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Outline

• Merriman-Bence-Osher scheme

• Chambolle’s algorithm for Ahlmgren-Taylor-Wang’s 
algorithm

• The use of signed distance function

• Linear heat equations

• Accurate and efficient (high order) geometric 
motions of an interface

• Crystaline curvature
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Related Work

• Merriman-Bence-Osher, Ruuth-Merriman

• [Deckelnik-Dziuk-Elliott:Acta-Numerica], 
Rumpf, Nochetto, Lakkis, Heintz, Garcke, Kimura

• Level set methods: 

• Phase-field methods: Kobayashi, ...

• Almgren-Taylor-Wang, Chambolle, Novaga, Paolini, 
Bellettini

• [Esedoglu-Ruuth-Tsai]

• [Oberman-Osher-Takei-Tsai]
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Anisotropic MCF

• Almgren-Taylor-Wang’s discrete time variational formulation:

• Chambolle’s formulation:

un+1 = argmin
u

�
γ(∇u) +

1

2∆t

�
(u− dist{un=0})

2

E(C) =

�

C
γ(n̂C)ds

min
f

E(f(C))− E(C) +
1

2h
�f, f�

Computationally nontrivial optimization due to nonlinearity.
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Anisotropic MCF

• The level set method, with smooth anisotropy,

• Difficult to generate efficient and accurate numerical schemes.
No good multigrid method.

• This equation is not suitable for crystalline curvature flow.

∂u

∂t
= (γ + γ��)|∇u|∇ · ∇u

|∇u|

Sunday, August 22, 2010



Merriman-Bence-Osher scheme

• Step 1: diffuse

• Step 2: threshold

• Iterate

(char. function)

Sunday, August 22, 2010



Converges to motion by mean curvature for 

[Mascarenhas, Barles-Georgelin, Evans, Souganidis, Ishii]

∂Ω(t)
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Potential trapping on a grid

Non-stationary numerical solutions require:
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How far can one go?

• Step 1: diffuse

• Step 2: threshold

• Iterate

Pro: optimal numerical solution.

Pros: simplicity and efficiency

Pros: unconditional stable, efficiency.   
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Objectives

• Compute geometric motions of a curve

• Construct minimizers of a class of energies

• Simple, efficient, and robust algorithms
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Some energies

• Curve length/total variation

• Mumford-Shah energy (and variants) 
[Esedoglu-Tsai 2005]

• Elastic energy
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Stability, efficiency, resolution and 
accuracy

• Algorithm stable for large time steps

• Efficiency in solving linear diffusion equation

• Diffusion kernels are wide: 
(curves cannot be too close) 

• Truncation error: 

• Grid refinement strategy: [Ruuth]
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Threshold dynamics/
Diffusion generated motion

• Step 1: diffuse

• Step 2: threshold

• Iterate

Use signed distance functions.

Threshold operator “redistancing”

No restriction on
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The set-up
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Asymptotics near the interface

Lemma. For sufficiently small y,

The second important fact we recall is that Laplacian of the signed distance
function dΣ at a point x gives us essentially the mean curvature of the isosurface
of d passing through x:

∆dΣ(x) = (N − 1)H(x) (10) {eq:dist2.1}

where H(x) denotes the mean curvature of the level set {ξ : f(ξ) = f(x)} at x.
Specializing to the planar (2D) setting, let γ : (−ε, ε) → R2 be a unit speed

parametrization of the curve ∂Σ around p ∈ ∂Σ, with γ(0) = p and positive
orientation. Let κ(x) denote the curvature of the curve at x:

γss(0) · n(p) = κ(p). (11) {eq:curvature}

Note that curvature κ of the boundary of convex sets is negative according to
convention (11).

We may rotate and translate the set Σ so that p = 0 ∈ R2 and the outer
unit normal n(0) at p = 0 is given by the vector n(0) = (0,−1); see Figure 2 for
the setup.

