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Nonlinear diffusion equation
with dynamic boundary conditions

and related topics

ਂඌ ࢙ (ҭେֶڭژ)

ຊڀݚՊݚඅ(՝൪߸:17K05321)͓Αͼ, ެӹஂࡒ๏ਓ ॅ༑ஂࡒ Պֶૅج
ॿڀݚ (No.190367) ͷॿΛड͚ͨͷͰ͋Δ.

1. ԋͷ֓ཁߨ
• ಈతڥք݅ԼͰͷඇઢํࢄ֦ܗఔࣜ
• Cahn–Hilliard ք݅(GMS)ڥͷํఔࣜͳΒͼʹಈతܕ

• (GMS)͔Βඇઢํࢄ֦ܗఔࣜͷۙ

• Fast diffusion ํఔࣜͱ༗ࠁ࣌ݶফ໓

• ·ͱΊͱޙࠓͷ՝
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2. ಈతڥք݅ԼͰͷඇઢํࢄ֦ܗఔࣜ
• ඇઢํࢄ֦ܗఔࣜ 0 < T < ∞, Ω ⊂ R3, ༗քྖҬͰͦͷڥքΓेΒ͔.! "

∂tu−∆β(u) = g in Q := (0, T )×Ω.# $
͜͜Ͱ, βݪΛ௨Δ୯ௐͳάϥϑͱ͢Δ.
• ք݅ڥ Σ := (0, T )× Γ্Ͱͷิॿ݅ͱͯ͠:

β(u) = gΓ (Dirichlet);

∂νβ(u) = gΓ (Neumann);

∂νβ(u) + β(u) = gΓ (Robin).

:Ϳݺք݅ͱڥඍΛؚΉͷΛ͜͜Ͱಈత(dynamic)ؒ࣌ʹք݅ڥ

∂tu+ ∂νβ(u) = gΓ;(
∆β(u)

)

|Γ
+ ∂νβ(u) = gΓ (Wentzell (Ventcel’));

∂tu+ ∂νβ(u)−∆Γβ(u) = gΓ (generalized Wentzell).

ྖҬ෦ͷओͨΔํఔࣜΛղͨ͘Ίͷิॿ͔݅Β...ڥք্ͷผͷܥͱͷ࿈ཱ.



Nonlinear diffusion equation with dynamic boundary conditions and related topics 2/26

• ಈతతڥք݅ԼͰͷStefan
0 < T < ∞, Ω ⊂ R3.

∂tu−∆β(u) = g in Q,

u|Γ = uΓ, ∂tuΓ + ∂νβ(u)−∆Γβ(uΓ) = gΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = uΓ,0 on Γ.

β : R → R࣍Ͱఆٛ͞ΕΔ۠తʹઢܗͳؔ

β(r) =






ksr if r < 0,
0 if 0 ≤ r ≤ #,

k#(r − #) if r > #,

ks, k#, #ਖ਼ఆ,
g, gΓ, u0, uΓ,0༩͑ΒΕͨؔ.

! "
͋Δఆc1, c2 > 0͕ଘͯ͠ࡏ β̂(r) ≥ c1|r|2 − c2 (∀r ∈ R).# $
͜͜Ͱ, β̂βͷؔ࢝ݪΛҙຯ͢Δ.
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• ಈతతڥք݅ԼͰͷଟ࣭ഔମํఔࣜ
0 < T < ∞, Ω ⊂ R3. m > 1.

∂tu−∆|u|m−1u = g in Q,

u|Γ = uΓ, ∂tuΓ + ∂ν|u|m−1u−∆Γ|uΓ|m−1uΓ = gΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = uΓ,0 on Γ.

β ∈ C(R)ݪΛ௨Γ୯ௐ૿Ճ.

β(r) = |r|m−1r,

β̂(r) =
1

m+1
|r|m+1 (∀r ∈ R).

β̂βͷؔ࢝ݪ.

! "
͋Δఆc1, c2 > 0͕ଘͯ͠ࡏ β̂(r) ≥ c1|r|2 − c2 (∀r ∈ R).# $



Nonlinear diffusion equation with dynamic boundary conditions and related topics 4/26

• ಈతతڥք݅ԼͰͷHele-Shaw 
0 < T < ∞, Ω ⊂ R3.

∂tu−∆ξ = g, ξ ∈ β(u) in Q,

ξ|Γ = ξΓ ∈ β(uΓ), ∂tuΓ + ∂νξ −∆ΓξΓ = gΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = uΓ,0 on Γ.

β = ∂β̂ : R → 2R ۃେ୯ௐ࡞༻ૉ, β(0) * 0.

β(r) = ∂I[0,1](r) =






(−∞,0] if r = 0,
0 if r ∈ (0,1),

[0,+∞) if r = 1,

β̂ = I[0,1]βͷؔ࢝ݪ, D(β) = [0,1].

! "
͋Δఆc1, c2 > 0͕ଘͯ͠ࡏ β̂(r) ≥ c1|r|2 − c2 (∀r ∈ R).# $
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• ಈతతڥք݅ԼͰͷPenrose–Fife ఔࣜํࢄ֦ܗඇઢܕ
0 < T < ∞, Ω ⊂ R3.

∂tu−∆β(u) = g in Q,

u|Γ = uΓ, ∂tuΓ + ∂νβ(u)−∆Γβ(uΓ) = gΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = uΓ,0 on Γ.

β ∈ C((−1,∞))ݪΛ௨Γ୯ௐ૿Ճ.

β(r) = −
1

1+ r
+1,

β̂(r) = − log(1 + r) + r (∀r ∈ (−1,∞)).

β̂βͷؔ࢝ݪ.

! "
͋Δఆc1, c2 > 0͕ଘͯ͠ࡏ β̂(r) ≥ c1|r|2 − c2 (∀r ∈ D(β̂))ཱ͠ͳ͍.# $
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• ಈతతڥք݅ԼͰͷ fast diffusionํఔࣜ
0 < T < ∞, Ω ⊂ R3, ͳΊΒ͔ͳ༗քྖҬ. 0 < m < 1.

