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Introduction

We consider the following nonlocal scalar equation

U = dugy + K xu —au+ f(u), t >0, z € R,

Diffusion Nonlocal effects Reaction

where u(t,z) e R, d > 0, K xu(t,x) = f K(x —y)u(t,y)dy, a:= / K (y)dy
R R

Condition
(K1) C(R)NLYR) > K #0, K(z) = K(—z), Vz € R, / K(y)dy =a >0
R

f(u)

(f € Lipy, (R), f(0) = f(1) =0,
(F1){ f <0in (1,00), f>01in (0,1),
| f is differentiable at u = 0, and f’(0) > 0.
0
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Backgrounds
U = dug, + K xu—au+ f(u), t >0, x € R,

Diffusion Nonlocal effects Reaction

where u(t,z) € R, d > 0, K xu(t,x) = f K(x —y)u(t,y)dy, a:= / K (y)dy
R R

- Nonlocal-diffusion [V. Huston et al. (2003)F. A. Vaillo et al. (Springer, 2006)]
w=Kxu—au, t>0, xR

e
>0 “(Za)fz [ I } lm
R 2 SN | NN
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- Phase transition [P. W. Bates et al. (1997, 2005, ...)]

1 W ()
Bw =1 [ K@= y)(u@) - u)Pdedy+ | W(u(z))da
L~ - gradient flow
u=Ksxu—au—W'(u), t>0, x€R -1

* Neural science [J. D. Murray (1993)]
- Pattern formation problem [S. Kondo (2017), S.-I. Ei, H. I., S. Kondo, T. Miura, Y. Tanaka (preprint)]
- dispersal motion of cell or organism [V. Huston (2003)]




Backgrounds
U = dugy + Kxu—au+ f(u), t >0, zeR,

Diffusion Reaction

K () : non-negative function

There are many results of localized patterns.
* J. Coville and C. Dupaigne (2007)
* H. Yagishita (2009) i
- Y. =J. Sun, W.-T. Li and Z.-C. Wang (2011) | an

K (x) : sign-changing function
There are few results. In numerical simulation, this equation has K (x)

—>spatial periodic solutions (induced by Turing instability)
[J. Siebert, E. Scholl (2015), S. Kondo(2017)]
—>non-monotonic traveling wave solutions

(] — Il"ll II",I — » I
[J. Siebert, E. Scholl (2015)] ol \j \/ j



Numerical simulation
U = dugy + K xu—au+ f(u), t >0, v €R,

When the kernel has negative parts, this equation does not have comparison principle.
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Traveling wave solution
U = dugy + K xu—au+ f(u), t >0, v €R,

Today, we consider that the existence of traveling wave solutions connecting
two states.

u(t,x) = ¢(x + ct) = (&) (wave speed ¢ , wave profile ¢ )

¢(z + ct)
cd'(§) = do"(§) + K * qb(&) —ap(§) + f(9(§)), E€R
(T'W)
d(—00) = 0, ¢(+00) = .
4
— > T
The existence of the traveling wave solutions when K > 0 (p.73).
f(u)
When K has negative parts, there is no results of 1
the existence of traveling wave solutions satisfying (T'W),
(to the best of my knowledge).
0 1
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Motivation

¢(—00) =0, ¢(+00) = 1.
where K has negative parts.

We show the existence of traveling wave solutions satisfying

(TW) { o (€) = do"(€) + K + 6(€) — ad(€) + (6()), € € R

We always assume that

(K1) C(R)NLY(R) 3 K £ 0, K(z) = K(—z), Yz € R, / K(y)dy = a >0
R

(K2) VA > 0, [ |K(z)|e *dx < o<

(f € Lip(R), f(0)= f(1) =0,
(F1) < f <0in (1,00), f > 01in (0,1),

(F2) f(u) < f'(0)u foru € [0,u™],
for some constant 4™ > 1.

00000000

u(x,t)

| f is differentiable at v = 0, and f(0) > 0.

.
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Main results

cg'(§) = do" (§) + K * ¢(§) — ap(§) + f(9(£)), E€R
(TW){ B(—00) =0, d(+00) =1. .