Figure 2: The setup. {fig:1}

Let f(x) be the smooth function whose graph (x, f(x)) describes the interface
∂Σ in a neighborhood of the origin. Let us write simply κ(x) to denote the
curvature κ(x, f(x)) of ∂Σ at (x, f(x)). We then have the following relations
implied:

f(0) = 0, f ′(0) = 0, andf ′′(0) = −κ(0). (12) {eq:dist3}

For the signed distance function dΣ(x, y) to Σ, we drop the Σ in its notation
and adopt the convention that d(x, y) < 0 if y < f(x) (and hence d(x, y) > 0 if
y > f(x)). In 2D, equation (10) reads

dxx(x, f(x)) + dyy(x, f(x)) = κ(x) (13) {eq:dist3.1}

on the interface.
The following useful formulas follow immediately from (8) in Proposition 1:

7
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Theorem:

For 

Asymptotics near the interface

Gδt ∗ d(0, y) = y + κδt− κ2yδt +
1

2
(κxx + κ3)δt2 +O(δt3)
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of d passing through x:

∆dΣ(x) = (N − 1)H(x) (10) {eq:dist2.1}

where H(x) denotes the mean curvature of the level set {ξ : f(ξ) = f(x)} at x.
Specializing to the planar (2D) setting, let γ : (−ε, ε) → R2 be a unit speed

parametrization of the curve ∂Σ around p ∈ ∂Σ, with γ(0) = p and positive
orientation. Let κ(x) denote the curvature of the curve at x:

γss(0) · n(p) = κ(p). (11) {eq:curvature}

Note that curvature κ of the boundary of convex sets is negative according to
convention (11).

We may rotate and translate the set Σ so that p = 0 ∈ R2 and the outer
unit normal n(0) at p = 0 is given by the vector n(0) = (0,−1); see Figure 2 for
the setup.

Figure 2: The setup. {fig:1}

Let f(x) be the smooth function whose graph (x, f(x)) describes the interface
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The following useful formulas follow immediately from (8) in Proposition 1:

7
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Curvature motion

Solve:

For 
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Forward Euler in time

• Convolve (spatial discretization): 

• Threshold: 

Gδt ∗ dn(0, y) = y + κδt +O(δt2)
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Improving the truncation error

Essential for building  higher order accuracy in the evolution.
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Higher order time stepping

equation is an extensive field in its own right. Here, we are only interested in constructing standard Euclidean distance func-
tions, which makes the corresponding Eikonal equation particularly simple and a great variety of existing algorithms appli-
cable. In the computations presented below, a very simple procedure for second order accurate computation of the Euclidean
distance function in a tubular neighborhood of the interface was utilized. Specifically, it is based on starting with a first order
reconstruction (for which there are indeed many fast algorithms) and then improving it to second (or higher) order by a few
steps of a line search strategy at every grid point. Of course, high order versions of more sophisticated algorithms such as
[40,35,29,39,43,11] can also be used, perhaps with better results.

Some comments on the computational complexity of the proposed algorithms are also in order. For the sake of simplicity,
let us leave possible gains from local versions of the algorithms (such as redistancing only in a tubular neighborhood of the
interfaces) out of this brief discussion; although these enhancements are entirely feasible (e.g. in practice one needs to con-
struct the signed distance function only in a tubular neighborhood of thickness !

ffiffiffiffiffi
dt

p
for second order flows), they are in any

case not always as worthwhile as might be suspected – indeed, in applications such as large scale grain boundary motion
simulations [13], the evolving network of curves or surfaces is, at least initially, so dense that even a relatively thin tubular
neighborhood of them covers almost the entire grid. When the proposed algorithms are thus implemented globally on an
N " N, uniform computational grid discretizing e.g. the unit square ½0;1$2, the convolution operations can be completed at
OðN2 logNÞ complexity using the fast Fourier transform. As mentioned above, the redistancing steps of the proposed algo-
rithms can be accomplished using e.g. fast marching, whose complexity is also OðN2 logNÞ on the whole computational grid
provided that first order accurate in space solutions are acceptable. If high order accurate distance functions are required, the
first order accurate solutions from e.g. fast marching can be improved to higher order using the strategy mentioned above
(and used in numerical results of this paper) at OðN2Þ cost. Hence, overall, the complexity of each time step of the proposed
algorithms is essentially linear in the number of grid points.