∂tu−∆β(u) = g in Q,

u|Γ = uΓ, ∂tuΓ + ∂νβ(u)−∆Γβ(uΓ) = gΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = uΓ,0 on Γ.

β ∈ C(R)ݪΛ௨Γ୯ௐ૿Ճ.

β(r) (= |r|m−1r) = |r|msgnr,

β̂(r) =
1

1+m
|r|1+m (∀r ∈ R).

β̂βͷؔ࢝ݪ.

! "
͋Δఆc1, c2 > 0͕ଘͯ͠ࡏ β̂(r) ≥ c1|r|2 − c2 (∀r ∈ R)ཱ͠ͳ͍.# $
: ղͷ༗ࠁ࣌ݶফ໓ʹ͍ͭͯߨԋͷޙͰใࠂ.
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3. Cahn–Hilliard ք݅ڥͷํఔࣜͳΒͼʹಈతܕ
• GMS(Goldstein–Miranville–Schimperna)Ϟσϧ
u, µ : Q → R, uΓ, µΓ : Σ → R,

∂tu−∆µ = 0, µ = −∆u+ F ′(u)− f in Q,

uΓ = u|Γ, µΓ = µ|Γ, ∂tuΓ + ∂νµ−∆ΓµΓ = 0 on Σ,

µΓ = ∂νu−∆ΓuΓ + F ′
Γ(uΓ)− fΓ on Σ,

u(0) = u0 in Ω, uΓ(0) = uΓ,0 on Γ.

͜͜Ͱ, F, FΓೋॏҪܕށϙςϯγϟϧ.
! "
, G. R. Goldstein, A. Miranville, and G. Schimperna, A Cahn–Hilliard
model in a domain with non-permeable walls, Physica D, 240 (2011),
754–766.# $

GMSϞσϧͰ૯࣭ྔอଘଇཱ͕.
∫

Ω
u(t)dx+

∫

Γ
uΓ(t)dΓ =

∫

Ω
u0dx+

∫

Γ
uΓ,0dΓ (∀t ∈ [0, T ]).
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GMSϞσϧͰ૯࣭ྔอଘଇཱ͕: ҙͷ t ∈ [0, T ]ʹରͯ͠

m
(
u(t)

)
:=

∫
Ω u(t)dx+

∫
Γ uΓ(t)dΓ

|Ω|+ |Γ|
= m0 :=

∫
Ω u0dx+

∫
Γ uΓ,0dΓ

|Ω|+ |Γ|
.
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• GMSϞσϧʹର͢Δదੑ ૯࣭ྔอଘଇͷߏΛར༻ͯ͠நൃలํఔࣜͷ
Έ͔ΒՄղੑ͕ٞͰ͖Δ. F ′ = F ′

Γ := β + π.

(A1) βۃେ୯ௐ࡞༻ૉͰ β̂(0) = 0Λຬͨ͢దਖ਼Լ࿈ଓತؔ β̂Ͱβ = ∂β̂;
(A2) π : R → RLipschitz ࿈ଓ;
(A4) m0 ∈ intD(β)Ͱ, ͞Βʹ β̂(u0) ∈ L1(Ω), β̂(uΓ,0) ∈ L1(Γ);
(A5) f ∈ L2(0, T ;H1(Ω)), f|Γ = fΓ ∈ L2(0, T ;H1(Γ)), u0 := (u0, uΓ,0) ∈
H1(Ω)×H1(Γ), (u0)|Γ = uΓ,0 a.e. on Γ.

ఆཧ 3.1. (A1),(A2),(A4),(A5)ͷԾఆͷԼ, ऑղ͕Ұҙతʹଘ͢ࡏΔ.
! "
, P. Colli and F., Equation and dynamic boundary condition of
Cahn–Hilliard type with singular potentials, Nonlinear Anal., 127

(2015), 413–433.# $
: ૯࣭ྔอଘଇʹରԠͨ͠Poincaré–Wirtinger ͷෆࣜͱ૯࣭ྔθϩͷؔ
্ۭؒͷൃలํఔࣜ. µ := (µ, µΓ) ∈ L2(0, T ;H1(Ω)×H1(Γ)), µ|Γ = µΓ,
µ = −∆u+ β(u) + π(u)− f ,
µΓ = ∂νu−∆ΓuΓ + β(uΓ) + π(uΓ)− fΓ.
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• GMSϞσϧʹର͢Δదੑ ૯ମੵอଘଇͷߏΛར༻ͯ͠நൃలํఔࣜͷ
Έ͔ΒՄղੑΛٞͨ͠. F ′ = F ′

Γ := β + π.
(A1) βۃେ୯ௐ࡞༻ૉͰ β̂(0) = 0Λຬͨ͢దਖ਼Լ࿈ଓತؔ β̂Ͱβ = ∂β̂;
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(A5) f ∈ L2(0, T ;H1(Ω)), f|Γ = fΓ ∈ L2(0, T ;H1(Γ)), u0 := (u0, uΓ,0) ∈
H1(Ω)×H1(Γ), (u0)|Γ = uΓ,0 a.e. on Γ.

