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Initial boundary value problem Introduction

Initial boundary value problem.

The initial boundary value problem for a strongly degenerate parabolic equation of
the form
ug + V- Az, t,u) + Bz, t,u) = AB(w), (z,t) € Qx (0,7),

(P) 82&” (z,t) =0, (x,t) € 90 x (0,T),

u(z,0) = uo(z), uo € L*°() N BV(Q).

Q C RY : bounded Lipschitz domain.

Az, t,8) = (A, ..., AN)(x,,€) - RN-valued differentiable function
defined on © x [0,T] x R.
B(x,t,&) : R-valued differentiable function on © x [0, 7] x R.

B(€) : monotone nondecreasing and locally Lipschitz continuous on R.
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Initial boundary value problem Introduction

Back ground.

This type of equation can be applied to the sedimentation-consolidation processes
of particulate suspensions , filtration problems, Stefan problems and many others,

Porous medium type Stefan type Sedimentation-consolidation

2 2 »

Due to assumptions on (3, this equation has the following properties :
. B is strictly increasing = " parabolicity > hyperbolicity”.

. B is monotone nondecreasing = " parabolicity < hyperbolicity”.
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Initial boundary value problem Introduction

Keywords of my research Methods of my reseach
1. Degenerate parabolic equation — entropy solutions
2. The space BV — bounday trace theorem,

compactness theorem

3. Nonlinear semigroup theory — difference approximation

Previous works

1. J. Carrillo [Arch. Rational Mech. Anal., 147 (1999)]
Strongly degenerate, the boundary condition 5(u) =0

unique existence of entropy solutions

2. C. Mascia, A. Porretta and A. Terracina [Arch. Rational Mech. Anal., 163 (2002)]
Strongly degenerate, nonhomogeneous Dirichlet conditions,

uniqueness of entropy solutions and consistency of vanishaing viscosity
approximations
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Initial boundary value problem previous work

Our work (degenerate parabolic equations).
H. Watanabe (Adv. Math. Sci. Appl. 19 (2009))
has proved the unique existence of BV solutions of (P) below under the
assumption that 3 is strictly increasing.

Definition
Let ug € L>®(2) N BV (£2). A function u € L*(Q x (0,7)) N BV (2 x (0,T)) is
called a BV solution of the problem (P), if it satisfies the two conditions below:

(1) u belongs to C([0,T]; L*(Q)) and L -lim; o u(-,t) = up;
(2) VB(u) € L2(0,T; L2(Q)N) and for ¢ € C(RYN x (0,T)),

T
/ / (ups + A(z, t,u) - Vo — Bz, t,u)p — VB(u) - Vo)ddt
o Ja
T
—/ / Az, t, Tru) -n(z) ¢ dHYN "1t =0,
o Joa

where T,. : BV (Q) — L' (0Q; HN 1) is the trace operator.

2010.8.2-6
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BV -entropy solutions.
Definition
Let ug € L>(2) N BV (£2). A function u € L*>°(Q x (0,7)) N BV (2 x (0,T)) is
called a BV-entropy solution of the problem (P), if it satisfies:
(1) u belongs to C([0,T]; L*(Q)) and L -lim; o u(-,t) = up;

(2) VB(u) € L2(0,T; L*(Q)N) and for ¢ € CF (RN x (0,T))* and k € R,
T T

/ / lu — k|ordadt > / / sgn(u — k)(VB(u) - Vo

0 Jo 0 Jo

—[A(z,t,u) — A(z,t, k)] - Vo + [B(z,t,u) + V - A(z, t, k)]|p)dzdt

T
+/ / sen(Tru — k)[A(z,t, Tyu) — A(x, t, k)] - n(z)pdHN ~Ldt.
0 Jon

The relationship between the concept of BV -entropy solution and that of BV

solution is important.

In the case of 2 = R, a BV-entropy solution is a BV solution.
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Initial boundary value problem Inflow-Outflow of the convection term

Inflow-Qutflow condition.

We consider the problem in the case that 8 is monotone nondecreasing. We then
concentrate on the framework such that a BV-entropy solution is a BV solution.
To investigate this, we assume the following condition :

Inflow-Outflow condition
Let v € L>®(2) N BV (R2). For any k € R,

sen(Tv — k)[A(x, t, T,v) — Az, t, k)] - n(z) > 0. (1)

holds for HN~1-a.e. x € 9 and Ll-a.e. t €0, 7).

Under this Inflow-Outflow condition, BV -entropy solutions are BV solutions.

In C. Bardos, A. Y. Leroux and J. C. Nedelec (1979), a similar condition for the
Dirichlet boundary condition are introduced in the first order quasilinear equations.
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Initial boundary value problem boundary condition

Neumann boundary condition.

