a
P& ) =p; Q"ae‘ae, : +O(M*). (19)

REHNBO FHROES OEEH%. 20 L LT

RDLD. 2«1 DL ER A—R)=A)— A%+
Ml—ae‘ k—- T

uuﬁ+ ERIATED. IHIZ &=
xof¢ﬁ£ﬁ1§b?k A (15) 1

pol, 1) =Medy 2+ Mreg, L 2

§ &, &
@ 1

. Yoeoe, & +

&%H’Z) Ch’i’ﬁ (19) B &, Ao=0. A(

=0, A,;=(p/1N0,() EFTREZ ENHIRD.

DX LT, XRS5 X bR

M4

__PM?® . @ Q“(t'—f)_‘_
Po="5 %%, &
tEL¥B Db sk, HRABRTRE O

EEbsHE, 0o DZRE—2VF QyBEEIL,
FhiFEElc-THRCELALDELEERT S
ENTESL. ZOBRXVEBORLBOELL
WEEEHTHS. @AV L, FEHFEKTD
EESIEERTHS LAKRCHELL LT, BoK
BELHPHBTHS.)
KEOFHOBILT/4ES (8—»0) Ciibh
B ENE. DL EOFEORITMBICIL »
<, . ,
Po“=z_:.éu (t -
LB T THRARKEDHHETELLE.
AADFEBUIRERENCBI U 3By L 7c b, BIER
B t—x/c TOE% & 5. xamroﬁuﬁwﬁﬁ
Brubhs, :
ﬁ%%?@&htﬁan@x& Y v 7RI A
Sledic, Ra3x !, #FE%Y u CHEILT 3. =
DEZLRG QM u RO ult CHB{LIh D

c).x‘ (J“c—»oo)v (21)

i;‘Tﬁ%" T I
__lé§_\ -:>¢l; =

v :
1|1 ~
-
1l

B4R SoOWK L WRNH R,

LEES L, .
Po” “”‘L—P"QMzi TS

Lus AR5, BOBS T p’/PQéTE-;?_B
:me), B4 8%&“ Tocu® 3 ﬁbh% v
PO EmER -
ﬂﬁ&klbﬂiﬁﬁ%wﬁﬁ%&bf,_o
DEHOTEEHRIC L DFOHHEHRTHR LS.
ZhIERMCBRHBRAA LRI K O FA Th
%39 Ao LS, AU¥ERER ALAX T
DO DGR x, By FFREIE L, x,=01cBAL
EEAFCRBEIRT, SEWVESEEHELYT
543DET5. WHEHIOOEMYZETHLE,
ﬁﬁu&ﬂ?%nohﬁFm)¥&Ruﬁk?5
DL E '

120,=20u=~0u=— 100, 0,=0 ()

b Quix—oDRH 5 —HEK QON=
—2RMOZ()(I>0) I X - TEH I h 5.
ChboxQRNIRATEE

Po™=(0u/4¢?) O(t—x/c) < (cos2 6— %)

%185 (cosf=xi/x). Q) »FEH%E5 %, (cos*d
—1/3) HEBEOFAS L5 2 5. SR
FRCBERSh A FEEEOERREZTR LTV 5.
R @RPLIC G L, BiEREEIRFET,
i B ERRIERE G (RAOHRREZ). B
RHEDOEHYFEHLT. ZDLE2OWMMOEKREE
Uiz 34m/fs, R R 11 4.7mm T 7.

6. B -VBEOMEERICLIIER

W DE L CREBY DB L &Iz, FOBE
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BEEESE,» L EERECELT 5. WHEER
HETHR I D& LN EREE=0) O
DT, YWl xBiEL T TLERECE
HEBNREL, ThHAR L - THHRICEK
' BEXhn. REEINEEHTBHLEGS LT,
Wiki@ DFRE§T 52 L2 BRT 523,
Wz b LA EBENET TS Licdbis
5.
& () DRBOMEDRE P i2ihEg01 v
AN A (BB EEERE) & Hlh, WEO
BELEVWEBFKGEOEACIBREERS. b
LI IEREN f(x, 1) BMERTHET B L,
KXW DOELC XNz 2LENRDD, T
DL ER1Y #lE T dPMr=(fx ¥7RT
LRTE B,

MENFET 554, RQ)ORE P i—Ric
t OB LY, EF vy O OTEHEBRSN
L, ThiFHEOERKINCS EBHAT
5. Mifio HHZEMOBEITE, PHBRESHh
DT, MERBSENELILELTTHS.
MENEET AHBEC LSO ENERCE
. FiREoOFMIEK L, BEEGERTL,
FEOEFHORNIL

TEXbI5.” HAAIRTETELER TV 3.

FOixiitsh bYW FRT 2 ERDO N TH 5.
ZDARL X - T, BOBEBORELS, F)
YEBZ ENTEEL B, R(Q2) DBELUER
BAEEATIEIVED, —BICEROSEREDON
DB BHRN L 20 Ficpdir TEEBR S O
2R FHRET 5.

OB DOFE TR oL TE 5.1
WEAMBE COBE Licr — F7RO\ERWEDR
KCEBHLTDET5. BTOKRE, —EEF
DY F (1) 13 —plJ (1) THERZBZ EM T
&5 TN RRDIIRETHB. RKC
X WHRCREOEE XL o2 WEDOEbhoHRF
VY W IRGEEART v ek O, LT3, “h
WRRBE) #EAICLTE. CoORBHIYEHEE
CELTRhSS, +98hsE—isitoT
X TAWCEE1ZLD, 0k E J0) igr—F

270°
_\

p(6,t)

-«180"°

A
80"

BSH BMUBEBOBEHE. SHBEHORMrizL, WE

EEDPO, D ETwmy bk, HiEY LI,

D% L kg C 2 B REK & DRTER
Eh1. @ER T, FEREE L0 BEL
L (@, DEENR—FE TRV TDR), FANFOK
Fho# D BEKF¥O Faraday ORI X <
P7-RBTH DM, FEOBE L M0 COWIE
BRTh 5.

ZDBEDOAY -V v 7RI

" p,,u’_l_= 2ML
Po o< c x Dol X

THD, FOMIF Icu® DFEAHED. EE
(wleg1) TiX, w* MIOMEEST X by -Hs» 1
HEhs.

AEEABOREMERY

FAEORHEYBBT 5RRE KB LT
RETLHFRIZEBERSOURELF T2, &
CROERML L5 X 5 s @ET 5.
Z kil O ECKFE LT, B
B oz rr0FEMEET A LICX 5.
EROBREEIEDC(EAXE, BRLIZA),
SR 0.08 Pa DFEH% 7~ 7 (linear scale). 8
BROEE Uix 27Tm/s, R Rt 4.7mm, QD
BRIZImMm th3 HTRIESNEAKEDE
AR <, —EEREBOEKCIELT, bRAN
BERRLRB.

hiL=iBEBEDOHKST

A —ifihohcBE &, B8NS
KRER*R & DT (H 1= v OBF) i3
£T5. @r—offbh 3R, ARCRERE
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— — —

%8 AN VRORELZERE ORH,

Vortex

ot
L

Nozzle : E-—z -—E : "T‘
]
3

— Zp

FOR RJ|BPHRO= » Y LB/ROWENE

FOR WMEMAEOHERE(H LEoilictisT 385 (/R

A, RREgk: ) b ol
THZLRREHTHERERSB,

=132) COFEOHBERT(E). IRAEOEHANECOA

B, IR D t—o—oc0 TOMRMN 0=0. RMFKEREE.

270°
Y

p(o,t)

0°» . —«180°

i
so0°

FTH #MEE. U=2Tm/s, R=4.7mm.

SORBHRETS. 0z LRARCIERT 28
DB ETFTRBRETHE L2E%RL, ETFHRACE
b oEERENEHEIR S, BodoBgs
HITFOEFHHBRI - OBRIC X o THHT 2
CENTED. DL BB THEEIL=F L
AL VbhS, =4 AR L1257 vET RO

] Dz EkTHhB

7. BTy OHBEER

FEBEORD = o v OEHFLERT B
3R (58 9 K) o F e W TERYE
5.1 BHOHILEEBRBOV-ThTh
£, FASMEIA—F 441 FEL i

5EB1IK). ¥Ry —9 v 7L

Po=oc Pg‘;ﬂ % =pou M"'%
DHERD, BWECDOTiE Tocud &g
52T, =y ONHBLEELITHHEINH
- R leBfEA%RRT (5512 W T finite edge
plate X semi-infinite plate & D Ri1iK
DREIREBAL, BRKEOBAIK
D=y OTF L DOHEBIEE 3). .2 ORIE T2,
Bx 20 5BBERTFCH,REOEEKNTERS.
FI0RZERE 4.7 mm DFEG1, HE U=30m/s
Ty Uh b L=9.6mm DEMD L = 54558
LIt ERERINIBHTOENDELERTH 5.
B BEFK] (1=1845 ps) COENHIMTEIIFD k
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L 9?"\\ ) &p
} p(e,t) - . (Pa)
' et Lo} L»;
S A , ©J
- 0.55 - _,/ ,
+180° 0 S |
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Vorticity and viscosity

Yoshikazu Giga
Department of Mathematics
Hokkaido University

Sapporo 060, JAPAN

This is a resume of my joint work with T. Miyakawa and H.
Osada [36].