ఆཧ 3.1. (A1),(A2),(A4),(A5)ͷԾఆͷԼ, ऑղ͕Ұҙతʹଘ͢ࡏΔ.
! "
w := u−m01.

w ∈ H1(0, T ;V ∗
0) ∩ L∞(0, T ;V 0) ∩ L2(0, T ;W ),

µ ∈ L2(0, T ;V ), ξ ∈ L2(0, T ;H),

ξ ∈ β(w +m0) a.e. in Q, ξΓ ∈ βΓ(wΓ +m0) a.e. on Σ# $
H := L2(Ω)× L2(Γ), H0 :=

{
z ∈ H : m(z) = 0

}
,

V :=
{
(z, zΓ) ∈ H1(Ω)×H1(Γ) : zΓ = z|Γ a.e. on Γ

}
, V 0 := V ∩H0,

W :=
(
H2(Ω)×H2(Γ)

)
∩ V
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4. (GMS)͔Βඇઢํࢄ֦ܗఔࣜͷۙ
(GMS; ε): ∀ε ∈ (0,1]! "

∂tuε −∆µε = 0, µε = −ε∆uε + β(uε) + επ(uε)− f in Q,

uΓ,ε = (uε)|Γ, µΓ,ε = (µε)|Γ, ∂tuΓ,ε + ∂νµε −∆ΓµΓ,ε = 0 on Σ,

µΓ,ε = ε∂νuε − ε∆ΓuΓ,ε + β(uΓ,ε) + επ(uΓ,ε)− fΓ on Σ.# $
β : R → R, ,ૉ༺࡞େ୯ௐۃ
π : R → R,

π(r) :=






#

2
if r < 0,

#

2
− r if 0 ≤ r ≤ #,

−
#

2
if r > #.

g = −∆f , gΓ = ∂νf −∆ΓfΓ.
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H := L2(Ω), V := H1(Ω), HΓ := L2(Γ), VΓ := H1(Γ),
H := H ×HΓ,
V :=

{
(z, zΓ) ∈ V × VΓ : zΓ = z|Γ a.e. on Γ

}
.

(A6) g ∈ L2(0, T ;H), m(g(t)) = 0 for a.a. t ∈ (0, T ), u0 ∈ H.

ఆཧ 4.1. (A1),(A4),(A6)ͷԾఆͷԼ, u ∈ H1(0, T ;V ∗) ∩ L∞(0, T ;H)
͕Ұҙతʹ, ͦͯ͠, ξ ∈ L2(0, T ;V )͕ଘͯ͠ࡏ

ξ ∈ β(u) a.e. in Q, ξΓ ∈ β(uΓ), ξΓ = ξ|Γ a.e. on Σ,
〈
u′(t), z

〉

V ∗,V
+
〈
u′Γ(t), zΓ

〉

V ∗
Γ ,VΓ

+
∫

Ω
∇ξ(t) ·∇zdx+

∫

Γ
∇ΓξΓ(t) ·∇ΓzΓdΓ

=
∫

Ω
g(t)zdx+

∫

Γ
gΓ(t)zΓdΓ

(∀
z = (z, zΓ) ∈ V

)
for a.a. t ∈ (0, T ),

ͦͯ͠, u(0) = u0 a.e. in ΩͱuΓ(0) = u0Γ a.e. on ΓΛຬͨ͢.
! "
, F., Convergence of Cahn–Hilliard systems to the Stefan problem
with dynamic boundary conditions, Asymptot. Anal., 99 (2016) 1–
21.# $
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• ఆཧͷݤ Key 1. มม: w := u−m01.
Key 2. ิॿؔ: f = (f, fΓ).

−∆f(t) = g(t) a.e. in Ω,

∂νf(t)−∆ΓfΓ(t) = gΓ(t) a.e. on Γ.

Key 3. Ұ༷ධՁͱ࡞ૢݶۃ: ε → 0
〈
w′

ε(t), z
〉

V ∗
0,V 0

+ a
(
µε(t), z

)
= 0,

(
µε(t), z

)

H
= εa

(
wε(t), z

)
+
(
ξε(t) + επ(wε(t) +m01)− f(t), z

)

H
,

ξε ∈ β(wε +m0) a.e. in Q, ξΓ,ε ∈ β(wΓ,ε +m0) a.e. on Σ.

(GMS; ε)ͷղͱͯ͠
ξε ∈ L2(0, T ;H),
µε ∈ L2(0, T ;V ).
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• ఆཧͷݤ Key 1. มม: w := u−m01.
Key 2. ิॿؔ: f = (f, fΓ).

−∆f(t) = g(t) a.e. in Ω,

∂νf(t)−∆ΓfΓ(t) = gΓ(t) a.e. on Γ.

Key 3. Ұ༷ධՁͱ࡞ૢݶۃ: ε → 0
〈
w′

ε(t), z
〉

V ∗
0,V 0

+ a
(
µε(t), z

)
= 0,

(
µε(t), z

)

H
= εa

(
wε(t), z

)
+
(
ξε(t) + επ(wε(t) +m01)− f(t), z

)

H
,

ξε ∈ β(wε +m0) a.e. in Q, ξΓ,ε ∈ β(wΓ,ε +m0) a.e. on Σ.

(GMS; ε)ͷղͱͯ͠
ξε ∈ L2(0, T ;H),
µε ∈ L2(0, T ;V ).
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• ఆཧͷݤ Key 1. มม: w := u−m01.
Key 2. ิॿؔ: f = (f, fΓ).

−∆f(t) = g(t) a.e. in Ω,

∂νf(t)−∆ΓfΓ(t) = gΓ(t) a.e. on Γ.

Key 3. Ұ༷ධՁͱ࡞ૢݶۃ: ε → 0
〈
w′

ε(t), z
〉

V ∗
0,V 0

+ a
(
µε(t), z

)
= 0,

(
µε(t), z

)

H
= εa

(
wε(t), z

)
+
(
ξε(t) + επ(wε(t) +m01)− f(t), z

)

H
,

ξε ∈ β(wε +m0) a.e. in Q, ξΓ,ε ∈ β(wΓ,ε +m0) a.e. on Σ.

µ ∈ L2(0, T ;V ),
f ∈ L2(0, T ;V ),
µ+ f ∈ L2(0, T ;V )ΑΓ,
ξ ∈ L2(0, T ;V )ΛಘΔ.
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: ૿େ݅͋Δఆc1, c2 > 0͕ଘͯ͠ࡏ β̂(r) ≥ c1|r|2 − c2 (∀r ∈ R)͔Β
∫

Ω
β̂
(
wε(t)

)
dx ≥ c1|wε(t)|2H − c2,

͕ಘΒΕ, Ұ༷ධՁʹར༻Ͱ͖Δ͕, ͜ΕΛΘͣඞཁͳධՁ͕Cahn–Hilliardܥ
͔ΒಘΒΕΔ.

