Stability of steady states for geometric evolution equations
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Geometric evolution laws - Surface diffusion

Let T';y C R3 be an evolving surface with respect to time t.

The evolution of T'y is governed by the geometric evolution law
V = —Ar,H (Surface diffusion eq.),

where V' is the normal velocity of the surface I'y, H is the mean curvature of
I't, Ar, is the Laplace-Beltrami operator on the surface I';.

Variational Structure [Taylor-Cahn (1994)]
The H~'-gradient flow of the area functional.

=> These flows decreases the area of the surface I'; with respect to time ¢
under the volume constraint.
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Considering the capillary energy
Area [I'y] + peyArea [3¢ 4] + p—Area [y, ],
we derive the following problem:

V = —Ar,H on Iy,
(SDB) (N, N )rs = cos 64 on I'y NILy,
(Vr,H,v1)gs =0 on I'y NI,

where IN and Ny, are the outward unit normals to I'y and I, respectively,

and v is the outward unit co-normals to I'y on T'y N I14.
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Steady states

Let T be a steady state for (SDB) and H, be the mean curvature of T',.
Then H, satisfies

Ar H, =0 on T,
(Vr,Hyy (Ve)+)rs =0 on T, NI,

so that
Vr.HullZ2r,y =0 < H. = constant.

Thus we see
steady states 'y, < CMC surfaces

In this talk, we only consider axisymmetric case. That is, the steady states are
the Delaunay surfaces.
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Known results

Known results (as the variational problem)
- Athanassenas (1987), Vogel (1987, 1989)

iy
Between two parallel planes as the variational problem. 6L = 2

d d
cylinders are stable if — < 7r and unstable if — > ;

r r
unduloids are unstable,

where d and r are the length and the radius of a cylinder, respectively.

- Vogel (2006, 2013, 2014) Between two balls. (partial results.)
- Fel and Rubinstein (2013,2015) The stability criterion. (precise results.)
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Aim of this talk

QOur aim
To obtain the criteria of the linearized stability for the Delaunay surfaces,
which are steady states of (SDB), between two axisymmetric surfaces I1..

Strategy
Analyize the eigenvalue problem corresponding to the linearized problem of
(SDB) and derive the condition that the sign of eigenvalues changes.
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Parameterization of the axisymmetric CMC surfaces

Set T = {(z+(8),y+(8) cos 0, y.(s)sinB)T | s € [0,d], 6 € [0,2~n]}
where s is the arc-length parameter.

Representation formula by Kenmotsu or Myshkis et al. or Hadzhilazova et al.
For H, < 0, B > 0,

o 1 — Bsin(2H,. (o — 7))
:1:*(8) = /0 \/1 + B2 — 2B sin(2H*(0' - T))
1
2H,

Y«(s) = — 1+ B2 — 2Bsin(2H,.(s — 7)).

I, are cylinders if B = 0, unduloids if 0 < B < 1, (series of) spheres if
B =1, and nodoids if B > 1.
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Eigenvalue problem

Assume that IT are axisymmetric surfaces. Apply an axisymmetric
perturbation from I, which is the Delaunay surface, and linearize them.
Then the corresponding eigenvalue problem is given by

—Ar, Llw] = Aw for s € (0,d),
(EVP) Osw * (k1. cscO+ — Kr, cotO4)w =0 at s =0,d,
,Llw] =0 at s=0,d

-d
for w satisfying / wy, ds = 0, where
0
Ar, = (1/y«)0s(y«0s), L[v] = Ar,v + |A*|2'U’
Kkr, : the curvature of the generating curve of Iy,

ki, : the curvature of II4 on I'y N IIt).

We say that the steady states I', is linearly stable under an axisymmetric
perturbation if and only if all of eigenvalues of (EVP) are negative.
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The sign convention of Kk,

k. >0 rr, >0 k. <0 ki, <0

k. >0 NH+:0
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Eigenvalue problem

Now we obtain the following properties:

e {\,} C R (i.e. Linearized operator is self-adjoint in the suitable space)
with A1 > Aa > A3 > ---. That is, if A; < 0, I, are linearly stable.

e The eigenvalues depend continuously on k11, kr, and d, and are
monotone decreasing in Ky .

e )\; < 0if dis small enough and k1, are positive and large enough.

e 0 is an eigenvalue of (EVP) if and only if the parameters k1, H,, B, d,
T, O fulfill

Aw(H*,B,d, T)HH_HH+ + BE(H*and’ T 9+)HH— . (*)
+B$(H*7By d7 7-7 0—)"/\31_[4— + Cw(H*7B7 d? T’ 0:|:) = 0'

Here A, BY, C" depend on the configuration of I'x and satisfy
BYBY — AYC" > 0.
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Criteria of the linearized stabilty

Case |: A" # 0 and BYBY — A*C"™ # 0.

B"i’B$ — AvCv
BY Aw)2
(*) & ko, =——+ (A™)

Aw BYN -
()

Case ll: A* # 0 and BYBY — A¥C" = 0.

o o for - (- ()0

Case lll: A = 0.

(*) = BEK/H_ —+ B:T_IKH+ + CcC* =0
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Stability of steady states

Combining these hyperbolas and straight lines, we have the following surfaces.

(a) Case | & Case Il (b) Case | & Case Il & Case Il

We must check the following:

- Is BYBY — A" C™ non-negative or non-positive ?