We consider the Navier-Stokes system

[+B)

u
t

(1) - VAu + (u-V)u + Vp = 0, Veu = 0

w

on the whole plane Rz, where u and p represents unknown
velocity and pressure, respectively and v > 0 is the kinematic
viscosity. Since the space dimension is two, the vorficity vV =
VXu-s= 8u2/3x1 - 8u1/8x2 is scalar. Moreover, v solves

v

(2a) %T - VAV + (u-Vv = 0

(2b) ulx,t) = II ) VE(x-y)v(x, t)dx
R



where Vi = (-8/8x2, a/axl) and E(x) = (2n)_110g |x]. These

equations are formally obtained by taking VX of (1) and using
the condition V-u = 0. As is well known the vorticity equation
(2a)(2b) is formally equivalent to the Navier-Stokes system
provided that u 1is assumed to decay to zero at space infinity.
We consider the initial value preblem for (1) or (2a)(2b)
assuming only that initial vorticity v(x,0) is a finite Radon

measure. A typical example is N-poinf sources of vofex, i.e.,
(3) v(x,0) -fj 1%;8(x-2 ).

Here zj is a point on which j-th point source is located and “j
is a recal number describing the strength of the source; 6 is a
Dirac measure supported at 2zero. One.naive question is whether
such point sources of vortex are smoothed out because of
viscosity. In other words do solutions for (1) or (2a),(2b)
exist globally-in-time and smooth for t > 0 even if v(Xx,0) is a
finite measure? When initial vorticity consists only one point
source carried at zero (i.e. N =1, 2z, = 0), we Know an exact

1
solution of (2a), (2b)

‘ o
vix,t) = exp (:131—

4th 4vt

which is a constant multiple of the fundamental solution of the
heat equation. For a general initial data we claim that a smooth

solution exists globally in time. As anticipated, the viscosity

smoothes singular vorticities.



Theorem ([36]). Suppose that v(x,0) is a finite Radon

measure on Rz. Then there is a globa}{ﬁglutLg_ vix,t), u(x,t)

to (2a),(2b) or (1) such that v and u are smooth for t > O

and v(x,t) converges t v(x,0) under the weak topology of

measures as t tends to zero.

In [3] Benfatto, Esposito and Pulvirenti prove similar
results under more stringent assumptions. They assume vVv(X,0) is
expressed by (3) and Iajl is small compared with v. Our results
need no assumptions on particular forms or smallness of initial
vorticity.

The main mathematical difficulty is that the initial energy

on D
,
IIDIu(x.O)l dx

is'not necessarily finite even if D is a bounded domain. If
the initial energy is finite, it is classical that there is a
global classical solutions to (1) (cf. [16,17,301]).

To construct such a solution we approximate initial
vorticity by smooth functions and solve (2a),(2b) with
approximate initial data. It is not difficult to construct a
global solution’for smdoth data. We expect that solutions with
approximate inilial data converge to a true solution for the

original problem. To carry out this process we need a priori

estimates.

Lemma ([36]). Suppose that v(x,0) is smooth and




II 2Iv(x,O)Idx S m. Let Fu(x,t;y,s) is a fundamental solution
R

to (2a), regarding u 1is a known function. Then,

c(t—s)'lexp[:-i—’-(‘-;—ﬂ—f] ST (x,t;y,8) & C(t-s)'lexp[lé%i—?]
with ¢ and C > 0 depending only on m.

Estimates of fundamental solutions independent of the
regularity of coefficients are obtained by Aronson [1] for linear
parabolic equations of divergence form (see also [2]1). Osada
[25] extends the estimate for non-divengence form which includes
(2a) as a typical example. The above a priori estimates enable

us to carry out our original idea.

For uniqueness of the solution we do not know much. We show
the uniqueness when v(x,0) is small. In particular, if v(x,0)
is absolutely continuous with respect to Lebesgue measure, we can

assert the uniqueness.

Our references include those of the paper [36]1 for the

reader's convenience.

References

1. Aronson, D.G., Bounds for the fundamental solution of a

parabolic equation. Bull. Amer. Math. Soc. 73, 890-896
(1968).



10.

11.

Aronson, D.G., & J. Serrin, Local behavior of solutions of
quasilinear parabolic equations. Arch. Rational Mech. Anal.

25. 81-122 (1967).
Benfatto, G., Esposito, R., & M. Pulvirenti, Planar Navier-
Stokes flow for singular initial data. Nonlinear Anal. 9,
533-545 (1985).

Bergh, J., & J. Lofstrom, Interpolation Spaces, An
Introduction. Berlin Heidelberg New York : Springer-Verlag
1976.

Brezis, H., & A. Friedman, Nonlinear parabolic equations
involving measures as initial data. J. Math. Pures et appl.
62, 73-97 (1983).

Dobrushin, R.L., Prescribing a system of random variables
by conditional distributions. Theory Prob. Appl. 15, 458-
486 (1970).

Fabes, E.B., Jones, B.F., & N.M. Riviere, The initial value
problem for the Navier-Stokes equations with data in Lp.
Arch. Rational Mech. Anal. 45, 222-240 (1972).

Friedman, A., Partial Differential Equations of Parabolic
Type. New Jersey : Prentice-Hall 1964.

Friedman, A., Partial Differential Equations. New York :
Holt, Rinehart & Winston 1969.

Fujita, H., & T. Kato, On the Navier-Stokes initial value
problem I. Arch. Rational Mech. Anal. 16, 269-315 (1964).

Giga, Y., & T. Miyakawa, Solutions in Lr of the Navier-

Stokes initial value problem. Arch. Rational Mech. Anal.

89, 267-281 (1985).



12.

13.

14.

16.

16.

17.

18.

19.

20.

Giga, Y., Solutions for semilinear parabolic equations in
Lp and regularity of weak solutions of the Navier-Stokes
system. J. Differential Equations 62, 186-212 (1986).
Gilbarg, D., & N.S. Trudinger, Elliptic Partial
Differential Equations of Second Order, 2nd ed. Berlin
Heidelberg New York :Springer-Verlag 1983.

Kato, T., Strong Lp—solutions of the Navier-Stokes equation
in Rm,with applications to weak solutions. Math.Z. 187,
471-480 (1984).

Kato, T., Remarks on the Euler and Navier-Stokes equations
in Rz.Nonlinear Functional Analysis and its Applications, F.
E. Browder ed., Proc. of Symposia in Pure Math. 45, part 2,
1-8. Providence, RI: Amer. Math. Soc. 1986.

Ladyzhenskaya, O.A., The Mathematical Theory of Viscous
Incompressible Flow. New York : Gordon & Breach 1969.
Leray, J., Etude de diverses équations intégrales non
linéaires etde quelques probléms que pose 1]'hydrodynamique.
J. Math. pures et appl., Serie 9, 12, 1-82 (1933).

Liu, T.-P., & M. Pierre, Source-solutions and asymptotic
behavior in conservation laws. J. Differential Equations
bl, 419-441 (1984).

Marchioro, C., & M. Pulvirenti, Hydrodynamics in two

dimensions-and vortex theory. Commun. Math. Phys. 84

483-
503 (1982).
Marchioro, C., & M. Pulvirenti, Euler evolution for

singular initial data and vortex theory. Commun. Math.

Phys. 91, 563-572 (1983).



21.

22.

23.

24.

26.

26‘

27.

28.

29,

30..

31.

McGrath, F.J., Nonstationary planar flow of viscous and

ideal fluids. Arch. Rational! Mech. Anal. 27, 329-348

(1968).

McKean Jr., H.P., Propagation of chaos for a class of
nonlinear parabolic equations. Lecture series in diff. eq.,
Session 7 : Catholic Univ. 1967.

Niwa, Y., Semilinear heat equations with measures as
initial data. preprint.

Osada, H., & S. Kotani, Propagation of chaos for the
Burgers equation. J. Math. Soc. Japan 37, 275-294 (1985).
Osada, H., Diffusion processes with generators of
generalized divergence form. J. Math. Kyoto Univ. to
appear.

Osada, H., Propagation of chaos for the two dimensional
Navier-Stokes equations. preprint ; Announcemeﬁt : Proc.

Japan Acad. 62,8-11 (1986).

Ponce, G., On two dimensional incompressible fluids.
Commun.Partial Differ. Equations 11, 483-511 (1986).

Reed, M., & B. Simon, Methods of Modern Mathematical
Physics Vol. I, Il ; New York : Academic Press 1972, 1975.
Sznitman, A.S., Propagation of chaos result for the Burgers
equation. 'Probab. Th. Rel. Fields 71, 581-613 (1986)..
Temam, R.,J Navier-Stokes Equations. Amsterdam : North-
Holland 1977. |

Turkington, B., On the evolution of a concentrated vortex

in an ideal fluid. preprint.



32.

33.

34.

35.

36.

Wahl, W. von, The Equations of Navier-Stokes and Abstract
Parabolic Equations. Braunschweig : Vieweg Verlag 1985.
Weissler, F.B., The Navier-Stokes initia; valug problem in
LP. Arch. Rational Mech. Anal. 74, 219-230 (1980).

Kato, T., & G. Ponce, Well-posedness of the Euler and

Navier-Stokes equations in the Lebesgue spaces Lg(Rz).

preprint.

Baras, P., & M. Pierre, Problems paraboliques semi-
linéaires avec données mesures. Applicable Analysis 18,
111-149 (1984).

Giga, Y., Miyakawa, T. & Osada, H., Two dimensional Navier-

Stokes flow with measures as initial vorticity, preprint.