Define
KT (x) := max{K(x),0},(positive part)
K~ (x) := max{—K(x),0} (negative part)

- K(z) = K*(z) — K~ () CR}| -
K (2)| = KT (z) + K~ (2)

co =10
We define two quantities « A

inf A0 Q) = d)\2+/K(y)e_)‘ydy—a+f’(0),

co = :
@ AE(0,N) A
. R()\) 2 / —A /
= f —, = d\ K Ydy — 0),
R )\El(%oo) A | y=a+ 0

where ) is defined to be the first positive zero of Q(\), if it exists, otherwise,
set A\ = oc.



Main results

Assumption 3.2
(1)dn € (0,1) s.t. f(u) = f(0)u for u € [0, n].
linear

(2) f satisfies f/(0) > «.

(3)K Satis_ﬁes (=) (F1(0)—a)n
fRK (y)dy < mm{ , }

0 )
for some constant ¢ € (1,u™).
Example
2 —2u, u> =z,
) = 3
2’&, u < 5

2 005
K™ (y)dy = f K™ (y)dy < - ’ > T
/R . 3 = NJ |\




Main results

cd'(§) = do" (§) + K x ¢(§) — ad(§) + f(#(§)), £ €R
(TW){ b(—00) = 0, ¢(+00) = 1.

Cr(X):={p € C*X) | sup [¢(¢)| <00 (j =0,1,...,k)}, (X CR, k=0,1,2,...)
EeX

Theorem 3.4 [s.-1. £, J.-S. Guo, H. I., C.-C. Wu (2020,JMAA), H. |. (Master’s thesis)]
Let Assumption 3.2 be enforced.
Then for any ¢ > ci there exists the wave profile ¢ > 0 satisfying

{ cd/(€) = d¢" () + K + $(€) — ad(€) + F(6(€)), E€R
$(—00) = 0, liminfe_, o0 $(€) > 0.

Moreover, if ¢ € C#(R) and ¢ > max{cg, cx }, then ¢(+00) = 1.

Here, N —\/(/ Ky |dy) (/ 2|K(y)|dy>.

Remark d > 0= ¢ c CZ(R), d=0, f € C'R)= ¢c C}R)

Remark This result does not need the stability of w = 1 in the sense of PDE.




O Utl | ne Of p o Of (The existence of the positive wave profile)
(TW1) c¢'(§) = do" (&) + K * ¢(§) — agp(§) + f(#(£)), £ €R

Definition 4.1
Given a constant ¢ > 0. A pair of continuous functions {4, Q} are upper and
lower solutions of (TW1) if ¢, ¢ € C*(R\ A),

(€) > dg" (&) + (K* % §)(¢
(€) < d¢" (&) + (Kt 9)(¢

~—
|
~
g
*

(§)), VEe R\ 4,
(€)), VE e R\ A,

1
1

ch + f(4
c¢’ + (o

~—
|
P
g
x

for some finite set A C R.




O Utl | ne Of p ro Of (The existence of the positive wave profile)

(TW1) ¢ (€) = do" (€) + K * ¢(€) — ad(€) + F(6(€)), £ €R
{ca’(@ > dg" (€) + (KT % §)(€) — (K~ ) (&) — ad(€) + F(5(€)), € €R\ A,

cg’(€) < dg" (&) + (KT % ) (&) — (K~ * 9)(§) — ad(§) + f(4(§)), £ €R\A,

Proposition 4.3
Suppose that there exists a pair of upper-lower-solution {¢, ¢} such that

b, ¢+ R—10,ut],
¢(€) < 9(§) (V€ € R),

—/

6 (2=) 2 6 (24), ¢'(2=) < ¢/(z4), (V2 € A).

e e N Y
W NN
e e S

Then (T'W'1) has a solution ¢ such that ¢ < ¢ < ¢ in R.

|dea of Proof : [S. Ma (2001)]

I={peCR)|¢p<9<¢}

The integral operator P¢ : T' — T (¢, ¢) satistying (TW1) < ¢ = Pg[¢](p.77)
To use Schauder’s fixed point theorem, we check the property of P¢.