૿େ݅ຊ࣭తʹୀԽ์ํܕఔࣜΛڞۭؒͰଊ͑ΔDamlamianͷํ๏ͷࡍ
ʹϙςϯγϟϧͷԼ࿈ଓੑΛಘΔͨΊʹ՝ͨ͠ԾఆͰ͋ͬͨ: ϕ̃ : V ∗ → [0,∞]

ϕ̃(z) :=
∫

Ω
β̂(z)dx if β̂(z) ∈ L1(Ω), ∂V ∗ϕ̃(z) = Fβ(z) in V ∗.

! "
, A. Damlamian and N. Kenmochi, Evolution equations generated
by subdifferentials in the dual space of H1(Ω), Discrete Contin. Dyn.
Syst., 5 (1999), 269–278.# $
ఔࣜʹରͯ͠ʮԼ࿈ଓ֦ுʯͷखํܕք݅ԼͷୀԽ์ڥจͰRobinه্
๏Ͱ૿େ݅Λ֎͍ͯ͠Δ͕, ఆཧ4.1ʹΑΓ, Cahn–Hilliard͔ܥΒͷۙͰ
ʮԼ࿈ଓ֦ுʯΛඞཁͱ͠ͳ͍ʹར͕͋Δ.
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• ૿େ݅ͷ؇ʹ͍ͭͯ! "
, N. Kenmochi, Neumann problem for a class of nonlinear degen-
erate parabolic equations, Differential Integral Equations, 2 (1990),
253–273.
, M. Kubo and Q. Lu, Nonlinear degenerate parabolic equations with
Neumann boundary condition, J. Math. Anal., Appl., 307 (2005),
232–244.
, G. Akagi, Energy solutions of the Cauchy–Neumann problem for
porous medium equations, pp.1–10 in “Discrete and Continuous Dy-
namical Systems, supplement 2009”, AIMS, 2009.# $

Neumannڥք݅ԼͰ༷ʑͳඇઢํࢄ֦ܗఔࣜʹରͯ͠ҟͳΔۙํ๏.

• Neumannڥք݅ԼͰͷCahn–Hilliard͔ܥΒඇઢํࢄ֦ܗఔࣜͷۙ! "
, P. Colli and F., Nonlinear diffusion equations as asymptotic limits of
Cahn–Hilliard systems, J. Differential Equations, 260 (2016), 6930–
6959.# $
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5. Fast diffusion ํఔࣜͱ༗ࠁ࣌ݶফ໓
Ω ⊂ R3, ༗քྖҬͰͦͷڥքΓेΒ͔.
0 < m < 1, p, q > 1, (a, b), (λ, µ) ∈ {(0,1), (1,0)}, u0 ≥ 0, uΓ,0 ≥ 0.! "

∂tu−∆um + aum = λup in Ω, t > 0,

u|Γ = uΓ, ∂tuΓ + ∂νu
m −∆Γu

m
Γ + bumΓ = µuqΓ on Γ, t > 0,

u(0) = u0 in Ω, uΓ(0) = uΓ,0 on Γ.# $
J. FiloͷҰ࿈ͷڀݚʹै͍, Fast diffusion ํఔࣜͷಛͰ͋Δʮ༗ࠁ࣌ݶফ໓
(finite time extinction)ʯʹ͍ͭͯ͢ߟΔ.! "
, E. S. Sabinina, On a class of non-linear degenerate parabolic equa-
tions, Dokl. Akad. Nauk SSSR, 143 (1962), 794–797.
, J. Filo, On solutions of a perturbed fast diffusion equation, Apl.
Mat., 32 (1987), 364–380.
, J. L. Vázquez, The Porous Medium Equation. Mathematical
Theory, Oxford Mathematical Monographs, The Clarendon Press,
Oxford University Press, Oxford, 2007.# $
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Ω ⊂ R3, ༗քྖҬͰͦͷڥքΓेΒ͔. 0 < m < 1, p, q > 1,

(a, b,λ, µ) = (1,0,1,0)! "
∂tu−∆um + um = up in Ω, t > 0,

u|Γ = uΓ, ∂tuΓ + ∂νu
m −∆Γu

m
Γ = 0 on Γ, t > 0.

# $
(a, b,λ, µ) = (0,1,1,0)! "

∂tu−∆um = up in Ω, t > 0,

u|Γ = uΓ, ∂tuΓ + ∂νu
m −∆Γu

m
Γ + umΓ = 0 on Γ, t > 0.

# $
(a, b,λ, µ) = (1,0,0,1)! "

∂tu−∆um + um = 0 in Ω, t > 0,

u|Γ = uΓ, ∂tuΓ + ∂νu
m −∆Γu

m
Γ = uqΓ on Γ, t > 0.

# $
(a, b,λ, µ) = (0,1,0,1)! "

∂tu−∆um = 0 in Ω, t > 0,

u|Γ = uΓ, ∂tuΓ + ∂νu
m −∆Γu

m
Γ + umΓ = uqΓ on Γ, t > 0.

# $
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• ಈతڥք݅ԼͰͷ fast diffusion ํఔࣜ
β(r) := |r|msgnr, γ(r) := β−1(r) = |r|αsgnr, α := 1/m,
v := um, vΓ := umΓ , g(r) := |r|p−1r, gΓ(r) := |r|q−1r! "

∂tγ(v)−∆v + av = λg
(
γ(v)

)
a.e. in Ω, t > 0,

v|Γ = vΓ a.e. on Γ, t > 0,

∂tγ(vΓ) + ∂νv −∆ΓvΓ + bvΓ = µgΓ
(
γ(vΓ)

)
a.e. on Γ, t > 0,

v(0) = v0 := um0 a.e. in Ω,

vΓ(0) = vΓ,0 := umΓ,0 a.e. on Γ.
# $
v0 ≥ 0, vΓ,0 ≥ 0.
؆୯ͷͨΊ, p∗ := λp+ µqͱ͓͘. ·ͨ, ΤωϧΪʔEΛ࣍ͷΑ͏ʹ༻ҙ͢Δ.

