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1. Introduction

e Motivation
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* Pressure
* Radiation
= Ultrasonic
- Electric pressure
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e Inverse crack problems:

Single crack case

QCR?: a bounded, homogeneous, isotropic,
linearized elasticity,
0() : Lipschitz

D : an unknown linear crack PQ
P € 092 (known),
Q € Q2 (unknown)

"Find Q from boundary data”

Isotropic: [5] M. I. & H. 1. 2007 Inverse Problems 23 589-607

Anisotropic: [6] M. I. & H. I. 2008 Inverse Problems 24 025005




The linearized elasticity eq. (the Navier eq.) :

For the displacement vector u = (uy,u2)
Au = plAu+ A+ pu)V(V-u) =0

A, - Lamé constants in () satisfying ¢ > 0 and
A+ p > 0. And we define Kk = (A4 3u)/ (A 4+ p).
e [ he linearized strain tensor:
e = (g45)ij=1,2 = 1/2{Vu + (Vu)'}
e The stress tensor: o = (0;;); j=1,2 = A(tre)I + pe
The stress vector: Tu := ov,
v = (v1,v2): the unit outward normal to 9(Q2 \ D)
e Rigid displacements: p(x) = (k1+kox2,k2—kox1) € R

with a constant vector k = (k1, k2, ko).



For given g € L?(99Q)
Key :

(Au=0 in Q\ D
(¥)1¢ Tu =0 on D
| Tu =g on 99

Behaviour of the solution

of (x); near a crack tip

Proposition 1 d4A,,, B, € R s. t.

oo

1 =»
u(r,0) = nz::o ﬂ"“ (Anen(0) — Brn(0))

. Kk cosz0 — g cos (53 —2)0+ {5+ (—1)"} cos 56
pn(0) = ,@sm”0+"2‘ n(2—2)6— {2+ (—1)")sin26

K sin nO (
oS

Pn(0) = ( — )9‘|‘{%—(—1)n}sin%9 )

2
(3-2)0+ (3 (-D") cos§o

— K COS n9



T he enclosure method
([2] M. Ikehata 1999 Inverse Problems 15 1231-1241)

e the support function of D:

hp(w):= sup ¢-w, w= (wp,ws) € S
xrebD

e Special sol. of Av =0 in R%: for 7 > 0

vr(ryw) 1= (w + in_)era:-(w—i—iwl).

= AS T — o0, |[v7] 20 (z-w <0), |v7] > 00 (&:-w > 0)

e the indicator function: Let u be a weak sol. of (x);

I(T,t) = e_Tt{ (g vr —u-Tv;) da}

o2
for - >0 and t € R.



Theorem 2 Let v be not a rigid displacement
Assumptions : Q is covex, 90\ {P} is C?,
g € CL(8Q\ {P}) is well controlled (ex. uniform load)

0Q+

def
< 3Jpo(x) € R, / g - po(x) ds # 0.
o0,

1
= hp(w)= lim —log|Iy(T,0)|.

T—>00 7T

X-w=t '
P P P
X-w = hp(w)

t < hp(w) t = hp(w) t > hp(w)




Multiple cracks case (Today’s Problem)

Q C R? : a rectangular domain, |0, a[x]0, b].

Let c€]0,b, m>1and 0=cp<cy; <+ < Copt1 = Q.
linear cracks >.:

3 := ([ep, c1] U [e2, c3] U [eq, e5] U - - - U [eams c2am+1]) X {c}

W = ([0, a] X {c}) \ ¥ = (Jer, 2] U---U Jeam—1, cam|) X {c}

g € L?(09Q) satisfy Vp(x) € R, Joq g p dsz =0 (2.6).

-»
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Definition 3 Let g € L?(89) satisfy (2.6). We say
that v € HY(Q\ ) \ R is a weak solution of the fol-
lowing boundary value problem
pAu+ XA+ p)V(V-u) =0 in Q\ X,
(¥)24 oTv =0 on E:I:,
ov =g on O

if Vo € HI(2\ ) \ R it holds

/ _o(u) 1 e(p) do = / g - pdsg. (1)
O\S a0

Problem : "Fix g # 0 satisfying (2.6). Extract infor-

mation about the location of > from the knowledge

of a single set of data (u,g) on 9"




Today’s case =

1 L2

b

O a

= Vt < hy(w), w € 81, |e T I(T;w)| — 0o @as T — oo
Since hy (w) < hy(w), usual enclosure method Xx

b A

Ce

?7?
O a

Case of Laplace ed.