No. /
— KT N Ak~ H M K S Date

RAL . Fx ¥ /g

 RE ki %&&ﬁﬁ%iv&/??/ﬂi& o By bt 700
HEF B Kot B SR A5 sn 22 b3 = et ME B
L 881 Mot in iR s WA EL e

e\\\-'
_a\\

“';'ff,f_’i Bungpes TN, Ls ﬁﬁaméwm Lew3 ok 2R o

_‘.B;\};WM N o A0 A TE 145l 3 e BaS.

\
A
<

e Ug * ““1;/““1%=0 > "f’k'tzo PRI RE
L(h2) U, x) = u.of_x_.l__e,,_"/B_i, R

M Uota) = UE (U €R ).,

i X200

U l) (l 2) l‘%’{‘a%ﬂ"ﬁq,{t%m Hor‘f Ll ] Ilm L Ole nik [2 ] B e .
PR TR o0 3 ¥ e Ak R4S ﬁ}i 1254 35 Riemann F188 o
ML s Ay,

T P
- (13){ e B S
U (x, 0) = Uoﬂ/l) B CH (xZ0o ) S

a3)oMheizis Rozon e T B,

ot Mr=T | (ape2 ezu | (a3 e <u

| U= uP st ) GRS

s _ /d > [uf'_r“')/z - (RA«V\L"MQ - Hulom'ot)}

- l(.y- - ;?D




\\J

No.

Date

e (D.(12) 2 B BT 1213 . (aeed, (ane2 713 #5457 o
Fo B35 T antw Wb UR(2/t) 17 FHE 20 A . (hee 3
i s s F g 123 U (20t ) /«-7"_1_1-__,_,(,2 R (1)
1#] ,'%,,/ﬁ B AT BB ¥ T s e sm T R 2wy,

Utrt) = Ulz-wt =o) }227/.{_;’)ff,""f;;a_;-;z_«t% -z,

o U/f) -AU + U -y ”
‘_{._,_‘_ /&/m U{;),.L(A.ﬁ_7 —A/Zl'm U{;)"—

;-)zm foz2e0

[ea8%. UB) = (wsrufs = ((ue-ufe Dok ( (He—u-IE Jan ) )

BEMERER B

_ﬁC&u_i U~ T, Uo,x_€ /. f e 31 Aol g o,,/. U sk

S T s /u 2= / =0

e R . P K-

o Lese 2. do=US €L, oy el D T lhod of u s

e o s e~ e | =0

£ oo

Uyt e L,,L_J_h__, G elt . f: EIMJ afa @4
_3% e / . N ,

b1 o rf Up tad) — U/z—-o() v{’x =0_\

—— t7

— y[vm—“‘f“"f’ / Ulbsx ) —. U/z»,dt —o )/ o

o Remerk L. [27 e kwis® s w5 o b D10 f,}f )__:,f;ﬁiff;-fﬁ?};_: ,_ Z.‘,'_f_f N
—— e Uy + »#(“,) x,___.,——,_.{}ﬂ (u) U« )1 =0 _ __.__

'L 1° /““_Llﬂ'ﬁfa/r'f%—if’%"" ' "z’fa




“ I3

Date

- Remark 2. ,us»ﬁzzm fnz 44_(1- 4) §5nT %ﬂﬁ/&%iﬁ M es

AV-/Ze,iW;Aéil%Lfn cifrr2)  H, F,t_,ﬁa/e

0

2 1203 A%

\wf

}%fafd? L 44 543 ?\m}fp 6% 1 ) or o AMMJ,MWJH?:}

(o domed . 15 U-TH el 3162 43e

Y V77N PR RN I I 3 T

e %} : x,_‘,_?'z_fleﬁafj‘ orlin (B Erhy 25 0c l_,,: - dy el (= 50),
- f” [ g ,_.’., .. e :T._,,,i . .,,,,, e . - . JRS, e . '
CJe T Ay el (x20) fFahA L. 0Rz-sr ) Ko FIH, o
Bt ¥ o BR v Lo F 3 Bsise (f “:.‘?",%.? fredz )
“u

 ue- Wt)//ﬁ < ¢ (X 3/¢
’7

. . : j(/vj/”* P L
aHs. 2zt U4 Jde-Tdr =Moviz

| //qm' it Y - < ct”

rt) = W + clart), x-Tamer),
P PR . - M‘ 2z —

Gl ) . t-n/z ~ (e //" ) e b? ,

S — ‘/_,m:tf(__ef:é{"_; b f _.,,,eif 4 r

Ty e 2] BBy € R Level o M W 3TAS. i3, 00)

) t’ /\ 29 -/k"’ Leve’ AL ?ﬁ ,’)Mv%ﬁ‘ L%/j S'Mﬂwé(j"(ﬂ/(ﬂ 2 5 /(tluMS/)inlq[‘g]

A e it en




“ K

Date

m

CauB ar3 [2] 12 oz /fif’zﬁ’
— ¥ixl

e o Z . e _— e
B = | wur-vn-o | < ce T rae)

) @ luwr-vl. cce™™ }?}}ﬁ): .

hiflova SIS At

finz

Afyre3 87, Bmwgizfﬁ _a1 N'S;‘ ﬁara [‘-{— ] S 'L
e . _ o I'/)zf
’ IM(H ()ll,_m SC(m,

,_,:“LE.(x) | < RS

1 }n v 5" T f) Ty - 3 fﬁ]&,ﬁ'f/,(l-v)

sz ad Ju-vl o CORE)TTE Gl s "s'/.;*llh;fffff,l;;_oﬂf Skl et

-

13’.110 Axw)ordum«a

k&v‘. as IJ ime & Mafsuma tn_,_[_é—_l_,_!:‘_.?z,‘;):L, R FwmIN D
) —évt_ —A'Cﬁ 3'/2 '

(412! 3”‘i]ﬁ_;_§cwl e l* = ( u ’QJH < CctE T

ALy 14

~ (a2 mrt 2 fuw- UMt < (27 b Bbng,

2. AR XA Sl o 5 4% Mf\ B

___*Rn. ﬁo\m:tro]u—c MOM_L_’_J 93 8148 j*Liﬁ 5 75 ;143 I

A —Ue =0, B
_"(ZJ')_h{ u.f; - f/lf)x - /M[ R e e

o (2.2) (vzu)(o,ﬂ- /zro,u, )/z

e e = (5,0 ) (e, useR ).

T xotm o




<
No.

Date

P Y5 S . 3 A it - B f?\.
b= ) e A S Cpavry <o, pUv) >0 f Use ),

(Vzu:)»(?’)_(;’//e) o thh, (Gudt %3 )

ijdnel [‘ ] 2 4¢$’ 715 69
BT N A ¢ /;i‘/?m?f(.rwz)V‘S”H s e 0 v w0,

(U -F - ) el®, (i), €l®, wof izo

2 Ulhd ol tru) st fanosap [0 5 we T )exd )0,

tyo =

@MA [ b a T (are,r2i) a gw) 1L 8 BT

ﬁg__, R ot .

V — Uy =0, -
(223D { Ue + py = pullsfo )u, o
(e +- u‘/z)t —f(fu),, -=—--»[k¢91/v‘ +/““b’z/1/' D s

(2-¢) [v*u 9)(01) (vz, o, 9)(1) (Vz[;,_a,,‘_a.)(zéo) =(F u, 7))

_ Co: vt }9 f@'») ese(vig) 2 @ ;zm——_}_

1= 3flzié

" Keshikbow [7] 4

I s A AR e e

e e S A - ;/ufw/ $o/ 17 f),

Uty U, Pu- 6’) éH
o (R0 u\z;x Y/ niﬂw)

S R A NIy YR "ff_f i’;*{_u Kawashima - */\/;*sz'? l [7]




“ £

Date

. Y 2 l ks et s ML NS4 pa TmLT, prer ¢)
- -,47”{1},-11. 2 i S o‘lﬂlcu. SMﬁ‘—M 2. 7 ,f’i__..,,kaum,shmm - 0/<Ao(a£ 1 J A= ﬂﬂf)ﬁ;/%
______ e BFEsrh5e - o

__é. e marh 3 Bl ’fr ’7:{ 2 r R Q_Leml__u /Jé{f TT/ N9 % /m? e f‘"n)”

Barmhmp&o__i a Il/_.l__fd'J_Zﬁ_stluola EID j M..,.Sysfe»a £ 3[)’

|1 ST W knWS/I-ma Cil]) o ki > 5 5. wdug 2%

Level o A 2B 51 o___lsmw .._f_f_z\,‘a,#{% o AT PN GF e
wZ g FA NI e s Fmn2n 1. 1L small deda P12 B3

() AU ) 03B

_i_,_f_,:BMW FREA avs L K1 F ok (2)r WL M*if FRRE T
_____.RWHN 1””] :L,& 9 ?H/I'j&, -z &o» 0 i%/\ i< 73 I’/\\M%

R -
T L(t + /)/v) o ,‘“ I

__ (z é) (v3u) (o2 )= /zru )ﬂ /ﬂ) (Vt;(v/t) (x Zo )

¥4 (25) 13.,,1),29_,21‘,;,,__‘f{t__dﬁ % e
Au) = (-, Aede) = (=pt» 7,)% ,

3 ¥ B by, (ve,U-) g 5isnrce 3 (vu) FE o (Vo,u-)
0 SRy 3. AR 7/& /%; AV, U= _(i=h2) St u-) (i=02)

Ry Rl u-), S, Salvou-3, R,S2fvzsu=) , S,Ra(v:,u-) 1= 573,




Y Ehs,.