E(z) := ϕ1(z)− ϕ2(z),

ϕ1(z) :=
1

2

∫

Ω
|∇z|2dx+

a

2

∫

Ω
|z|2dx+

1

2

∫

Γ
|∇ΓzΓ|2dΓ+

b

2

∫

Γ
|zΓ|2dΓ,

ϕ2(z) :=
1

αp∗ +1

(
λ
∫

Ω
|z|αp+1dx+ µ

∫

Γ
|zΓ|αq+1dΓ

)
.
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• ಈతڥք݅ԼͰͷ fast diffusion ํఔࣜ
؆୯ͷͨΊ, p∗ := λp+ µqͱ͓͘. ·ͨ, ΤωϧΪʔEΛ࣍ͷΑ͏ʹ༻ҙ͢Δ.

E(z) := ϕ1(z)− ϕ2(z),

ϕ1(z) :=
1

2

∫

Ω
|∇z|2dx+

a

2

∫

Ω
|z|2dx+

1

2

∫

Γ
|∇ΓzΓ|2dΓ+

b

2

∫

Γ
|zΓ|2dΓ,

ϕ2(z) :=
1

αp∗ +1

(
λ
∫

Ω
|z|αp+1dx+ µ

∫

Γ
|zΓ|αq+1dΓ

)
.

͞Βʹ, ҆ఆू߹Wͱϙςϯγϟϧͷਂ͞dΛ

W :=





z ∈ V \ {0} :

z ≥ 0, zΓ ≥ 0,
E(z) < d,
2ϕ1(z) > (αp∗ +1)ϕ2(z)





∪ {0},

d = inf
{
E(z) : z ∈ V \ {0},2ϕ1(z) = (αp∗ +1)ϕ2(z)

}
.

ͱఆٛ͢Δ. (ઌڀݚߦ, Lions (1968), Sattinger (1968), Tsutsumi (1972)),
Ishii (1977)), Ôtani (1981)), Nakao (1985)) ,(রࢀ
c.f.

v′(t) + ∂ϕ1

(
v(t)

)
− ∂ϕ2

(
v(t)

)
* 0 in H.
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• Fast diffusion ํఔࣜͱ༗ࠁ࣌ݶফ໓

ఆཧ 5.1. (a, b) ∈ {(1,0), (0,1)}, (λ, µ) = (0,1), 1/5 < m < 1, ͞Βʹ
q > 1ͱ͠, v0 := (v0, vΓ,0) ∈ W ∩ L∞ΛԾఆ͢Δ. ͜ͷͱ͖, v0ʹґଘ͢
ΔText ∈ (0,∞)͕ଘ͠ࡏ, v(t) = 0 a.e. in Ω, vΓ(t) = 0 a.e. on Γ͕͢
ͯͷ t ≥ Textʹରཱͯ͢͠Δ. ͞Βʹ, mʹґଘ͢Δਖ਼ఆC(m) > 0͕ଘ
ͯ͠ࡏ
∣∣∣v(t)

∣∣∣
L(1+m)/m(Ω)

+
∣∣∣vΓ(t)

∣∣∣
L(1+m)/m(Γ)

≤ C(m)(Text − t)m/(1−m) (1)

͕ͯ͢ͷ t ∈ [0, Text]ʹରཱͯ͢͠Δ.

ఆཧ 5.2. (a, b) ∈ {(1,0), (0,1)}, (λ, µ) = (1,0), 1/5 < m < 1, ͞Βʹ
1 < p < 5mͱ͠, v0 := (v0, vΓ,0) ∈ W ∩ L∞ΛԾఆ͢Δ. ͜ͷͱ͖, v0ʹ
ґଘ͢ΔText ∈ (0,∞)͕ଘ͠ࡏ, v(t) = 0 a.e. in Ω, vΓ(t) = 0 a.e. on Γ
͕ͯ͢ͷ t ≥ Textʹରཱͯ͢͠Δ. ͞Βʹ, (1)͕ͯ͢ͷ t ∈ [0, Text]ʹ
ରཱͯ͢͠Δ.
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• ূ໌ͷ֓ཁͳΒͼʹҙ
Fast diffusionํఔࣜ(0 < m < 1)Ͱ, ඍͷऔΓѻ͍͕͠͞ͷ1ͭͱؒ࣌
ͳΔ. ,ࡍ࣮ ऑղҙͷT ∈ [0,∞)ʹରͯ͠

v(α+1)/2 = v(1+m)/2m ∈ H1(0, T ;H),

ͳΒͼʹ

d

dt
I
(
v(t)

)
+2ϕ1

(
v(t)

)

= λ
∫

Ω
vαp+1(t)dx+ µ

∫

Γ
vαq+1
Γ (t)dΓ for a.a. t ∈ (0,∞)



4α

(α+1)2

∫ t

s

∣∣∣∂tv(α+1)/2(τ)
∣∣∣
2

H
dτ + E

(
v(t)

)
≤ E

(
v(s)

)
(∀s, t ∈ [0,∞))

͕ಘΒΕΔҰํͰ, v′ʹेͳਖ਼ଇੑ͕ظͰ͖ͳ͍. ͜͜Ͱ,

I(z) :=
1

1+m

∫

Ω
z(1+m)/mdx+

1

1+m

∫

Γ
z
(1+m)/m
Γ dΓ

=
α

α+1

∫

Ω
zα+1dx+

α

α+1

∫

Γ
zα+1
Γ dΓ.
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• ఆཧͷݤ
Key 1. g(r) = |r|p−1r, gΓ(r) = |r|q−1rʹҎԼͷcut offΛ͏ߦ:
gM, gΓ,M : R → R

gM(r) :=





rp if |r| ≤ (M +1)α,

(M +1)αp if |r| > (M +1)α,

gΓ,M(r) :=





rq if |r| ≤ (M +1)α,

(M +1)αq if |r| > (M +1)α,

ͨͩ͠, M := 2(|v0|L∞(Ω) + |vΓ,0|L∞(Γ)).