7] M.I., HI. & A.S. MMAS 39(2016) 3565-75

1] A.H., M.I.,, H.I. & S.S. Inv. Prob. 35(2019) 025004




e Kelvin transformation:

vr = vr(y;x) := (e1 + tez) exp {—’T
= Ayvr=0and Vy-vr =0 in R2\ {x}
Moreover, let s > 0 and write

T , Yy — T 1 Y-
e 2svr = (e1 + teg) exp —T -e9 + — exp | —1iT - e1
ly — x|? 2s ly — x|?

2 2
) Y—x 1 |ly—(xr—sesz)|*—s
Sin . e —|— _— =

=c 22T 3 2s|y—x|?

y—x

, we see that

i ly— (x—sex)| >s = lim e /)y (y;z)| = 0;

T —>00

i. [y — (x —seg)| <s = lim e_T/(23)|v7-(y;w)| = 00;

T —>00

i, |y — (x — sea)| = s = e~ /29y (y; ) is highly

oscillating as = — oo.




Modification

Definition 4 Let u be a weak solution of (x)2. Given
x € 'c:=1[0,a] Xx {b+¢€} (¢ >0) and 7 > 0 define

I(riw) = [ g(u) - vr(us@) —u(y) - ovr(yia))v dsy,

Define a function of x € I'¢:

ss(z) = sup {s > 0| Bs(z — sea) C R?\ Z}.

The value sy (x) at © € T'¢ T -
) ) ) ) / \ C
coincides with the radius of V
sy (x)
the largest disc whose ex- ) 0 ¢

terior encloses >..



Theorem Z r

Assumptions : |
] Vx(w)

Let x satisfy that Y 0

dg € {1,--- ,2m} Ss. t.

Bp(@) (@ — s5(@)ez) N S

— {(Cjac)}' -

Let the non-trivial g € L?(99) satisfy (2.6) and

(1) supp(g) C (9N {|z2 —c| > ~7}) \ (By(0) U B4(0,b)U
B~(a,b) U By(a,0)) for some v > 0 and Jpy € R s.t.

/ g-podsx #0 or / g-po dsx # 0.
oNN{x2>c} INN{x2<c}



Then, the function e 7/2s=(T)[(r;z) is truly alge-
braically decaying as = — oo and it holds that
log |I(7; )] B 1

T—00 T - 2sw(x)

_ (2 examples of g satisfying (2. 6) & (1))

Set v/ = min {¢c — 2v,b — c — 2~v}.

For (31, B2 # 0, 3 ek
[ Brez on |y, a — [ x{b}, it

g1 = { —Piezonly, a —y[x{0}, * e
| 0, otherwise. - Q

[ B2(ae1 — (27 +")e2) on {a}x Jc —~v =+, c — 7],
g2 = \ _/32(0’61 — (27 + 7,)62) on {O}X ]C + Y, C + Y + ’Y,[a
0, otherwise.




2. Proof of Main Theorem
e Asymptotic behavior of the indicator function I(7;x)

Proposition 5 The formula

I(r;z) = — /E (ut(y) — u= () - (0 (vr(y; T))ez) dsy
IS valid.