6.1. Curvature motion

We first consider the convergence of algorithm (64) and (65) computed over the time interval 0; 3
256

" #
. The initial condition

is a circle of radius 1
4.

Resolution # time steps Relative error (%) Order

32 " 32 10 0.98 –
64 " 64 20 0.41 1.25
128 " 128 40 0.19 1.11
256 " 256 80 0.093 1.03
512 " 512 160 0.045 1.05

The errors cited are the errors in the radius of the shrinking circle, the exact value RðtÞ of which is given by

dR
dt

¼ (1
R

) RðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
16

( 2t
r

ð110Þ

which gives R ¼
ffiffiffiffiffiffi
5

128

q
at t ¼ 3

256.
Convergence of algorithm (68)–(70) on the same test with an initial circle:

Resolution # of time steps Relative error (%) Order

32 " 32 10 0.39 –
64 " 64 20 0.16 1.29
128 " 128 40 0.088 0.86
256 " 256 80 0.044 1.00
512 " 512 160 0.022 1.00

The order of convergence of the time integration is of course still linear, but the results are more accurate by a factor of
two with no difference in computational cost: Only a different kernel is used in the convolution step.

We now present results of the higher order method (73)–(75) on the same shrinking circle example:

Resolution # of time steps Relative error (%) Order

32 " 32 10 0.17 –
64 " 64 20 0.047 1.85
128 " 128 40 0.013 1.85
256 " 256 80 0.0033 1.98
512 " 512 160 0.00086 1.94
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Curvature dependent motions

Gδt ∗ d(0, y) = y + κδt− κ2yδt +
1

2
(κxx + κ3)δt2 +O(δt3)

u(x, y) := Kδt[d] s.t.

interface {u=0} moves by  f(k)dt

In a suitable coordinate system, near d(0,0)=0:

Use the expansion:

κ +O(δt)

u := d + f(
GMδt ∗ d− d

Mδt
)δt

u(0, y) = y + f(κ)dt
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Motion by f(k)

5.2 Motion by f(κ)
{sec:fofk}

In this section we present unconditionally monotone schemes for propagating
interfaces with normal speeds given by

vn = f(κ) (82)

where f : R → R is an odd, increasing, Lipschitz function with constant Lf .
For any constant M > 0, we consider the following algorithm:

Algorithm: Given the initial set Σ0 through its signed distance {alg1}
function d0(x) and a time step size δt > 0, generate the sets Σj via
their signed distance functions dj(x) at subsequent discrete times
t = j(δt) by alternating the following steps:

1. Form the function

A(x) := dj + (δt)f

(

1

M(δt)

{

GM(δt) ∗ dj − dj

}

)

(83) {eq:alg1}

2. Construct distance function dj+1 by

dj+1(x) = Redist(A). (84) {eq:alg2}

At the j-th step of the algorithm, the set Σj can be recovered if desired through
the relation

Σj = {x : dj(x) > 0}.

Consistency of this algorithm is easy to verify on a C2 curve using the
expansion (33) in Proposition 3. Indeed, using (33) together with (14), we have

1

M(δt)

{

GM(δt) ∗ d − d
}

= κ + O(δt). (85)

Since f is Lipschitz, we therefore also have

f(κ) = f

(

1

M(δt)

{

GM(δt) ∗ d − d
}

)

+ O(δt). (86)

Once again using (14) in conjunction with (83), we see that the 0-level set of

d + (δt)f

(

1

M(δt)

{

GM(δt) ∗ d − d
}

)

(87)

has moved with the desired speed in the normal direction. In addition to this
consistency, we have the following property:

{prop:monotone}
Proposition 6 If M ≥ Lf , then algorithm (83) & (84) is monotone for any
choice of time step size δt > 0.

