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Overview

@ We consider the 4-th order total variation (TV) flow, Spohn’s model

ur = —-A (div (%)), u; = (le (ﬁlv | + |VulP™ 2Vu))

or the OSV model for denoising in image processing:

. A
(OSV) u = argmin {/g |Du| + §||u —f||i1_](ﬂ)}.

ueH-1(Q)

@ For 4-th order TV flow, a class of initial data has been studied
analytically in earlier study.

e Itis proved that the solution becomes discontinuous instantaneously.
@ The split Bregman method is an efficient solver for ROF model in image
processing and second order TV flow.

@ We provide a new numerical scheme, which is based on the split Bregman
method, for fourth order problems under periodic boundary condition.
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Preliminary 1. H;'(T) and inverse Laplacian

@ Let T =R/Z and D(T) be C*(T) endowed with suitable topology.
@ (generalized) Fourier transform;

Fr@) = (f, 7Y pem, peny

Definition (Spaces of functions whose average are equal to 0)

120 ={f € DM : Teenoy 1@ < oo and f(0) = 0},
HLM) = {f € D'(D): Teen oy £ P < 0 and fr(0) = 0},
HAT) = {f € D'(T): Teen0) €21 @F < oo and r(0) = 0}

o They are Hilbert spaces, and
o |lfllzz ey = lflir2er forall f € La,(T),
o NI fllgzser) = IV fllz2cry for all £ € Hy,(T),
o There exists an isometry (—Ay) ™!+ HN(T) — HL,(T), that is,

1 Wz = N=Aa) ™ Fllgy vy = 19(=Aa) ™" Fllp2cqy for all f € Hy!(T).
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Preliminary 2. Total Variation and fourth order TV flow

Definition (Total variation and Bounded variation space)

M
/T D] = esssup {Z () = FOD)] 10 =20 < x1 < -+ < 2y = 1},
J=1

BV(T) = {f e D'(T) : /T|Df| < oo},
[ios1 its e ndmnsve,
T

0 otherwise.

E(f) =

where the supremum is taken over all partition of the interval.

e E: H/(T) — Rso U {0} is proper, l.s.c. and convex functional.
@ Fourth order TV flow can be described as

. Vu
u, = —A (le (@)) € =0y E(u),

where 017 E(u) is a subdifferential.
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Earlier studies

@ Y. Kashima (2012):
Characterization of subdifferential H'(T¢)
@ M.-H. Giga and Y. Giga (2010):
Exact profile under periodic B.C.
© Y. Giga and R.V. Kohn (2011):
Extinction time estimate under periodic B.C.
© Y. Giga, M. Muszkieta and P. Rybka (2019):
A duality based numerical scheme which applies forward-backward
splitting
@ R. V. Kohn and H. M. Versieux (2010):
Numerical computation for Spohn’s model, based on mixed FEM and
regularization for singularity
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Spaces of piecewise constant functions

Let N €N, h=1/N, x, = nh, X412 = (n + 1/2)h,

Iy = [Xn-1/2, Xns1)2); Lii1y2 = [Xn, Xns1).

Definition (Spaces of piecewise constant functions)

Vi ={vn : T —>R:wl, €Po(l,)foralln =0,...,N}
VfL\O = {Vh = 2,12[21 vnlp, € Vit ZnNzl Vn = 0},
Vi ={dn:[0,1) > R:dyl; € Po(lp41/2) foralln =0,...,N}.

n+1/2
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04} oo — el
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Discretization

Time discretization

The backward Euler method for u; € -1 (1) E(u) gives:
For given u* € H_/(T), find u**! € H, 1(T) s.t.

=
W1 = argmin {/|d| - a1, 2 d—Du}.
ueH;\(T)

Spatial discretization

2|
=
(V8]
)
\

For given uﬁ € Vjo, find u’fl“ € Vj,0 and d}’j” €V, s.t.

=il
k+1 gk+1y _ : T k2 H k2
(™, df ™) = argmin { /T ] + ==l = w1, ) + 5 N = Dhu,,,an(,)},

up,dp

where I = (0,1), u > 0, Dy, : ZnNzl valg, Zﬁ:’:l(vn - Vn—l)]-ln+1/2-

\
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We propose two schemes for ||uj, — uk ||2 11y

Scheme 1: Using discrete gradient and discrete Laplacian

@ Vyn € RNVNX(N=1) . djscrete gradient on T with average zero condition.
@ —Ayn € RWNV-DX(N=1) . djscrete Laplacian.
o |lup — uﬁllfi&l(T) = | V(=Aay) ™" (un - ")IILQ(T) ~ hl|Vayn(=Bavn) ™ (w — ub)||3.

v

Scheme 2. Using second degree B-spline

o Let B, (x) be the second degree periodic B-spline basis functions.