Polar coordinates system w.r.t. the origin (cj,c)
r = (cj +rcosf, c+ rsind),
—m <0<,

r +
6 *“ () 0<7r<mng< min{b — c,c},

(Cj, C) u__(m_) no < minj:l’.n 2m-+1 {Cj — Cj—l}v
ut(x) = u(r,0), 0 <0 < .
u (x) = u(r,0), —mw < 0 <O0.



e Convergent series expansion of u around (c;, c)
Proposition 6| Fix0 < n < ng/2. EI{A,?)}, {B,(j)} CR

(k=0,1,2,---) s.t. in Bay((cj,c)) \ =
k

1 : .
u(r,0) = 3~ 57 (A0 er(0) — B wi(0))
k=0

K COS g@ - gcos (g — 2) 6 + {g + (—1)k} COS %9
k

A = nsin%@—l—%sin (2 —2)9— {%—I—(—l)k}singe
( &sin%@—%sin (%—Z)H—I—{%—(—l)k}singe )
Vi(0) = k k k k k
—K oS 560 — 3 cos (§ — 2) 0 + {§ — (—l)k} cos 0

This is absolutely convergent in Hl(Bn((cj,c)) N Q)
and H'(B;((cj,c)) N27), and uniformly in Bay((c;,c)).



Moreover, dp; € R s.t. for each n = 1,2,--- the
following estimate is valid uniformly for 0 < r < 7:

k

n 2 . .
u(rim) = pj = 3 o (A7 er(m) = B yu(m)
k=1

k

+lutr=m) = pj = > = (4 eu(-m) = B wi(-m) | < KnrT
k=1

— foreach n=1,2,---

u(c; —r,c+0) —u(c; —r,c—0)
(7)
:””Jrl Z( kr- 7 ( _B?’““‘1> —I—O(r2n2+1>k

with a constant vector k.




For simplicity, sg := sx(x).
Choose 6 > 0 in such a way that

B +s(x — spez) N X

C [ej—1,¢5] X {c},

ns < mn (fixed in Prop. 6)

set nj = /(so+ 6)2 — (2 — 50 — ©)2 — |21 — ¢;-

Since Vy € X\ By 5(x — soez2) |y — (z — spez2)| = so + 9,

T

i (ut () — u~(®)) - (o(vr(y; 2))e2) dsy = O(re=7),
E\BSO+5(CU—3062)

where c3 is a positive constant.



And X N B 5(x — spe2) = Jc; — 15, ¢ X {c} =

—e - e)(ﬂ*(y) —u~ (y)) - (o(vr(y;x))esz) dsy

n (7)
_ K ]. 2k—1 _B _ 2n41
= e S (s ) o (r )k
YNB,, (L —50€) [T A(J)

2k—1

ly — x| ly — x|?

-{zw( e -(eg—i—iel))2exp{—7 e -(ez+iel)}(el—|—iez)} dsy

n (7)

. —B nt1 3
=2(k+ 1)Te o Z(—l)k ( A(jz)k_l ) - (e1 +iex)I(T) + O (T_TTZ) : (2)

k=1 2k—1
7"' . 7"' .
Here zoq = —(e™ 2 + ie_(7+a)z) = —cosa + (1 + sin ),
2k—1

5 r 2 1T
I.(7) :/ — exp( _) dr,
0 (r— spzZa)? r — S0Za

and o €] — 5, 5[ is the unique solution of the equation

. L1 — Cjy Lo — 8g— C
et — ‘7—|—’L
S0 S0




Lemma 7| Let g # 0 satisfy (2.6) and (7).
Then, dn > 1 s.t (A(j) )2—|—(B(j) )27&0
y - e 2n—1 2n—1 -

Contradiction arguments.

Assume Vn € N, Agjn)_l — Bgz)_l = 0.
rk

Step 1. Prop. 6 = u = Z ;
7

k=0

(A%ka(ﬂ) — B;‘Qiﬂzkw))

Step 2. w is real analytic near (c;,c).
o(u)ez = 0 on |c;,cj+€[x{c} for a small € > 0.

Step 3. Construction of stress functions ¢4(z), w+(2):
holomorphic (z = z1 + 129 = cj + T COs 0+ i(c+ rsinf))
in B ={z | z1 €]0,a[, z2 €]c,c = min{c,b — c}|}.




Step 3. 2p(u1 + i) = KbL(2) — w2 (D) + (2 — 2)Fa(?),
022 — 012 = ¢ (2) + Wi (2) + (2 — 2) Pl (2).
On X, 019 =099 =0 =

¢ (z1) +w/ (21) =0, ¢ (z1)+w/ (21)=0 on X.