7{2 %JM S — : . wwz(?m
(/?/ U-) = {jm), u u. fz,/s)a(s,, ,q/v)»/) (u,)}f’fw%s/(

N a (4-4-) = p(r)-plro>

. : e
\_%%T—_’ﬁk .““wmmmg__mﬂwa)«sMZz(uLDW,Hmu

L‘A'F?ﬁ?"k) /7f}'47 2 f\'—)’)2 Wt %( W+ € R (’l«f-) aty1o0 R{emmm l"]iéo
PEs W‘/E.,(x/,tﬂ,,,w} ywn ), Wi e Si(u-) arza FE 2 WS (x- At )

I 2 K S e
e e e e W (1/f w— A M-f_)_,“,,m,_m___,_ e e A

5"('0’»,u~) ‘;fv/mu) 3 s -4(/0/” PSR ) }

T — —2>_X__ JUS

,_\\__’i__!ﬁ..eR; K%ti_'?__ijﬂﬁﬂl(U—)____S__t-_l\/? € F\,’-("‘7 )‘ [ ¥ ) . ?/pﬂm nn /,nt’
o B%ia B o e o
T (227) w k() = ’U“ (?‘/t G, w) + w‘ /z/t o, Wi ) —




;
e

 wie (RUURURRD=) o B2 (G2 - %)

CoMeewfelt e )t izl o

L& = f_@:,,_@ff/)}, PR LT V- A

r’\%
A

% BAZI 15 Maksamura- Nishi fmf_t‘fﬂ/é 3 s,
C Thl Fewd wi, 3820 sk i Wi €(RURUR R )
O io ,,.<,€o,v,,,M,A,,A,MW_‘____B_T_L, A_ASo',,».v.W:,,,,,,;%,.,h(z..I)f. (2. 2.4). s A .
o sep [weitnr =R ] =0

teo

__________ emw L A,,' a 71' W indc kaums/uma - Ma‘éum'u; ra Ms/r{ara | [/3:}
2 ;i‘ "L f} e L smadl 17 20 Tf\ s XET3.
[z~ ) 47 Kar2 % o

 Kemark 2, [13] 2 7__?___5._.1_<_“f»é{ s sfem (2 3) NE ff(' 121, 77 / )2 7f s 7J
o e RRErAman . bz _p_— R/, _e=Re/(r—1) a 9Ff v+
i e L LY el vt v T zute,

e (5,05, VSS: ) (v) 038 (G 43 )

I w_wﬂ el*al!, (o. el® 4243,

BRI et ) P ) 0 47 1 811

Wi (x-2: t —di W, wy ) (dieRD ¢35, za¥3 (25>
Lfr, Bre

\Q‘

—T‘
3

“//Jt‘) = “/, (I,—,d,é—d,) W‘,_,l;') + M'G (,1—-/411'———0?:_/';‘;; 7\/_}.)-'{;

ETRand. w1 ahe §S, vper e Rl o4




- ﬁ
fz@f A WA

~R

/2/0,7 4‘{1) -“*f" ’N‘(y)— W-(osy 7*{J € Z_ Co

__i_ﬁ@} (s e Sitw) 'f_( islnz) arn7 & (20 G5 A

[z ?)‘, , _/ w;,(z)-— W{x o) 41 =0 _fr»gdn,é/\’ "

s

731&’5/11 /mbflt ﬂﬁh [2- /0) 11,45,1} zav? % a2 FE A

. Mﬂﬁumuru }\, 511 £p\ru [“{- J Ltu[’f]”’f‘i W’P" s 189 ,

Th2 Frowd w2, %50 st i 45 e(S0S.0SS: )00,
{Z 7,) (2. ’D) ,aa—u:v, ,m——’)\f—’ i il "¢ "Hz <£o/. f/u&m . 3. ’W So/ w”~
4 f(2.1). (2.2 )_ . e ,

- /Zam ~~~~~ sw/ /w/f z) .— Wu‘ x> /= o.. .

A/Qemzwé 1. . /2.‘%__&22.'#?/_'}’:2 o Mae S S, ek [14] p L)
e ;; _Lr-D )W—w‘ | +0Poll, <o = T L. =wdThizv-|ez
DT Sheckn K220 pUb1: Kart b S1esig. Wi €S, S, a2 i3

(7 DI —we |+ [ W= [[dr=2C | +U8. 1, <50 » A& - A TN

JQem%A (z 9)"T‘¢ l’} ~)Kaws/1:ma’/l’ a?lfmnum [f ] B f M{

9/5 fem o fz)/‘__j %Tﬂﬂi b= RO/v~, €= RO/ir—1) min
i Remark | FTLTL 5 N L / |

Revak3 . wieS, us, '1,,} S wdxzo v ut ne

_.,ﬁ__,_ff%/&‘i fu(@ésfsfbm tB»wz Lia L16] 4 T4 t Tl
Blaie wWie S, (v) ax? 51»_‘5/;‘ oA 17




e [M"—‘-‘"'W(x:a;)dx“*:“di(’wi*:i‘r )+ [as— weerdx

L - piy\l (,f___)_ e

bz gy (LISD) . =22 Klw) 3 A(w) 1237 T)1% BEATIW 253,

bRy I~ A

)W e (RS (wr ) (SR b lF] ) ar2 RETY

W o= Wi lat 50, %)+ Wy (2t =0k, B, 7)1

I T 24 X 0 S

el splem (25) ar 215 A5 EAE D 4 Bs s>, Rivmann KIE
0B BN e HERAER R BE

| u-, P, ,ﬁ.,_,, u- _ e
_ TR 0+ e

e ez e oy E——

Ay, ot eidicd) BREF 40 2




/A

Date

pe ;[e,rer;ces i

['] E HDHZ Comm Pure A[’P' MaHl 3_(,HS‘°) aor

> 20— 230,
27 An. Il’.n,md 0. A.Oleinik; Mat. .SL > 1 (93) (1960, (T1—216.

M[BJ S. Kawashi ma.,_. Lm;e time._ be/avwr of- Solulions for /pjy/méo/.'c,’,/mméo/:c
. s/jfem.s of conservalion lawd amd . ,g//:/,cd/.ons BV 7 oppear- .
[4] K. Nishikara ;. Iz,mn, J. A”:l/Vlah" L2 (P , 27-38. .
L §3 _S. Kawashima awd A, Matsumura ;. Commun . Marh. Phys. (0] ,(1985 D, 17-1277.
[,é.]‘..j.‘-.[h.kane‘.’,_. D'H Ea (R“SSlAh ) 4 (I‘IGZ) 721 -73¢4. )
{71 A V. kaz‘n"(kcv 5 CInstitute f H/olroJ/nz\m ¢s ,  Sibe rian Branch /Hcml USSR.
_No.so (jq81) 37 =62 .
LX] S anask.ma % T N«Sho(a 5. J. Math . k/ofo uhv o, 2 ((‘TXI) 5§25 - 337,
, L‘i ] S. Kawaslnuu\ . M. Okav(a,,,}ﬁ,,,,.y.. V\atﬁ k'ycfo, Univ . ., 23 Cle3) ) $ss—7/.

SLio] T Nishide 5 E;,mfons of metion of compressible viscous fhuids , & eppear.
LTS, Kawashina 3 = [31 -

L1277 A Mafsunura MJ__,_k Nishe {ara ______ Taran 3_ /4”», Maff

L1375 kawashima, A. Mabiumura and_ K. l\/ shifaa_ As)u» pl‘a(’c. Lbfmior o solutions
‘ -for He Qi_uo.,tons of _ aviscouq _Aet- condyctive g, b appear .
Ll4] A Matsumara _ and._ K. Nishifora__ )_J;ran_, J—_.A”' Math. ;2 CI?JJ') ’7-28".
SO TP Liw . o Memowrs. o - AMS, n 328 , &4 (1758), 1-17.

L6 1T F,Lm 5110(.‘( waves ‘for Comrresmlale Navier - Stokes . ?i,u.t\fong anre a«tﬁl’«(e
e -appeanr .. I




On a Certain Mixed Problem for the Equations

0f Ideal Magneto-Hydrodynamics

Taku Yanagisawa 2 N

%7 7w el

§ 1 Introduction and Reéulls;.

We consider the following mixed pfoblem for the equat&ons of

’ /‘ﬁ.:V‘{Al"/’L)

ideal magneto-hydrodynamics:

rr “ u'"l‘rf'o 4
(a);pp(§t+«(u-V))p + pdivuau=0 l+q~edmﬁ(d o)
(1.1 (b) p(8t+ (u+7)u + Vp + pn HXx curl H =0 .ﬁ4°HuL4 KD
(c) étH‘- curl (u x H) = 0 in [0,TIxQ, =
(1.2) (p, u, W], 4= (Pys vy, Hy) in Q,
(1.3) u-n =0, Hxn =g on [0,T]xC.

Here Q is a ,bounded domain in Ra with C°° boundary I and n(x) =

en n,, n,) denotes the unit outward normal at x€l. Pressure

1 72 3

p(t,x), velocity u(t,x) = t(ul, U,, Uz) and the magnetic field

t

H(t,x) = " (H H H,) are unknowhs. u is the permeability, which

1’ 7°2* '8

we assume to be constant. We suppogé that density p>0 is a smooth
known function of p>0 i.e. p = p( p ) and py= dp/3p. g(t,x)=”(g1,
&y gs) is a given function on [0,T]xC. atsa/at,ai=a/axi<1=1,z,



3
1* 35 33), (u-M= ¥ u, -3, and - , X denote scalar and
= i=1

vector product, respectively. T is a positive constant.