21

If M ≥ Lf , then algorithm (83) and (84) is monotone
for any choice of time step size δt > 0.

Proposition: f odd, increasing, and Lipschitz
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Figure 9: A more interesting curve under curvature motion. The initial curve is shown on the left. The
image on the right shows superimposed on each other the solution at time t = 3

256
computed at two different

resolutions: The black curve at 32×32 spatial resolution using 10 time steps, and the red curve at 1024×1024
resolution using 320 time steps.

Affine Invariant Motion by Curvature
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Motion by Curvature
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Figure 10: Comparison between regular (left) and affine invariant curvature motion (right). The initial
curve, an ellipse, is shown in red. Under affine invariant curvature motion, in remains an ellipse of fixed
eccentricity. Computation was carried out on a 64 × 64 domain with coarse time steps; blue curves show
the evolving curve at consecutive time steps.

38

Affine curvature motion

vn = κ
1
3

Notice the very coarse grid used in simulations.
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Numerical convergence and accuracy

r(t) =

�
r4/3
0 − 4

3
t

� 3
4

.

[Alvarez-Guichard-Lions-Morel]:

vn = κ
1
3

Shrinking circle:
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Affine curvature motion

vn = κ
1
3

20 40 60 80 100 120

20

40

60

80

100

120

Algorithm seems stable at inflection point
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Surface diffusion

vn = −κxx

Fig. 13. Sample computation with four phases. Plot on the left is the initial condition. The one on the right is at time t ¼ 1
64. The black contour is the solution

computed at 512 " 512 spatial resolution using 480 time steps; the red contour is the solution computed at 32 " 32 spatial resolution using 30 time steps.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 14. Further evolution of four phase initial condition from Fig. 13 at a 512 " 512 resolution. One of the phases disappears at an intermediate time; the
evolution then seamlessly proceeds as a three phase flow.

Fig. 15. Evolution of two curves under the tentative algorithm for surface diffusion of Section 5.4. The red curve is the initial condition in each case. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

1040 S. Esedog!lu et al. / Journal of Computational Physics 229 (2010) 1017–1042

Change in area at final time is around 4.25% with 4000 steps on a128x128 grid. 
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A word on complexity

• NxN grid

• Diffusions: 

• Highly accurate redistancing:

• Solution in 0<t<T: T/!t.

Sunday, August 22, 2010



Second word on complexity

• Total cost: 

• How small should !t be? 

• Explicit Willmore flow:
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Curvature motion of multiple junctions
(ex: large scale coarse graining)
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[Elsey, Esedoglu, Smereka, 2009]
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The distance function to a corner

Figure 6: A set Σ with a corner on its boundary, and the approximating sector S at the
corner. The ridge for the sector is shown in red by the dashed lines; that of the set Σ is shown
in black dashed curves that are tangent to the red dashed lines at the corner. {fig:approximate_sector}

39

Figure 4: Let: A triple junction where three C2 curves meet. Right: When we zoom in
on the junction, the three sets (phases) meeting at the triple point can be approximated
by an arrangement of sectors. The discussion in Sections 4.2 and 5.3 perturbs from this
configuration. {fig:threephases}

Figure 5: Distance function to a sector of opening angle 2θ. The boundary of the sector is
shown in solid black; the other contours are isocontours of the signed distance function. The
ridge is the union of the three dashed black lines (denoted "1, "2, and "3) that separate the
plane into three regions in each of which the signed distance function is smooth. {fig:sector}

38

Two      curves meeting at the origin.

Approx. the signed distance function by that of a sector.

|d(x)− d̃(x)| = O(|x|2) as x −→ 0.

C2
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Approximation of corners
distance function to the sector S. By (58), we have

|d(x) − d̃(x)| = O(|x|2) as x → 0. (60)

Therefore,

|d ∗ Gt(0) − d̃ ∗ Gt(0)| ≤
∫

R2

|(d − d̃)(−x)|Gt(x) dx

≤
∫

R2

O(|x|2)Gt(x) dx

= O(t) as t → 0.