0 < T < ∞ͱ͠, Λؒ࣌ࢄԽ͠, ͷෆ͔ࣜΒγ(v)࣍ ∈ H1(0, T ;H)ͳΔ
:ඍͷਖ਼ଇੑͷ֫ಘͭͳ͛Δؒ࣌

4α

(α+1)2

(
r(α+1)/2 − s(α+1)/2

)2
≤ (rα − sα)(r − s),

|rα − sα| ≤
2α

α+1
max{r, s}(α−1)/2

∣∣∣r(α+1)/2 − s(α+1)/2
∣∣∣ (∀r, s ≥ 0).

ͨͩ͠, α = 1/m ≥ 1.
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• ఆཧͷݤ! "
Cut off gM, gΓ,M : R → Rʹର͢Δิॿͷղͱͯ͠

v ∈ C
(
[0, T ];H

)
∩ L∞

(
0, T ;V ∩ L∞(Ω)

)
∩ L2(0, T ;W ),

v(α+1)/2 = v(1+m)/2m ∈ H1(0, T ;H),

γ(v) ∈ H1(0, T ;H) ∩ L∞(0, T ;V ),

vΓ ∈ C
(
[0, T ];HΓ

)
∩ L∞

(
0, T ;VΓ ∩ L∞(Γ)

)
∩ L2(0, T ;WΓ),

v
(α+1)/2
Γ = v

(1+m)/2m
Γ ∈ H1(0, T ;HΓ),

γ(vΓ) ∈ H1(0, T ;HΓ) ∩ L∞(0, T ;VΓ).# $
0 < T < ∞ͱ͠, Λؒ࣌ࢄԽ͠, ͷෆ͔ࣜΒγ(v)࣍ ∈ H1(0, T ;H)ͳΔ
:ඍͷਖ਼ଇੑͷ֫ಘͭͳ͛Δؒ࣌

4α

(α+1)2

(
r(α+1)/2 − s(α+1)/2

)2
≤ (rα − sα)(r − s),

|rα − sα| ≤
2α

α+1
max{r, s}(α−1)/2

∣∣∣r(α+1)/2 − s(α+1)/2
∣∣∣ (∀r, s ≥ 0).
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• ఆཧͷݤ! "
Cut off gM, gΓ,M : R → Rʹର͢Δิॿͷղͱͯ͠

v ∈ C
(
[0, T ];H

)
∩ L∞

(
0, T ;V ∩ L∞(Ω)

)
∩ L2(0, T ;W ),

v(α+1)/2 = v(1+m)/2m ∈ H1(0, T ;H),

γ(v) ∈ H1(0, T ;H) ∩ L∞(0, T ;V ),

vΓ ∈ C
(
[0, T ];HΓ

)
∩ L∞

(
0, T ;VΓ ∩ L∞(Γ)

)
∩ L2(0, T ;WΓ),

v
(α+1)/2
Γ = v

(1+m)/2m
Γ ∈ H1(0, T ;HΓ),

γ(vΓ) ∈ H1(0, T ;HΓ) ∩ L∞(0, T ;VΓ).# $
0 < T < ∞ͱ͠, Λؒ࣌ࢄԽ͠, ͷෆ͔ࣜΒγ(v)࣍ ∈ H1(0, T ;H)ͳΔ
:ඍͷਖ਼ଇੑͷ֫ಘͭͳ͛Δؒ࣌

4α

(α+1)2

(
r(α+1)/2 − s(α+1)/2

)2
≤ (rα − sα)(r − s),

|rα − sα| ≤
2α

α+1
max{r, s}(α−1)/2

∣∣∣r(α+1)/2 − s(α+1)/2
∣∣∣ (∀r, s ≥ 0).
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• ఆཧͷݤ
Key 2. ऑղͱͯ͠ͷۭؒํͷਖ਼ଇੑ, ∆Γ͔Β͋Δ͜ͱ͔Βପԁܕਖ਼ଇੑͷ
:ͻཧʹΑͬͯ֫ಘ͢Δۺ

∫

Ω
∂tγ(v)zdx+

∫

Γ
∂tγ(vΓ)zΓdΓ+

∫

Ω
∇v ·∇zdx+ a

∫

Ω
vzdx

+
∫

Γ
∇ΓvΓ ·∇ΓzΓdΓ+ b

∫

Γ
vΓzΓdΓ=

∫

Ω
gM

(
γ(v)

)
zdx+

∫

Γ
gΓ,M

(
γ(vΓ)

)
zΓdΓ

∀z = (z, zΓ) ∈ V for a.a. t ∈ (0, T ). ͠z ∈ D(Ω)ͳΒzΓ = 0Ͱ͞Βʹ

−∆v(t) = gM
(
γ
(
v(t)

))
− av(t)− ∂tγ

(
v(t)

)
in D′(Ω).