We assume that the initial data pO and HO satisfy
(1.4) inf{ pC p, ), p.C P ) } 2 c,,
x€Q 0 o} 0 1
(1.5) div HO = 0 in Q.

These assumptions guarantee the equations (1.1} to be a quasi-
linear symmetric hyperbolic system. We further assume that the
normal component of H, on I satisfy

(1.6) inf | H

. -
xX€er 0 =

Here c1 and ¢, are positive constants.
Oour aim is to show a short-time existence

theorem for the mixed problem (1.13-(1.3):
Theorem. For an integer m 2 3, assume that ger(T) and

0’ HO)eHm(Q) satisfy the assumptions

(1.4, (1.5),(1.6) and the compatibility conditions of order m .

the initial data (po, u

Then there exists a positive constant T, depending only on

0
! . ! i
Hpy» vgs HIL, ”gJYm(T)’ ;> €y, m, 2 such that the mixed
problem (1.1), (1.2) and (1.3) has a unique solution which
belongs to Xm( TO ).

As to the definitions of the compatibility conditions and

the function spaces Xm(T) and ?m(T), see. (2.3), (2.4), (2.3) and
(2.6) in §2.
We remark that this result can be extended to the non-

isentropic case without essential modifications of the proof.



The mixed problem for the compressible Euler equations under
the solid-wall boundary condition u-n=0 (i.e. (1.1)-(1.3) with
H=0) is a typical characteristic mixed problem for quasilinear
symmetric hyperbolic systems and has been studied by many
authors.

However if one considers the effect of the magnetic field,
there seehs no literature studying well-posedness of the mixed
prob}em for the equations (1.1). This paper intends, from mathe-
matical point of view, td éeek some conditions which ensure that
this mixed problem will be well-posed. As the boundary conditions
for H, we take HXn=g so that the solution is unique,

The bound of H0~n (1.6) is needed to guarantee the rank of
the boundary matrix to be 6 on the boundary , We
remark here that the assumptions (1.5) and (1.6) force Q% to
consist of at least two components,.

The proof of Theorem proceeds via iteration scheme which
involves the following steps. At first, according to [10], we
modify the equations (1.1) to make the boundary noncharacteristic,

We next establish the uniform estimates of the
solution of the modified equations under the same initial
boundary conditions (1.2) and (1.3). These uniform estimates are
achieved by making use of a special structure of the modified
equations and the rank of the boundary matrix being 6 on the
boundary. Finally by taking a limit of these solutions,we get the

solution of the original mixed problem (1.1)-(1.3).



éz-- D‘-’—”Fim'rion, 05: *t'h-t- ‘FLU\-C"'M ;?f"-C&S D-'wL
e Com.?a.ﬂ\viliy congitions

m .

(2.3) = J . m-j
Xp(T) =,0,C7C0,T; HT “(2)),
- moo. _s o
2.4 Y (T =0, 0, T; H i*1/2 ryyne™ Lo, s 1Y/ 2,
with norms
=gl
sup ||luct) ||l = sup (L I 3y u(t)Hm_j )y

“u”xm(T5=te[o,T] tel0,T]1j=0

m . ‘ '
l g lym, o= sup (% | 33 gty | m-i+1/2
Y™ 80, 1]i50 H (T

m+1l P
+||at g(t)HHI/Z(r)),

where u(t) stands for u(t,x) freezing t. Moreover we define

(2.5) Ym(T)= {g € Ym(T); g-n = 0 on [0, T] % r}.
R T We say that the initial data (24, U, HO)'satisfy

the compatibility conditions of order m for the egquations (1.1}

rty

and the boundary conditions (1.3), i

~ ak !
(2.8) 3ju(0)-n = 0, a§H<0)xn = 3

L o d
]
oo

Z(0 on

’

k

for k=0,1,---, m-1.

1

a tap ~X k
Here the terms 3 u(oi, at H(0) are calculated from (1.1) .and
(1.2), and are then exprassed by initial data and their deriva-
tives. For iastance,
~ = - . - - l Y 1
g, u(d) (u0 V)uo o(po) (VPO*'“HO X cur!} HO),

= . iy}t
3. H curl!l (uox Ho).

K e.{-\ erence. .

191 g ¢ S PR
(10] S.Schochet, The compressible Euler equations in a bounded
domain: Existence of solutions and incompressible limit, Comm

Math. Phvs. 104 (1986),49-73.
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~Scattering Problem

for the Nonlinear Schrodinger Equations

Yoshio TSUTSUMI
Faculty of Integrated Arts,and Sciences, Hiroshima University

Higashisenda-machi, Naka-ku, Hiroshima 730, Japan

We consider the asymptotic behavior as t - z= of solutions and
the scattering theory for the following nonlinear Schrodinger
equation with‘power interaction:

(1) i %% = - Au + |ulP7 1y, t € R, x €R",
(2) w0, = uy(x), x €R",

Let U(t) be the evolution operator associated with the free
Schrodinger equation. For 1 < q < o, L2 and H°Hq denote the standard
g-integrable function space on R" and its norm, fespectively. Let X
denote the Hilbert space

2

Y=.{ veL; vv e L2 2

and xv € L™ }

with the norm uvu§ 2 Hvﬂg + uvvng + Hxvﬂg . We put

{w , n=1, 2,
(n+2)/(n-2), n =3,

n+2+J/n%+ 12n + 4
2n Ma~t4 HEpaY
We note that 1 + 2 < (n) <1 + 4 < (n
n n b ’\*’""E@"’aﬂ

Our main results are the following.

a(n)

Y(n)

2

Theorem 1. (i) Assume’that 1 + Py ¢ p < aa(n). Then, for any u0
€ 2 there exist unique u, € L2 such that '

+

7;7?0%)’(’( Swt% s/—-‘{%&’/



(3 "ut - U(-t)u(t)ll2 - 0 (t » z=),

where u(t) is a solution of (1) with u(0) = uo.

(ii) Assume that 1 < p <1 + % . Then, for any non-zero uo € X

there do not exist any u, € L2 satisfying (3).

Theorem 2. Assume that y(n) < p < a(n).

-
(i) For any g} € X, there exists a unique uo € 2 such that
(4) Ilu+ - U(-t)u(t)llZ - 0 . jt S +m) 354ﬁ75h61}£A?1
C he 7%7Lu‘.hw§ ke
where u(t) is a solution of (1) with u(0) = uo. EY

. 200
(ii) For any u_ € Z, there exists a unique u, € Z such tha

(5) fu_ - U(-t)u(t)“z =+ 0 (t » -=),

where u(t) is a solution of (1) with u(0) = “0‘

Theorem 3.‘ Assume that y(n) < p < a(n). For any u0 € Z, there
exist unique u, € %~ such that the solution u(t) of (1) with u(0) = u,
satisfies : (Q?VFL“U CSVYIW )

(6) ha, - U(—t)u(t)n@» 0 (t = =),

‘ (O
//Séwa Whjd TR
Remark 1. (i) If 1 < p <G£EE), for any u0 € X there exists a

unique solution in C(R;X) of (1)-(2) (see Ginibre and Velo [4,

Theorem 9.1] and [5, Proposition 3.51).
' P poirs 5544%#

(i1) Theorem 1 shows that 1 + % is the critical p¢

(iii) Theorem 2 implies that if v(n) < p m the wave

e

operators wi: u, = u, are well defined as a mappin

+ 0
Theorem 3 implies that Range (W+) = Range (W_)

from 2 to‘Z.

and that Wt are

=3
=
o
in
(¢4
=
(=}
=
[
£
o
O
o
=]
0
o
3
[}
-~
=
=
Q
-
-
g
o
0
0O
-
-~
[}
>3
te
ol
o=
=}
o
[
]
o
-
o
]
W
]

one to one.

wzlw_: u_ - u,_, when v(n) < p < a(n).

- 2 -



Corollary 4. Assume that v(n) < p < a(n). The wave operators

W, are well defined in Z and are homeomorphisms from X onto X.
Therefore, the scattering operator S is well defined in £ and is a

homeomorphism from £ to X.

There are many papers concerning the asymptotic behavior as t -+
to of solutions for (1)-(2) (see, e.g., [1]1, [3-111, [15-18] and
[20-221). Recently the scattering theory for the nonline%:»~
Schrodinger equations has been remarkébly developed by a éeries of
papvrers of Ginibre and Velo [4-8]. In [5] they proved Theorems 2 and
3 for 1 + % < p < a(n). Furthermore, in [7] they proved Theorems 2
énd 3 for 1 + % < p ¢ a(n) and n 2 3 with X replaced by Hl. However,
in [17, 18] Strauss conjectured that construction of the wave
operators and their asymptotic completeness could be brought down
from 1 + % to Y(n). Theorems 2 aﬁd 3 answer Strauss' conjecture. In
addition, Theorem 1 gives us interesting information about the
asymptotic behavior as t » z» of solutions of (1)-(2) for p < 7(n).
But two important problems still remain open: (1) Can we construct

2

the scattering theory for 1 + % < p<£yY(n)? (2) W¥Whenl < px£1 + Py

how does the solution of (1)-(2) behave as t = = ?
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B L Eells-Sampson D AFBRRICOWT
HNEEARE HERREMEE

FTIE, M,g), (N,h)lkcompact RiemannZsgkik & T 5.
Definitions

f : M———> N ; smooth map IcX U T, energy density e(f), LTV
Total energy E(f) 2D LDICERT B.
o
|2 Flal)is
e(f) =2-ldf| 3 /{d/(“m 3¢ 927

cre  dte T @l

E(f) = J~e(f) dIlM
M

>ZT duM ($RiemannZtB M HE = 2R ¥aY R volume element

f: M ——>N; smooth map A PG (harmonic wap) TH3 &k, f A
ARYE DBEHRETHBZ L.