O Utl | ne Of p o Of (The existence of the positive wave profile)

(TW1) ¢ (€) = do" (€) + K * ¢(€) — ad(€) + F(6(€)), £ €R
{ca’(g) > dg" (€) + (KT % §)(€) — (K~ ) (&) — ad(€) + F(5(€)), € €R\ A,

cg’(€) < dg" (&) + (KT % ) (&) — (K~ * 9)(§) — ad(§) + f(4(§)), £ €R\A,

Lemma 4.2 Lemma 4.2
Let Assumption 3.2 be enforced. For a given ¢ > cgr, we set
_ AE _ heV < ]
3(6) = minfeX £ he, 5} g(e) = ¢ e S0
- n, §2>&n. oo

for suitable constants A\, v, h, &j,.

Then the functions {4, ¢} are upper and lower solutions

of (TW1). '

{ c¢'(§) = d¢"(§) + K x ¢(§) — agp(§) + f(#(£)), £ €R

aﬁ(—oo) =0, lim inf§—>+oo 05(5) > 0. Assumption 3.2
(1) f(u) = f(0)u for u € [0,n].
(2)f'(0) > a.

/ K~ (y)dy < min { —J;<5) | (f’(0>5— Gf)n}




OUthne Of prOOf (Asymptotic behavior)
(TW1) c¢'(§) = do" (&) + K * ¢(§) — agp(§) + f(#(£)), E €R

cx i \/ ([ 1xwiar) ([ i)

Using L? estimates based on [M.Alfalo and J.Coville (2012)], we can gain this lemma.

Lemma 4.4
c>cg and ¢ € CZ(R) = ¢’ € L*(R) and ¢'(400) = 0.

|dea of proof
We multiply (TW1)by ¢'and then integrate from —¢ < 0 to p > 0to get

» 1/2
CIp,q < ijq (/ {(K *x O — a¢)(£)}2d£) +C; < CK\/II%,Q + Cgfp,q + C1,
—q

wherel, , = ffq(qb’)Qda: and C1, C: are positive constants.

2

/_Z{K x p(&) — ap(€)}dE = /: {/R/Ol K& —y)(y—&¢' (& + sy — f))dsdy} d¢ < c?;((lqu +Cy).




OUthne Of pl’OOf (Asymptotic behavior)
(TW1) c¢'(§) = do" (&) + K * ¢(§) — agp(§) + f(#(£)), E €R

cx i \/ ([ 1xwiar) ([ i)

Using L? estimates based on [M.Alfalo and J.Coville (2012)], we can gain this lemma.

Lemma 4.4
c>cg and ¢ € CZ(R) = ¢’ € L*(R) and ¢'(400) = 0.

|dea of proof
We multiply (TW1)by ¢'and then integrate from —¢ < 0 to p > 0to get

» 1/2
Cijq < ijq (/ {(K *x O — a¢)(£)}2d£) +C; < CK\/II%,(I + Cgfp,q + C1,

_(I

wherel, , = ffq(qb’)Qda: and C1, C: are positive constants.

el — \/c;(fé__q + Col,y g — 00, (Ipg — 00) clq — \/CK 12+ Calyy — —00, (Ig — o0)
A A
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OUthne Of pl’OOf (Asymptotic behavior)
(TW1) c¢'(§) = do" (&) + K * ¢(§) — agp(§) + f(#(£)), E €R

o (i) (L)

Using L? estimates based on [M.Alfalo and J.Coville (2012)], we can gain this lemma.

Lemma 4.4
c>cg and ¢ € CZ(R) = ¢’ € L*(R) and ¢'(400) = 0.

Proposition 4.5
¢ > ckx and ¢ € CZ(R) = ¢(+00) exists and satisfies f(p(+00)) = 0.




summary

1. When the kernel has small negative parts and the nonlinear term
satisfies suitable condition, we could prove the existence of
traveling wave solutions with positive wave profile.

cg'(§) = do"(§) + K * ¢(§) — ad(§) + f(9(€)), E€R
¢(—o0) =0, liminfe 4 @(€) > 0.

2. In particular, the sufficiently rapid traveling waves connect two

constant states.

F u t u re WO r k Initial data: exponential decaying function
. | oomeo u(x,t)
.Stability | u=1.
® Minimal speed )
® Uniqueness Ju=0. g
® Pulsating front

™ /|




Thank you for your attention
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