We employ a natural way for approximating outward normal on the boundary. Let
a sequence {(s} of C%(Q) N C°(2) functions be such that

0<¢G<1inQ, ¢=0 ondQ, }in})@;:l in Q.

Then we see that the —V (s converges to the outward normal n of the boundary
as 6 | 0 in the following sense :

lim [ ¢ V(sdxr = —lim/ div(p)¢sdr = —/ div(p)dz = —/ o -ndHNL,
510 Jq 510 Jo Q o0

for p € [C°°(Q)]V. In C. Mascia, A. Porretta and A. Terracina (2002), such a
sequence {(s} is called a boundary-layer sequence.

Here, we substitute ¢ = (1 — (5)&, for £ € C5°(RN)* in the definition of
BYV-entropy solutions. To assert that for £ € C§°(RV) ™,

lirn /Q V() - Véséda = 0. (2)

Hence, we may interpret the Neumann boundary condition in the sense of (2).
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Abstract Cauchy Problems | Abstract Cauchy Problems

Abstract Cauchy Problems.

The problem (P) is converted to a time-dependent abstract Cauchy problems in
L'(Q). To see this, we define the following differential operator A(t).

Definition

Let ¢ € [0,T]. We say that v € Z(A(t)) and w = A(t)v iff

v,w e L>®(Q)NBV(Q) and

(sgn(v — k)w, ) < —(sgn(v — k)VB(v), V)
—|—<sgn(v - k)[A(v t, 'U) - A('7 2 k)]v VQP> - <Sgn(v - k)[B('v L, U) +V- A('v t, k)]’ 90>
7<Sgn(TT’rU - k)[A(a t, TTU) - A(a L, k)} -, 90>89

for p € CC(RM)*T, k € R.

(-,-) : the duality pairing between LP(Q2) and L%(Q2) with 1/p+1/¢ =1.

d/dtyu(t) = A(t)u(t) fort e (0,T),
(ACP) (d/dtyu(t) = A(t)u(t)  fort € (0,T)
u(0) = v € L>*(Q) N BV(Q),

where (d/dt)u(t) is understood to be the derivative of u(-) in a generalized sense.
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.
Basic hypotheses.

(H.1) Leta' = (0/0€)Al fori=1,...,N, and b= (0/9¢)B. For each r > 0, the
functions A%, 9; A", o', 0;; A", d;a’, B, ;B, i,j =1,..., N are all bounded,
continuous on Q, = Q x [0,T] x [—r,7].

(H.2) There exist constants v, @ such that

-V a(m7taf) - b(fﬂ,t,f) <a and - b(l'vta 5) < o
for all (z,t,£) € 2 x [0,T] x R.
(H.3) Foreach r>0and 7 >0,

sup ‘32A2($,t7£) - aZAZ(xa S7£)|7
p(rir) = max ¢ sup|a’(z,t,&) —a'(,s,€)],
sup ‘B(xat7€) - B(xa Sa€)|

overz € Q, s,t €[0,T], E€Rwith [s—t| <7, || <r,andi=1,...,N.
Then
p(t;r) — 0 as 7 | 0 for each r > 0.
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Abstract Cauchy Problems Generation of nonlinear evolution operators

Unique-existence of BV -entropy solutions.

Theorem (Generation of nonlinear evolution operators [1])

The one-parameter family {A(t);t € (0,T)} is defined above. Then, there exists
an evolution operator {U(t,s);0 < s <t < T} on L>(£) such that for each
v e L*(Q)NBV(Q)

[(t=s)/A]

U(t,s)v = L' (Q) - lim ] (I —AA(s + X)) "o (3)

In addition, for v € D N BV (), the function u(z,t) = U(t,0)v(z) gives a BV-entropy
solution of (P). Here
D={velL>); lim irllg)\_lﬂ(l — A1) Mo — o1 < oo}
Theorem (Uniqueness of BV -éntropy solutions [1])
Let u,v be BV-entropy solutions of (P) with initial data uo, vo, respectively. Then,

’7
llu— vHLl(Q) <e” t||U0 - “0||L1(Q)-

Here, o’ is a positive constant such that —b(z,t,&) < o'

[1] H. Watanabe, S. Oharu, " BV -entropy solutions to strongly degenerate parabolic
equations”. Adv. Differential Equations 15 (2010), no. 7-8, 757-800.
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Abstract Cauchy Problems Generation of nonlinear evolution operators
.
Main results.

1. Generation of nonlinear evolution operators which give BV -entropy solutions,
2. Trotter type approximation theorem and Chernoff type convergence theorem,
3. Time global existence of BV -entropy solutions,

4. Uniqueness of BV -entropy solutions,

5. Continuous dependence of BV -entropy solutions,

6. Comparison principle for BV -entropy solutions,

7. Applications (to degenerate parabolic systems with nonlocal couplings).
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