- Are there d > 0 satisfying A*Y =07

+ Are there d > 0 satisfying BY BY — A¥C" = 07 (Today we do not care.)
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Criteria of the linearized stabilty

~

0<d<dr 0<d<d; d=d;

dy (> 0) is the 1st zero-point of A™.
If d > dy, there are no pairs (Kkr1_, nn+)
such that I', is stable.
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Stability of steady states

™
Consider the case that IT4 are the parallel planes and 8+ = —

] e

1 2 1 2 T

cylinder unduloid (I:I*d = g) unduloid (Hud = )

H, =-H,

green: 7 = 7 /(4H.), d; = w/H,

purple: 7 = —m/(4H,),

m dl — { ATI'/_FIA* (B E (03 BC]
s d(B,H.) (B € (Ba1)

unduloid (Fod = 5 (d(B, H,) € (7/2,m))
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T e S D e ]
B = 0(cylinder) B = 0.25 B = 0.55

Consequently, unduloids in this setting are unstable.
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Stabilization of steady states

-04 -02 0 02 04 06 08 1 12 14

(a) B=0.25. If kyg_ > kY = 0.68,

unduloids are linearly stable.

04 02 6 02 04 06 08 1 12 14

(b) B=10.55. If krr_ > kY~ 4.31,

unduloids are linearly stable.
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Stabilization of steady states

02 0 02 04 06 08 10 12 14 16

() B=10.25. If k| > n%+ =~ 1.34,
unduloids are linearly stable.
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Stability of steady states with §_ — g and 0, —

™ ™
Let us consider the case of _ = 5 0y = 3 and

n_={0,n)"|neRr?}, I, ={B,n"|neR}.

For 0 < d < dq, where d; is the first zero point of A", the possible
configurations of the steady states are, for example, the following:

(i) The unduloid with : (ii) The unduloid with
B = 0.55 B = 0.55
2 H.d ~0.83 ’ H.d=~1.26
T~ —2.98 T~ —2.04

(H.d1 =~ 1.90) (H.dy =~ 1.90)
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Stability of steady states with 6_

T~ @

)

The unduloid with
B = 0.75

H.d =~ 0.67
T~ —3.94
(H.d1 =~ 1.66)

The part of sphere
B =1.00

H.d ~ 0.52
T —4.71
(Hudy =~ 1.67)

Stability of the steady states

(iv)

(vi)

The unduloid with
B =0.75

H.d = 1.47
T~ —1.93
(A.d1 =~ 1.66)

The nodoid with
B=1.25
H.d ~0.47
T~ —5.28
(H.d1 ~ 1.63)
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Stability of steady states with 6_

B = 0.55

B =0.75

T

T and 0
= — an —
5 +

The unduloid for (i) is stable.

The unduloid for (ii) is stable.

The unduloid for (iii) is stable.

Stability of the steady states

The unduloid for (iv) is unstable.
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Stability of steady states with §_ — g and 0, —

1 (fAE

B = 1.00

B =1.25

The part of sphere for (v) is stable.

The nodoid for (vi) is stable.

Stability of the steady states
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Stability of steady states with §_ — g and 0, —

N 1 [ cos?20_ — /B2 —cos20_sinf_
H,.t = gArcsm

B

g’((:)' (V;'iw)l{ 1, —cos?0, + /BT = costl, sing,
B T

(i), (iv)
7 1 1 — cos2 0, — \/B% — cos? 05 sin 0
H.(d—T) = {71- _ Arcsin( cos™ Uy cos? 0 sin 6 )}

Remark: B > max{|cos@_|,|cos6|}
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Thank you for your attention !
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Precise form of AY

By the help with Maple, we can confirm

Aw(ﬁ*, B,d, 1)

1 \2 2\2 72 3 2
= 8P Q0)0(d) [(H*) (1 — B*)?I{ cos(2H,T) cos(2H,(d — T))

— 4(H,)%(1 + B*) 111, cos(2H,7) cos(2H, (d — 7))
+ 3(151*)213 cos(2H,7) cos(2H,.(d — 7))
+ 2H,(1 + B*)I,{Q(0) sin(2H,T) cos(2H.(d — 7))
+ Q(d) cos(2H,.7) sin(2H..(d — 7))}

— 4H,BI,{Q(0) cos(2H.(d — 7)) — Q(d) cos(2H.T)}
— 4FI*IZ{Q(O) sin(2H,7) cos(2H, (d — 7))

+ Q(d) cos(2H,.7) sin(2H,(d — 7))}
+2Q(0)Q(d){1 + sin(2H,.7) sin(2H,(d — 7)) }
— ((Q(0))* + (Q(d))*) cos(2H..7) cos(2H..(d — T))]-
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Precise form of AY

BYBY — A¥C"

. 1

~ 16H2Q(0)Q(d)
— ((Q(O))2 + (Q(d))2)}I1 — H. (3 — sin(2fI*(d —-71)) sin(2I:I*T))Iz
+ Q(0) cos(2H,7) sin(2H, (d — 7))

[ — H,{(1 + B*)(1 + sin(2H,7) sin(2H, (d — 1)))

+ Q(d) sin(2H,7) cos(2H,(d — T))} ’
>0,

where H, = —H, > 0, Q(s) = \/1 + B2 + 2Bsin(2H.(s — 7)), and
d 1

I]_ ::/ N

0 \/1+B2+2Bsin(2H*(U—7'))

do,

d
I := / \/1 + B2 + 2Bsin(2H. (0 — 7)) do.
0
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