(61)

Moreover,
∣

∣

∣

∣

∂

∂xj
(d ∗ Gt)(0) −

∂

∂xj
(d̃ ∗ Gt)(0)

∣

∣

∣

∣

=
∣

∣

∣

(

d ∗ ∂xj Gt

)

(0) −
(

d̃ ∗ ∂xj Gt

)

(0)
∣

∣

∣

≤
∫

R2

O(|x|2)
∣

∣∂xj Gt

∣

∣ dx

= O(
√

t) as t → 0.

(62)

We also need to estimate second derivatives of d(x). To that end, we first
note the following easy lemma:

{lemma:ridge}
Lemma 5 The ridge of the signed distance function to Σ in a neighborhood
of the origin consists of three simple C2 arcs γ1, γ2 and γ3 that touch each
other only at the origin. The arcs γ1 and γ2 coincide with the lines #1, #2 that
constitute part of the ridge of the approximating sector (see (37)). The third
arc, γ3, is tangent to #3 at the origin so that in particular

H
(

γ3 ∩ Br(0) , #3 ∩ Br(0)
)

= o(r) as r → 0 (63)

where H(·, ·) denotes the Hausdorff distance. See Figure 6.

Proof: The lemma is easy to establish by use of Proposition 1 and the implicit
function theorem. !

Lemma 5 shows that near the origin, ∇d and ∇d̃ disagree at O(1) level on
only a thin set. Based on this observation, it is easy to establish the following
estimate:

∣

∣

∣

∣

∂2

∂xi∂xj
(d ∗ Gt)(0, 0) −

∂2

∂xi∂xj
(d̃ ∗ Gt)(0, 0)

∣

∣

∣

∣

≤
∫

R2

∣

∣

∣

∣

∂

∂xi
(d − d̃)(x′, y′)

∂

∂xj
Gt(x

′, y′)

∣

∣

∣

∣

dx′ dy′

= O(1)

(64) {eq:2ndderivative}

that holds for any i, j ∈ {1, 2}.
Since Gt ∗ d is a C∞ function for any t > 0, it has a Taylor expansion of the

form (56). Indeed, expansion (57) that applies to d̃, together with the bounds
(55), (59), and (64) give the following expansion for d:

16

Figure 6: A set Σ with a corner on its boundary, and the approximating sector S at the
corner. The ridge for the sector is shown in red by the dashed lines; that of the set Σ is shown
in black dashed curves that are tangent to the red dashed lines at the corner. {fig:approximate_sector}
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only a thin set. Based on this observation, it is easy to establish the following
estimate:

∣

∣

∣

∣

∂2

∂xi∂xj
(d ∗ Gt)(0, 0) −

∂2

∂xi∂xj
(d̃ ∗ Gt)(0, 0)

∣

∣

∣

∣

≤
∫

R2

∣

∣

∣

∣

∂

∂xi
(d − d̃)(x′, y′)

∂

∂xj
Gt(x

′, y′)

∣

∣

∣

∣

dx′ dy′

= O(1)

(64) {eq:2ndderivative}

that holds for any i, j ∈ {1, 2}.
Since Gt ∗ d is a C∞ function for any t > 0, it has a Taylor expansion of the

form (56). Indeed, expansion (57) that applies to d̃, together with the bounds
(55), (59), and (64) give the following expansion for d:
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����
∂2

∂xi∂xj
(d ∗Gt)(0, 0)− ∂2

∂xi∂xj
(d̃ ∗Gt)(0, 0)

���� = O(1)
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Expansion near a corner
{prop3}

Proposition 5 Convolution with a Gaussian kernel of the signed distance func-
tion d of the domain Σ at its corner located at the origin formed by the meeting
of two C2 arcs Γ1 and Γ2 as in Figure 6 satisfies the following Taylor expansion:

∫

R2

d(x′, y′)Gt(x − x′, y − y′) dx′ dy′

=

√
t

π

(

θ −
π

2
− cos θ + C1(t)

)

+ C2(t)x

+
1

2π

(

4 cos3 θ − π sin θ − 2θ sin θ − 6 cos θ + C3(t)
)

y

+
1√
t

1

16
√

π

(

2θ − 4 cos θ − sin 2θ − π + C3(t)
)

x2

+
1√
t

1

16
√

π

(

sin 2θ + 2θ − π + C4(t)
)

y2

+
1√
t
C5(t)xy + H.O.T.