= Define sectionally holomorphic functions ¥{(z) and
Py(z) cut along W

qbfl_(z) in By,
Vi(z) =
1(2) {—wq_(z) in B_,

—w’_(E) in B_|_,
¢’ (z) in B_.

Wa(z) = {

On W, ’Ll,+:'u,_:>

1 1
Efl5i|_(zl) - —w;(21) — Eqb,_ (21) — —w’ (zl) on W.
Iz Iz Iz Iz



From Step 2. on ]cj,cj+e€[x{c}, o(u)ea =0 & ut =u".
= ¢l (21) = ¢_(21), W (21) = w_ (1), ] (21) = —wl(21).

¢’ (z) in By, b w! (z) in By,
¢’ (z) in B_, Wi(z) = { w' (2) in B_.

= ¢'(z) = {

= ¢'(2) = —w/(Z) (¥1 = ¥2) = o(u)ez =0 on {z = c}

Since g satisfies (1), o(u)r = 0 on the edges near
corner points O, (a,0), (0,¢), (a,c), (0,b), (a,b).



Step 4. Q_ :=Q~ \ R/ (R = B.(0)U Bu(0,¢) U Be(a,0) U Bu(a, c))
For a sufficiently small ¢/, u € H*(Q_,) satisfies

(pAU+ A+ V(V-u) =0 in QL
o(u)y =0 on Je,a—€[x{c},
L o(uw)r=g on (02N{x2 <c})\ Rgy.

_/\

Step 5. The divergence theorem = Vp € R

0 = [ _p-(wbut A+ wV(V-u) do

e

/ p-gdsg + p:o(u)v dsg.
(3Qﬂ{w2<0})\R€/ 3R€/ﬂﬂ_

Step 6. AS E, — O, faR Faltis P O'(’LL)I/ d8w| — 0.

— Vp c R, faﬂﬂ{a}2<c}g P dSaj = 0.
— Contradiction that g satisfies (}).

(The above argument is valid for the case of QT.)



By Lemma 7, 3N := min {n > 1| (A%Q_l)z + (Bg%)_l)z + O}.

Lemma 8 (Lemma 3.5 in [1])

Let n =1,--- and o €] — 5, 5[. It holds

_ T 2n4+1 — 1T COS &
lim e 2% 7 2 e 280(1—|—sma)In(T)

T—>00
2n—1 .(2n—1l)a <2n—|—1>
2 e 2 I .

2

2N+1_ | —. T

(2) = lim 7 2 250 |I (15 )|
T—>00
. _gW
= (k+ 1)s2N~ o=~ (1 + sin a) (ZN;_ 1) ( (J.Z)N_l ) - (e1 + te2)| # 0.
AN-1

= e 2%0I(T;x) is truly algebraically decaying as 7 — oo

= T heorem



e Proof of Lemma 8
Asymptotic behavior of

2n—1

s 12 T
I,(7):= / e" S0 dr.
0 (r— s0Za)?

Proof (y: odd) Method of steepest descent

- Laplace’s method (f(x) attains min. at xg, g(x) > 0)

/a —nf(w)g(m) de =~ g(wo)\/ f”(wo)l e—"f (o) (n — o0)

- Fourier type integral

Integration by parts & Riemann-Lebesgue Lem.
. Oscillatory integrals [ e/ (*)g(z) da

Stationary phase method



3. Summary

Assumptions:

1. © C R? is a rectangular domain 10, a[x]0, b].
2. c is known.

b

3. g(# 0) € L?(09) QO
satisfies (}) and ()_() e — — o
Vo(z) € R, [gng-p dsz =0. a

4. u is a weak solution of (x)s.

|| The enclosure method (modified)

Result:
We can extract the positions of ¢y,:-+ ,c9,, from

a single set of boundary data (u,g) on 92 !!




4. Future works
e T he numerical test of the probing algorithm and

checked the performance

(e.g. [1] in the conductivity case)

e Multilayered materials with different material con-

stants (e.g. [3] in the conductivity case)

e Extension to 3 dimensions
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Thank you for your kind attention !!