ΛಘΔ͕, ҰํͰ gM(γ(v)) − ∂tγ(v) − av ∈ L2(0, T ;H)Ͱ͋ΔͷͰ−∆v ∈
L2(0, T ;H)Ͱ͞Βʹ

∂tγ
(
v(t)

)
−∆v(t) + av(t) = gM

(
γ
(
v(t)

))
in H,

for a.a. t ∈ (0, T ). ,ʹ࣍ Ұൠͷz ∈ V ʹରͯ͠,
∫

Γ
∂tγ

(
vΓ(t)

)
zΓdΓ+

〈
∂νv(t), zΓ

〉
+
∫

Γ
∇ΓvΓ(t) ·∇ΓzΓdΓ+ b

∫

Γ
vΓ(t)zΓdΓ

=
∫

Γ
gΓ,M

(
γ
(
vΓ(t)

))
zΓdΓ, for a.a. t ∈ (0, T ).
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• ఆཧͷݤ
Key 2. ऑղͱͯ͠ͷۭؒํͷਖ਼ଇੑ, ∆Γ͔Β͋Δ͜ͱ͔Βପԁܕਖ਼ଇੑͷ
:ͻཧʹΑͬͯ֫ಘ͢Δۺ

∫

Ω
∂tγ(v)zdx+

∫

Γ
∂tγ(vΓ)zΓdΓ+

∫

Ω
∇v ·∇zdx+ a

∫

Ω
vzdx

+
∫

Γ
∇ΓvΓ ·∇ΓzΓdΓ+ b

∫

Γ
vΓzΓdΓ=

∫

Ω
gM

(
γ(v)

)
zdx+

∫

Γ
gΓ,M

(
γ(vΓ)

)
zΓdΓ

∀z = (z, zΓ) ∈ V for a.a. t ∈ (0, T ). ͠z ∈ D(Ω)ͳΒzΓ = 0Ͱ͞Βʹ

−∆v(t) = gM
(
γ
(
v(t)

))
− av(t)− ∂tγ

(
v(t)

)
in D′(Ω).

ΛಘΔ͕, ҰํͰ gM(γ(v)) − ∂tγ(v) − av ∈ L2(0, T ;H)Ͱ͋ΔͷͰ−∆v ∈
L2(0, T ;H)Ͱ͞Βʹ

∂tγ
(
v(t)

)
−∆v(t) + av(t) = gM

(
γ
(
v(t)

))
in H,

for a.a. t ∈ (0, T ). ,ʹ࣍ Ұൠͷz ∈ V ʹରͯ͠,
∫

Γ
∂tγ

(
vΓ(t)

)
zΓdΓ+

〈
∂νv(t), zΓ

〉
+
∫

Γ
∇ΓvΓ(t) ·∇ΓzΓdΓ+ b

∫

Γ
vΓ(t)zΓdΓ

=
∫

Γ
gΓ,M

(
γ
(
vΓ(t)

))
zΓdΓ, for a.a. t ∈ (0, T ).
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• ఆཧͷݤ
Key 2. ऑղͱͯ͠ͷۭؒํͷਖ਼ଇੑ, ∆Γ͔Β͋Δ͜ͱ͔Βପԁܕਖ਼ଇੑͷ
:ͻཧʹΑͬͯ֫ಘ͢Δۺ

∫

Ω
∂tγ(v)zdx+

∫

Γ
∂tγ(vΓ)zΓdΓ+

∫

Ω
∇v ·∇zdx+ a

∫

Ω
vzdx

+
∫

Γ
∇ΓvΓ ·∇ΓzΓdΓ+ b

∫

Γ
vΓzΓdΓ=

∫

Ω
gM

(
γ(v)

)
zdx+

∫

Γ
gΓ,M

(
γ(vΓ)

)
zΓdΓ

∀z = (z, zΓ) ∈ V for a.a. t ∈ (0, T ). ͠z ∈ D(Ω)ͳΒzΓ = 0Ͱ͞Βʹ

−∆v(t) = gM
(
γ
(
v(t)

))
− av(t)− ∂tγ

(
v(t)

)
in D′(Ω).

ΛಘΔ͕, ҰํͰ gM(γ(v)) − ∂tγ(v) − av ∈ L2(0, T ;H)Ͱ͋ΔͷͰ−∆v ∈
L2(0, T ;H)Ͱ͞Βʹ

∂tγ
(
v(t)

)
−∆v(t) + av(t) = gM

(
γ
(
v(t)

))
in H,

for a.a. t ∈ (0, T ). ,ʹ࣍ Ұൠͷz ∈ V ʹରͯ͠,
∫

Γ
∂tγ

(
vΓ(t)

)
zΓdΓ+

〈
∂νv(t), zΓ

〉
+
∫

Γ
∇ΓvΓ(t) ·∇ΓzΓdΓ+ b

∫

Γ
vΓ(t)zΓdΓ

=
∫

Γ
gΓ,M

(
γ
(
vΓ(t)

))
zΓdΓ, for a.a. t ∈ (0, T ).
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·ͣ, −∆v ∈ L2(0, T ;H)ͱvΓ ∈ L2(0, T ;VΓ)Λಘ͍ͯΔͷͰପԁܕਖ਼ଇੑ͔Β

v ∈ L2
(
0, T ;H3/2(Ω)

)
.

,ʹ࣍ ϥϓϥγΞϯͷධՁؚΊͨτϨʔεఆཧ͔Β

∂νv ∈ L2(0, T ;HΓ)

͕ಘΒΕΔͷͰ, ઌͷऑࣜܗͰൺֱΛ͑ߦ∆ΓvΓ ∈ L2(0, T ;HΓ) Ͱ͞Βʹ

∂tγ
(
vΓ(t)

)
+ ∂νv(t)−∆ΓvΓ(t) + bvΓ(t) = gΓ,M

(
γ
(
vΓ(t)

))
in HΓ,

for a.a. t ∈ (0, T ). −∆ΓvΓ ∈ L2(0, T ;HΓ)͔ΒvΓ ∈ L2(0, T ;H2(Γ))͕ಘ
ΒΕΔͷͰପԁܕਖ਼ଇੑΛ࠶ͼ༻͍Δͱڥքͷਖ਼ଇੑ্͕͕͍ͬͯΔͨΊ

v ∈ L2
(
0, T ;H2(Ω)

)

·Ͱਖ਼ଇੑ্͕͕Γ, v = (v, vΓ)͕ํఔࣜΛa.e.Ͱຬͨ͢͜ͱ·Ͱ͔Δ.

L∞-ධՁ͔ΒΦϦδφϧͷͷہॴղͷଘࡏఆཧΛอূͰ͖Δ. ͦ͜Ͱ

Tmax := sup
{
δ > 0 : ҰҙղΛ [0, δ]Ͱͭ࣋

}
.