TDEBERLEY, ROWMEAEXS.

Proposition
f : M ——= N Aharmonic mapTHd 22 L f FAROWHY SRR L FETH
.
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/-, 19644E2, J.Eells& J.H. Sampson iX, harmonic map DEZFEICHT 3, i
AR RORGRES=. .

Theorem (J.Eells and J. H. Sampson (ES))

Ne < 0 (v ofrEe®) L33,

M, g), (N, h) Zicompac-t Riemann Z#&{k, -4
c¥M,N) D% homotopy MiciE, S < 2 H—D0 harmonic map HEET 3.

LB —FMIcoWTik, P.Hartman ) &V, HAFED—B[EAZIBHATWS.,
CHORBHMOIEM OB T, Eells-Sampson ik, ROEXBEDUEFRR DO IBHME

XHOho .
nm Mx [cw)

()
= ‘Fo m Mx g

2f
ot
: ‘::"C‘li, (k) % Eells—Sampson DR 5 RN & ELI.,
—F, TRy ED) OB_LHNARIE, 1975 R T.Snith ICX->THES
hTwa.

Theorem (R.T.Smith (Sm})
E(f) @ harmonic map f T® Hessian &,

Hetv,w =J(A by - Trace MRaat, vdt,un) dity
M

v,w I& f_lTN D section

TH5.

Definition

JFV = Afv - Trace NR(df.v)df %

f @ Jacobl operator EJ::S(
f @ index , nullity 21,

Index(f) = { J_F ? negative definite subspace D fxKRTC

..2-.



Null(f) = Dim(ker(Jf))

harmonic map f NLRE L IE
Index(f) = Null(f) =0,
THAI L.

ZZT, ROMEBLE2EAED.

HE

f: M —>N %%EM harmonic map 2 FTALE, X & f IK+4” 8" @)
HiE»D o=+ EFTOREDSL, t IKREKTEIEZIN?

COMBEICBALT, ROEHRYALE.
Theorem

f:M—>N %%EW barmonic map £ T 2L %, ¢ >0 AEELT,
”F-'FO ”HM(M.N) < E , “F"Fo”co(MN) <LM ' ('h’l)lzldt\'the)

THHhIE, ® & o=+ TTORE,
B=CAe.) s H™ (MN1) a C ([8.52) s H™(M-N))
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id\d it isometry T#»H Y, 5HIC harmonic map T3H 5.
idM T® Jacobi operator I,

J. = Av - Ric(v)
ldM

Ric(+*) & M @ Ricci .
THo>T, N HIEAR Ricci B# (EEL, Ric # 0) 21T, idy WK ER

harmonic map 273, ULi=Ao TEBMIXFIC, M =N, = idM TRYIMLD.

Remark
L Simon SD) ok =T, AMOMEN N A analytic Riemann ZHRAED L Z 1T,

EbhTW3.,
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Criteria lfor Hypoellipticity

Yoshinori Morimoto

Main Results., Let P = p(x,Dx) be a differential operator

of order m =1 with coefficients in Cm(RE), that is,

— o ) @ . n
p(x.Dx) = Ia%Sm aa(X)Dx . dm(X) € C (Rx),
-1 - b—4 o 0o o &
where for multi—-index o = (al,...,an), leel = a1+ ‘+an, Dx
[0 4 o
= looo h = ~i
= D1 Dn and Dj = 18xj.

We say that P is hypoelliptic in R" if for any u € D’ (R™M
and for any open set Q of RM , Pu € C7 implies u € c”w.
Let A and log A be pseudodifferential operators with symbols

<t> and log <E>, respectively, where <&> = (1+1£1% 172 v

write pgz;(x,ﬁ) = Szsz(x,i) for multi—-indices o and B. We

sel Huﬂs = BASul for real s and u € CE(R"), where |I. | denotes

the usual L2 norm.

Theorem 1. Assume that for any € > 0 and any compact set K

of R™ there ezists a constant C8 K such that for any u € C;(K)

'¢)) I Clog A D™Mull < glPull + Co ghul
+8 | (o)
2 S I Clog A ) xt8Ip ull_ < gllPull + C_ ,lull ,
0<1oes8 1 <m 8 181 e, K
where PO = p@ ) Then P is hypoelliptic in R"
B) (B) f x’° 18 ypoe DPCLC L1 .
Furthermore we have
@ WF Pv = WF v forany v € 9 (R™.



Corollary t. Let P be a differential operator of second

order with C —-coefficients, that is,

= . . + . , +
P j?k aJk(x)DJDk ? ibJ(x)DJ c (x)

We assume that
{ a. and b, are real valued,
ik J

. . 2n
> ajk(m)zjgk > 0 for all (xz,E) € R

If for any € > 0 and any compact set K of R" the estimate
(4) I log M Zull < elPul + C_ ylul, u € Cg(K)

holds with a constant C8 K then we have (3).

Corollary 2. Let P be the same as in Corollary I. If for

any € > 0 and any compact set K of R" the estimate

2

(5) 1 Clog Mul? < & Re(Pu,ud) + C, Kﬂuﬂz, u € Ca)

0

holds with a constant C8 K thern we have (3).
Remark. The estimate (4) easily follows from (5).

We discuss- the nécessity of hypoellipticity for second order
differential operators given in Corollary 1. The estimate (4) is
not always necessary for hypoellipticity. We have a counter example

given by FediY [Fdl, 4, = D% + exp<-1/|x1|5)D§. 8 > 0. Indeed, this



example does not satisfy (4> when & = 1, while it is hypoelliptic for
any & > 0. However, the estimate (4) is necessary for a class of
operators to be hypoelliptic.

The result concerning the necessity of (4) can be discussed
for some class of operators of higher order. Let m be even

positive integer and let PO be a differential operator of the form

- n s n
6) Po = Dt + d(x,Dx) in RthX ,

where ﬂ(x.Dx) is a differential operator of order m with c”-
coefficients. We assume that A(x.Dx) is formally self-adjoint
in Rg and bounded from below, that is, there exists a real cg

«

2 n
such that (d(x,Dx)u,u) = coﬂu“ for u € CO(Rx)'

Theorem 2., Let P0 be the above operator. Assume that P0
is hypoelliptic in Rthz. Then for any Tq € RQ there exists a
nmeighborhood o of z such that for any € > 0 the estimate

2

2 «
< E Re(Pou.u) + Ce.K"u" s, u € CO(Rtxw)

(1 1 Qog A D™ 2yy

holds with a constant C_. Here A , of course, denotes <Dt’Dx> =

4
2 2,172
(1+Dt+|Dx' ) .

Remark 1. . When m = 2 the estimate (4) follows from (7).
In fact, for any compact set K of RthQ, let K’ be the projection
of K to R: and take the partition of.unity 2 ¢?(x) =1 over K'.
Since Re([PO,wj]u.¢ju) is majorated by a constant times of "u"z,

we have (7) for u € C;(Rth’), which implies (5) and hence (4),



Remark 2. Almost the same result as Theorem 2 was obtained
independently by [Hsl. Proof of Theorem 2 is performed by the
similar method as in [Mel, where nonanalytic hypoellipticity was

studied for operators of the same form as (6),

As an application of Theorems we shall consider the hypo-

ellipticity of degenerate elliptic opertors of the following form;

24
t

29

+ p2 22 in g3

(8 L0 =D + g(x)Dy in

where 2 = 1,2,... and g&x) is C” function such that g > 0

(x =2 0) and g = 0. When £ > 2 we assume that for any j > 0

9 IDig(x)l < cjg<x>1“°~i in a neighborhood of x = 0 ,

where o is a number satisfying

(10) 0 <o < 1,202 .
It is clear that a function exp(—l/lxlé). 8 > 0, satisfies (9

for any o< > 0.

Proposition 1. Let LO be the above operator. If gcx)

satisfies

(an lim Ixlillog gx)| =0
x - 0

then L0 its hypoelliptic in RB. Assume in addition that
zg ' (z) = 0, that is, g is monotone in R+ and R—, respectively.
Then the condition (11) is also mecessary for LO to be

hypoelliptic in Rs.



Remark. For the function exp(—l/lxla). 5 > 0, the condition
(11> means 8 < 1. The proposition in the case & = 1 was first
proved by Kusuoka—=Strook [K-S] in a little weak form. Their proof
is based on the Malliavin calculus, which is a theory of stochastic

differential equations.

Unfortunately, when & = 2 we can not apply directly Theorem 1
to the proof of Proposition 1 , because it is quite hard to check the

hypothesis (2) for LO , more precisely, to show

221

I (log AD Dx ul < SHLOUH + Ce,K“u"’ u € COCK).

So we need the following amelioration of Theorem 1 under an

additional assumption.

Theorem 3. Assume that the principal symbol of pm(x.E) of P

satisfies
a2 pm(x,ﬁ) = 0 for x" & 0, where x = (x',x").