° Vuh,uﬁ € Vio, Iwy, = Zn | WnBy € H1 V(T) s.t. wy = (—Aay)™ (uh — uh)
° ”uh - Mﬁ”?{&l(T) = ||VWh||L2(']I‘) - h” \ MVav,h(_Aav,h)_l(u - uk)”27
where M € RN*V s the mass matrix for tent functions and

VhM € RN*N jg a matrix such that VhMTVhM = hM.
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Split Bregman framework for fourth order TV flow

For given u* € RV! find u**! € R¥-! and d**! € R such that

kel gk+1 - v 'h
(u™,d""") = argmin { ||d||; + 5
u,d

h
K (u —ub)|3 + %Ild = hVav,hu"H%},
where K = Vo n(=Aav.n) ™" of VEMV oy 4 (=Agy. )" 7 = O(h3), u = O(h7™Y).

This is very similar to the matrix form of ROF model, therefore we apply the
split Bregman framework.

Split Bregman framework for fourth order TV flow

: -1 . .
WS = (e KK 4 PV V) (KK + a2V (dT - o),

Ayt = shrink ((hVqypu® ™! + 7% 1/(uh)) foralln =1,...,N,
ak,j+1 — ak.j _ dk,j+1 + hvav,huk’j+1,
where shrink(p, a) = ﬁ max{|p| — a, 0}.
o

This gives u**! = lim;_,o uk/.
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Fourth order TV flow

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

(e) First scheme (f) Second scheme

o It is proved that the exact solution becomes discontinuous
instantaneously.

@ The symmetry of initial profile is preserved during the evolution.

rder TV flow



Spohn’s fourth order model

Spohn’s fourth order model

=-A (le (ﬁw | + |Vu|p_2Vu)) , where 8> 0andp > 1.

We propose a new shrinkage operator for the case p = 3.

Split Bregman framework for Spohn’s model

. 1 . .
Wit = (KK 4 VY V) (T K TR + a2V, (@R - k),
kit = shrinkspohn ((hVaypubi ' + k7)) 1/(uh)) foralln=1,...,N,
ak,j+1 — dk/+1 + hV huk}+1

where shrinksponn(p, @) = ﬂ ( 1 + /1 + 4damax{|p| - apB, 0})
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Numerical result of one dimensional Spohn’s model
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Fourth order problems

2 dimensional TV flow

(anisotropic) (isotropic)
Viu Vyu Vu
= —A(di , 5 =-A(div| —|]|.
" ( ‘V(ivxul IVyuI)) “ ( Y ( Z ))

@ Vayxh, Vav,yn: discrete derivetive on T? with average zero condition.
@ —A,y.p: discrete Laplacian.

Scheme

1
T x
D(dy, dy) + —— ([|Kx(w — wF)17 + (| Ky (u — u¥)|3)

=
=

mir(liin}iize hoh 2
U, Ay, x 'ty
g +—— (s = A Vay ente 13 + lldy = hy Vayynu|13)
where
ldxll1 + [Idyll1 for anistropic TV flow,

for isotropic TV flow.

LR (N

nlll
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@ K., K, can be defined as the similar way to one dimensional case.

o If hy = hy = h,welet T = O(h*), u = O(h™2).

o In the split Bregman framework, the shrinkage operator for anistropic TV
flow is the same as one dimensional case.

@ Shrinkage formula for isotropic TV flow;

k+1 S’)ﬁn | k | ISI;nI 0 k+1
= —— max S - = ...
sk, MU phihysk )T

where

k_ ook k ko_ k+l | k+1 ko_
Sp = AJ(5xn)? + (S50)% Syp = (thav,xhu +al ) s Sy = e
n

@ We propose the shrinkage formula for 2 dimensional Spohn’s model;

k
B|an

muhyhy|sk,| sk 4 4sk
thy hysfl’

k+1 _ . oxn

= + —_—
xn
2551 |s§n| ,Uhxhy |S§n|

max { |sX,| -

Ueda (Uni Split Bregman method for fourth order TV flow § ‘mposium 20/22



Numerical example for 2 dimensional case

o Upper left: Anisotropic TV flow.
o Upper right: Isotropic TV flow.

@ Lower left: Spohn’s model.

fourth order TV flow



@ We propose a new numerical scheme for fourth order problems.
@ We also propose a shrinkage operator for Spohn’s fourth order model.

@ Numerical examples show that our scheme works very well.

Thank you for your attention !

an method for fourth order TV flow
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