ͱஔ͍͓ͯ͘.
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Key 3. ͠, Wͷෆมੑ, ͢ͳΘͪ,! "
v0 ∈ W ∩ L∞ͳΒv(t) ∈ W ∩ L∞ (∀t ∈ [0, Tmax))# $
͕ಘΒΕ͍ͯΕ,

ϕ2

(
v(t)

)
≤ x0

Λར༻ͯ͠ tʹґଘ͠ͳ͍
L∞-ධՁ
Alikakos (1979),
Nakao (1985) (m > 1)
Λ(0 < m < 1)ʹ֦ுͨ͠
Fila–Filo (1990) ͷ݁ՌΛ
Ԡ༻͠(ཁԾఆ1 < p < 5m)

Tmax = ∞

͕͔Δ.
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Key 3. ʮv0 ∈ W ∩L∞ͳΒv(t) ∈ W ∩L∞ (∀t ∈ [0, Tmax)) ʯͷԾఆͷԼ
·ͣ, E(v(t)) ͷ୯ௐݮগੑ͙͢ʹ͔Δ. ε1ʹ࣍ ∈ (0,1)͕ଘͯ͠ࡏ

(1− ε1)2ϕ1

(
v(t)

)
≥ (αp∗ +1)ϕ2

(
v(t)

) (∀
t ∈ [0, Tmax)

)
.
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ε1 ∈ (0,1)͕ଘͯ͠ࡏ

(1− ε1)2ϕ1

(
v(t)

)
≥ (αp∗ +1)ϕ2

(
v(t)

) (∀
t ∈ [0, Tmax)

)
.

Α࣭ͬͯྔอଘͷ͔ࣜΒ

0 =
d

dt
I
(
v(t)

)
+2ϕ1

(
v(t)

)
− (αp∗ +1)ϕ2

(
v(t)

)

≥
d

dt
I
(
v(t)

)
+2ε1ϕ1

(
v(t)

)

≥
d

dt
I
(
v(t)

)
+ ε1CC

∣∣∣v(t)
∣∣∣
2

V

ͭ·Γ, 1 < α < 5ʹҙ͢Ε, ఆC(α) > 0͕ଘͯ͠ࡏ

d

dt
I
(
v(t)

)
≤ −C(α)I

(
v(t)

)2/(α+1)

for a.a. t ∈ (0, Tmax). ͞Βʹ0 < 2/(α+1) < 1ʹҙ͠ͳ͕Β

I
(
v(t)

)
≤
([

I(v0)
(α−1)/(α+1) −

α− 1

α+1
C(α)t

]+)(α+1)/(α−1)

.
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Key 4. !.WͷෆมੑΛࣔ͢ʹޙ࠷ "
v0 ∈ W ∩ L∞ͳΒv(t) ∈ W ∩ L∞ (∀t ∈ [0, Tmax)).# $
,ࡍ࣮

W :=





z ∈ V \ {0} :

z ≥ 0, zΓ ≥ 0,
E(z) < d,
2ϕ1(z) > (αp∗ +1)ϕ2(z)





∪ {0},

d = inf
{
E(z) : z ∈ V \ {0},2ϕ1(z) = (αp∗ +1)ϕ2(z)

}
.

ʹ͋Δϙςϯγϟϧͷਂ͞d

ϕ2(z) ≤ Cϕ1(z)
(αp∗+1)/2 (∀z ∈ V )

Λຬͨ͢ྑ࠷ఆC > 0ʹΑͬͯ

d =
αp∗ − 1

2

(
2

αp∗ +1

)(αp∗+1)/(αp∗−1)

C−2/(αp∗−1),

ͱද͞ݱΕΔ͜ͱͱ, దͳۙࣅΛิॿతʹར༻͢Δ͜ͱͰূ໌Ͱ͖Δ.
͜͜Ͱ, (λ, µ) = (1,0)ͷࡍʹp/m+1 = αp+1 ≤ 6Λ༻͍Δ. !ɹ
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6. ·ͱΊͱޙࠓͷ՝
!/ ಈతڥք݅ԼͰͷStefanͷऑࣜܗΛྫʹ, ୯ௐ߲βΛ֦ͭ࣋ʹ߲ࢄඇઢܗ
,ఔࣜʹରͯ͠ํࢄ֦ Goldstein–Miranville–Schimperna (2011) Β͕ఏএ͠
ͨ૯࣭ྔอଘଇΛอͭϞσϧ(GMS)ͷదੑͷ݁ՌΛհ͠(ఆཧ 3.1), ͦͷۃ
.ఆཧΛূ໌ͨ͠ࡏͱͯ͠ಛ͚Δ͜ͱͰऑղͷଘݶ (ఆཧ 4.1)

!/ ͜ͷணڥք݅ͱແؔͰ, Ұൠʹ, ୯ௐ߲βΛ֦ͭ࣋ʹ߲ࢄඇઢࢄ֦ܗ
ํఔࣜʹରͯ͠, நൃలํఔࣜʹΑΔۙΛࢼΈΔ߹ͷ୯ௐ߲βʹ՝͢૿େ
݅ͷԾఆ͕؇Ͱ͖Δ͜ͱΛհͨ͠. Damlamian–Kenmochi (1999)Ͱٞ
͞ΕͨʮԼ࿈ଓ֦ுʯʹΑΔ૿େ݅ͷ؇Cahn–Hilliard͔ܥΒͷۙͰճ
ආͰ͖Δ͜ͱΛհͨ͠.

!/ ઁಈ߲Λͭ࣋ಈతڥք݅ԼͰͷfast diffusion ํఔࣜʹରͯ͠, Filo (1987)
ͷڀݚΛݩʹ, .ফ໓Λূ໌ͨ͠ࠁ࣌ݶଘͷ݁ՌΛԠ༻͠༗ط (ఆཧ 5.1, 5.2)

! E(v0) < 0ͳͲͷ߹ͷղͷരൃʹ͍ͭͯ (concavity method͕༗ޮ!?).
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