Then the conclusion (3) of Theorem ! still holds even if the

estimate (2) is replaced by

(13 S I Clog Ay /XFBlp O,y
o=(0, ¢™)

< gliPull + Cs,K"u" », u € CO(K).



The hypoelliptic operator do given by [Fd]l] with & 2 1 is
not covered by Corollary 2 ( nor 1 ) as stated in the preceding.
To cover this exceptional example we give another criterion of

hypoellipticity.

Theorem 4. Assume that the principal symbol of P satisfies
(12). If for any compact set K of R"™ there ecist a Kg >0

and a constant CK such that

(o)
(14 ffulft + 2 P ull . _
0<lo+B l<m P2 "o~ 18I
=0, ")
< Cx C IPull + Hul_pd, u € CyK),

then we have (3).

A little historical survey.
Constant coeffecients case ( i.e. P = p(Dx) = 3 aaDz ).
Theorem 5 ( H6rmander[H1] ). It ts mecessary and sufficient

Jfor p(Dx) to be hypoelliptic in R"™  that

Im £t » o if |t] » » on the surface { t € C" ; pce) = 0 }.

Corollary. 1If p(Dx) is hypoelliptic in R" then pCE) = 0
for large lE1, E € R™.
Variable cﬂefficients case.

Let L be a differential operator of the form

L .2
(15) L=-3 X{+X



HiMM=

where Xj are real vector fields, that is, X,

j = . ajk(x)ax

1 k

for real-valued aj (x) € c” @M.

Theorem 6 ¢ Hormander [Hy] ). L is hypoelliptic in R" ir

the vector fields Xap,..., X and their repeated
) 0 n
comnuitators span the tangent space at each point in Rg
N2 2.2 . s . .
Example. Al = D1 + xlD2 is hypoelliptic because with
X, = 9@ and X2 = xlax we have [Xl.X2] = 9 . Note that the

1 Xy 2 Xg
' g2 2.2 . . -
symbol of dl . o(dl) = El + xlﬁz vanishes on &1 = 0, 22 -» o when

2 2k, 2

X, = 0. Similarly, dk = D1 + X9 D2 is hypoelliptic since
— . - _ .k
[Xl’[xl”"[xl’XZ]"'] = k!ax2 if X1 = le and X2 = xlaxz.

The key point of the proof of Homander's theorem is to derive

the following subelliptic estimate from Ck): For some &€ > 0

(16) ﬂuﬂg < C(C Re(Lu,u) + Hu“z) , u € CE(R"),
where for the brevity we consider the simple case XO = 0.
If L = dk then € = 1/(k+1) ( see Fefferman—-Phong [F-P] ). By

using (16) we can prove that if u € Hioc(Q) and Lu € H;OC(Q) then

loc

u € HS+8(Q). The repetition of €-regularity up gives the

hypoellipticitx,of L.

It is clear that infinitely degenerate elliptic operators ﬂo

and L0 with 2 =1 don not satisfy Hormander’s criterion (%),

As understood from the fact that, for dk » € tends to 0 when



k » o, infinitely degenerate elliptic operators do and LO with &
= 1 do not satisfies the subelliptic estimate (16) for any g€ > 0.
Hence, neither Hormander's theorem nor his method apply to these

infinitly degenerate operaors.

Proof of Proposition 1.

For the brevity we shall consider the second order case and

only prove the sufficiency of (11) when g{x) = exp(—l/lxlé).

( Concerning the‘neceséity of (11) see [M2].) By Corollary 2 it

suffices to show that LO = D% + Di + exp(—l/lx|6)03 satisfies (5

when & < 1. Note that
am Re (Lyu, w) = HDtuﬂz + anun2 + ( exp(—1/|x|5)D§u,u).

We use the following lemma given by Fefferman [FFf]:

Lemma. Assume that V(z) =2 0, C° on a cube Q in R™,

uppose that there exists a ¢ > 0 such that
(18> m({x € Q ; Viz) = ecdiam @ % 1) > clQl,

where m( ) denotes the lebeague measure. Then for u € C’ we have

2 4+ veo lucz) 18]de = e’ (diam Q)‘zleu(m)lzdz.

S

(19) IQ{lvu(m)l
The constant ¢’ depends only orn 7 and c.

In [Ffl, it is assumed that V(x) is polynomial and (Av, VO >

Q

-2
(diam Q) . The proof in [Ffl is still valid for the above hypothese.



2

Set VX)) = exp(-l/lxlé)n . C In what follows we assume x €

Rl.) In view of (17>, for the proof of (5) it suffices to show that

for any k > 0O there exists a Mk > 0 such‘that for u € Cg(Rl)

(20) Juvueo 2 + veolueo 1% dx 2 ¢k log a2 1u ) 12dx,
if Inl sz .
where ¢ is a constant independent of k and n. Of course, ¢ may

depend on the interval [-R, R] containing supp u.

Let { Qj )§=1 be pairwise disjoint intervals such that
vay = rR! , diam Q; = (k logln ! and Q, = (x; Ixl <
2k logind 1. When Ixl > (4k loglnd "} we have

_ 8y, 2 ‘ _ 5
exp (—1/1x1)On° =2 exp( 2 loglinl (4k loglinl) .

Then, if Inl = Mk for a sufficently large Mk , we have

210 exp(-1/1x1%02 2 Inl = <diam Qj)—z

for Ixl = (4k loglinid L.

Thus, for each QJ we have (18). By th above lemma we get (19)
and so (20).

The above argument can apply to more degenerate elliptic

~

operators than LO' For example, let L be a differential operator

of the same form as (8) with £ =1 and g&x) equal to

2

exp(—l/lxls)sin SVAS I If 0< & < 1, E is hypoelliptic.



In fact, for any Qj where sind{l/Ixl) vanishes at least twice,

we have

22> m({ x € Qj H sinz(l/lxl) > 172 }) = Ile/4 .

For other Qj contained in [-R,R] we also have

2 2

(1/1x1) = (2nR%k log Inl) 2

23 m({ x € Qj ; sin 1y = IQjI/2

because sin t 2 2t/nm for 0 < t < /2. If we set VX)) =

2a1/1x1002, (22) or (23) together with (21> gives (18)

~

for each Qj. By Lemma 1 we obtain (20) and so L is hypoelliptic.

exp (-1/1x1% sin

We end this abstract by giving a more pathological example.

~

[.et L be a second order differential operator of the form (8). Ve

assume that g (x) yanishes on a Cantor set E with measure O

<<

defined as follows: Set E =I5 N\ WU Ij » where I, = [0,11, T, is an
i=1
open interval with length 1/3 whogg center is 1/2. Here I, and

2

13 are open intervals with length a3 whoes centers coincide

with the center of each conected component of I0 N Il’ respectively.

Furthermore, 14.....17 are open intervals with lenghth (1/3)3 whoes
centers coincide with the center of each connected component of I0 AN
3

jU Ij , respectively. We define open intervals Ij in this manner,
=]

recursively. On each Ij = (-a+b,at+b), j =2 1, we set g(x) =

exp ((—1/1x+a=b1®)+(=1/1x-a-b1%)) and we set g(x) = exp(~-1/1x1% and
exp(~l/(lx—1l6) for (-, 0D and (1, ), fespectively. If 0 < & < 1

~

then L is hypoelliptic.
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§ O. INTRODUCTION :
We shall give some notes about the effective hyperbolicity. We think there

are two ways to explain a notion. The first one is to find out an equivalent
notion from a different point view. And the other one is to give some interes-
ting examples of applications of the notion. For the first one, we have a
proposition for single partial differential operators that to be effectively
hyperbolic is equivalent to be strongly hyperbolic. The strong hyperbolicity
means the stability of solvability (well posedness) of the Cauchy problem
under changing lower terms. The effective hyperbolicity defined later is a
geometrical notion on the principal symbols of partial differential operators.
The sufficient part of the above proposition, that is, the Cauchy problem
is well posed if it is effectively hyperbolic, is very important for appli-
cations and does not always require that partial differential operators are
single and even linear. So, we may replace the effective hyperbolicity for
the strict hyperbolicity used usually and frequently because the previous
notion is wider than the later.

Many partial differential operators in applications are non linear.
So, we have to extend the results in the linear cases to ones in the non linear
cases in order to find out interesting examples. In the present stage, this
extension is very easy because we know already a very famous abstract theorem,
so called the Nash-Moser implicit function theorem.
Here, we explain that this theorem is also applicable to our cases. We shall
remark we needed some minor change of expression of the Nash-Moser implicit
function theorem in order to obtain a sharper result for the non linear Cauchy

problem making it possible to apply directly to the Monge-Ampére equation.

§ I. RESULTS OF LINEAR CASES :

Let Pm be a polynomial of homogeneous order m in £ € Rp+l with

. . 0 . . +
coefficients C -functions in x € R" l . We assume it is normal in £
o
m
P = +'.. 1
m Eo

Définition I. We call P effectively hyperbolic (on an open set in x) if

Pm 1s hyperbolic in '50 and if at the critical points of the characteristics
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{p = vP_ =0}, the fundamental matrices F of Pm have non zero real
m m

eigenvalues, where the fundamental matrix F 1is defined by
F=f GX ® 1. =2,3 P , etc..
XX mxg

Let us consider a system of partial differential operator P of order

m with a diagonal principal part, namely,
(1.1) P=P1+Q,

where the lower term Q = (qij) is a system such that order q.1j < a, -aj + m-1

with respect to a multi-index o of integers.

Theorem | . Let P_ in (l.1) be effectively hyperbolic on a neighborhood of
—_— m
the origin. Then, there exist a conic domain 9 = {x;xo #Alx'] <0, A > 0}

and a constant ¢ > O such that for all ¢ (0 < ¢ < eo) , the Cauchy problem
0

Pu=f on {x >0} N QE
(1.2) {
u =

0 on {xo <0}ln Qe

has a unique C-solution "u on Qe for any C"- datum f on ne supported
on {x_ = 0} , where Q@ = Q+(¢,0,...,0). Moreover, for some suitably fixed & ,
o €

they satisfy the estimate for all s=>0
(1.3) Nl < qulf"s+2 +HaHs+EH£H£) ,

where IlJls is the Sobolev norms on 2 and a stands for coefficients of the
partial differential operator P . We should remark that the constants Cs are
uniform on P belonging to a suitable neighborhood of a fixed effectively
hyperbolic operator in the space of hyperbolic operators with the type

(I.1) on a neighborhood of the origin.
' When we usually call the Cauchy problem (1.2) well posed, we do not
require the estimate (1.3), especially, the existence of the constant &
independent of s . However, almost all cases which we know wellposed, have
the type (1.3) of estimates, and this is important to use the Nash-Moser

implicit function theorem. So, we introduce a notation for convenience.

Let us consider the problem (1.2) for

a set P of general system P
of partial differential operators.
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Definition 2. We call a set P strongly wellposed if the conclusion of Theorem |

holds for any element P of P, especially, if €y 0 8 and constants CS y 2

of the estimate (1.3) are common on P .

Remark. Let P be a r x r system of partial differential operators. Define

the principal symbol Ppr as usual. Assume that det Ppr is effectively hyperbolic.

This is reduced to Theorem | so that it is strongly wellposed.

§ II. NONLINEAR CASES :

We consider a nonlinear system ;

2.1 Pu= (i, ir

P(X,n lulga Ej )j=l:°°°’r)l

P
n. =9 u,
Ja J

P, (x,5%0) ,

u = (ul,...,ur) .

where g and B are multi-indices of integers.

The linearization DP of this system is given by

P o= (I 3= B (3wl

i g et
and the principal symbol Ppr = (Pij)
- 3 a . B
Pij b o . Pi(x,a u)g .
e;lel-ai-sj jB

Now we extend the strong well posedness to this type of system.

Definition 3. We call a nonlinear system P (2.1) strongly wellposed if there

exist two linear system Q and R satisfying the following conditions ;

1) Coefficients of Q and R are also functions of (x,n ) and (x,n

respectively, where we put the unknown function BBu in n
function Bh in ¢ .

B)CB ))

8 and the parameter

2) The linearization DP are decomposed as

=Q+R with h = Pu .

3) There exists a neighborhood U of y = 0inC n {u; u=0 at x < 0}
o
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such that {Q; u € U} is strongly wellposed in the sense of Definition 2.

4) R=0 at h= 0.

We shall later explain by an example the reason why we do not define simply
as {DP} are strongly well posed. Roughly speaking, we assume the existence of
a parametrix of DP toward Pu = O ., Under this assumption we can conclude the

following unique extension theorem of a solution.

Theorem 2. Let a nonlinear operator P(2.1) be strongly wellposed. If there
exists a neighborhood Q, of the origin such that u = 0 is a solution of Pu = 0
at {xo < 0}n Q, then there exists uniquely a ¢ solution u of Pu =0

on a neighborhood Q of the origin such that u = O on {xo <0}ln Q.

Corollary 3 . We assume that the principal symbol Ppr of P (2.1) are decompo-

sable as well as Definition 3 such that

P =Q + R with h=Pu ,
Pr o o

where Qo and Ro satisfy the conditions for Q and R 1in l) and 4) of Defini-
tion 3 , respectively, and where Qo is one of the type of effectively '
hyperbolic operators treated in Theorem | or uniformly reducible to one of this type
for example, det Qo is effectively hyperbolic, for all u of U in 3).
Then, - the conclusion of Theorem 2 holds.
This Theorem 2 is no more than a translation from the abstract Nash-Moser's
theorem into the category of the Cauchy problem. However, it requires the
improvement of expression of the Nash-Moser's theorem, because we assume a
weaker condition than as usual, namely, we assume the existence of parametrices
of the linearization DP instead of the existence of exact inverses.

We follow the'expression of the Nash-Moser's theorem by L. Hormander [1] .
{H°%) 0 is a Banach scale, in other words, interpolation spaces by means
of a smoothing operator.

Let ®¢(u) be a nonlinear operator on H = Q‘Hs . Assume the existence
of the first and second derivatives in u and their estimates as similar as
(2.2). The different point is to assume that the right (left, resp.) parametrixlw
of the first derivative Dy exists on a neighhorhood of the origin of (u,®)
such that

D¢.y(yDp, resp.) =1 + o ,

where 0o depends on u and ¢ , and satisfies
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(2.2) e il , < C_LCIHul ol Nl
£ (Hlull ) ol Bl el el )]

for a fixed m and for all s .
Then, there exist neighborhood V , W of u = 0 and ¢ = O such that

(V) NW=9 or o(V) 30
(6(0) = 0= ¢ 1(0) nV = {0}, resp.) .

Therefore we can conclude the existence and the uniqueness only for ¢(u) =

In the proof, we need only an addition of the error terms in the argument of the’
existence of 0 , which is estimated as well as other error terms are. If
considering the scale basing on the Sobolev spaces or the Holder spaces of
functions on ne supported on {xo > 0} , then the strong wellposedness assures
the existence of the right and left parametrix ¢ . The non essential cases

will be excluded since the norm "¢(0)"s on Qe tends to O as ¢ tends

to O .

§ IIT. AN EXAMPLE :
The Monge-Ampére equation

2
uxxuyy - (uxy) = f(x,y)

is elliptic if f > 0 , strictly hyperbolic if f < O and of Tricomi type

if vf # 0 at the points f = O and if it is kowalevskian. They are very classi-
cal and well known. So we treat more singular cases. Since we are treating

the Cauchy problems, we consider the case where f < 0 . In this case, the

equation is hyperbolic if it is kowalevskian. More generally, we consider

® =det A-f =0,

2 L3
where A = 3"u + C(x,u,du), C is a symmetric matrix and f is also a function

in (x,u,3u). A typical example is the Gauss curvature K(x) of a hypersurface
{y =ux)} , x e R"

g (n+2)/2
det(a 24 - K(x) (1+]au]®) .

Now, we prepare some notation to state the result.

W.r.t. A,.. = . . = mi i
i (akl)k 2, j minor matrix w.r.t. aij
co _ co co i+3
A (aij) 'aij = (-1) J det Aji : cofactor matrix .
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The equation is

(3.1) ¢ =det A-f =0
' the initial condition at X, = 0.

If we take the Fréchet derivative in u , then

Tr(Acoazq» + lower term

Doy

= A%°@) o + ...

. We assume the following (3.2-4).

(3.2) f< 0 always.
3.3) Aoo(u) x =0 >0 .
o
(3.4) sz(x,u,au) <0at{f =0}n {xo = 0} , wherel is a vector field defined

by
n c
o, 3d
L = '2 a .(5;7 .
J=o J J
Theorem 4. Let u be a formal solution of (3.1) at X, = 0 and satisfy (3.2-4)
on a neighborhood of x = 0 . Then there exists a unique ¢” solution u of
®{u) .= 0 on a neighborhood of x = O such that u - u is flat at x_= 0
a ~, v 0
(3" (u-u) =0, & ).
, X,=0

' 1.2 1 4
Example. u = 73X ~1z7Y

d(u) =u _u_ - (u ) +y =0,

XX Yy Xy

_ a2 2.2
Co(u) 0= ay(p y ax 0,

2 J
f y and L = 3y
In fact, let us put eigenvalues and eigenprojections of A®° by ej and pj
(i=0,...,n), and A, are eigenvalues of A. Then ej = s i Ak and eigen
spaces of % and Aj are the same, so their projection is b, . The assumption (3.3)
gives us the existence of n positive eigenvalues, so we denote them by
Aj >.0 (j= l,ovc,n)o
Since = = ~
det A Ao ...An f <0 at u=u and X, = 0, so Ao < 0, there. Hence

his . o . » * ~ » . 3 L3
Ao near non positive axis if u is near u , that is, remainding eigenvalue

Ad is separated from the others Aj G=10.
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Therefore 90 = ) ...An and Po are defined smoothly. So A®® is written as

i

n !
co
e T B e TTEET A ST WERRS S
n -1

= B P+ Ageeed (T3 A5 P

= 9P+ (det A) E

= 9P +fE+OE,E= " Allp
ofo S R

Thenwe can decompose

co
A°°(2) = q_ (3 + R_(2)

as

Qo(a) = eopo(a) + £ E(3)

and
R (3) = ¢.E(3).

Here Qo(a) ~ L2 + £ . (an elliptic operator with respect to the transversal
directions to L ).
Since f < 0, and sz #0at f =0, so Q, is effectively hyperbolic. And
also Ro(a) = 0 at ¢ = 0 . Therefore A°°(a) satisfies the conditions of Corollary 3.
Using some speciality of the Monge-Ampé&re equation, we conclude the existence
theorem from the unique extension theorem.

Other examples of effectively hyperbolic operators will be found in

N. Iwasaki [2] , where you can see the further informations about this note.
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