(65) {eq:taylor4}

The coefficients Cj(t) satisfy Cj(t) = O(
√

t) as t → 0+.

5 Algorithms
{sec:algorithms}

In this section, we utilize the expansions obtained in the previous sections to
describe a number of new algorithms for interfacial motion.

5.1 Warm up: Curvature motion
{sec:curvaturemotionalgorith

In this section, we describe several algorithms for simulating the motion of an
interface with normal speeds of the form

vn = κ + S(x) (66) {eq:alg4}

where S : R2 → R is a given function.
We start with the following algorithm for the slightly generalized curvature

motion (66), which is very easily obtained from expansion (33).

17

Figure 6: A set Σ with a corner on its boundary, and the approximating sector S at the
corner. The ridge for the sector is shown in red by the dashed lines; that of the set Σ is shown
in black dashed curves that are tangent to the red dashed lines at the corner. {fig:approximate_sector}

39

Figure 4: Let: A triple junction where three C2 curves meet. Right: When we zoom in
on the junction, the three sets (phases) meeting at the triple point can be approximated
by an arrangement of sectors. The discussion in Sections 4.2 and 5.3 perturbs from this
configuration. {fig:threephases}

Figure 5: Distance function to a sector of opening angle 2θ. The boundary of the sector is
shown in solid black; the other contours are isocontours of the signed distance function. The
ridge is the union of the three dashed black lines (denoted "1, "2, and "3) that separate the
plane into three regions in each of which the signed distance function is smooth. {fig:sector}

38
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Algorithm for multiple junctions

5.3 Multiple Junctions
{sec:junctions}

In this section, we describe an algorithm based on the signed distance function
for simulating the motion of multiple junctions under curvature motion and
subject to the symmetric (i.e. 120◦) Herring conditions [21]. This is an impor-
tant application that comes up in materials science, e.g. in simulating the grain
boundary motion in polycrystals [26]. We will use the expansions in Section 4.2
to justify the algorithm and estimate the local truncation error. Our algorithm
has the following form:

Algorithm: Given the initial sets Σ1
0, . . . ,Σ

m
0 through their signed

distance functions d1
0(x), . . . , dm

0 (x) as well as a time step size
δt > 0, generate the sets Σ1

j , . . . ,Σ
m
j via their signed distance func-

tions d1
j (x), . . . , dm

j (x) at subsequent discrete times t = j(δt) by
alternating the following steps:

1. Form the convolutions

Lk
j := Kδt ∗ dk

j (92) {eq:alg15}

for k = 1, . . . , m where Kt is one of the kernels:

Kt = Gt or Kt =
1

3

(

4G 3
2
t − G3t

)

.

2. Construct the signed distance functions dk
j+1 for k = 1, . . . , m

according to

dk
j+1 = Redist

(

Lk
j − max{L"

j : " #= k}
)

. (93) {eq:alg16}

The reassignment step (93) of the algorithm stems from the t → ∞ limit of gra-
dient descent on the multiwell potential that constitutes the nonlinear, pointwise
term in vectorial phase-field energies such as the ones in [3, 6]. It is identical to
the reassignment step in [25].

This algorithm differs from the one proposed in [25] in important ways. First
of all, the authors in [25] utilize redistancing (construction of the signed distance
function) optionally, only as a means to prevent the level set function from
becoming too steep or too flat – this is the standard role of redistancing in level
set computations, as used even in two-phase flows, and is typically employed only
occasionally during the flow (once per a large number of time steps). Indeed, the
authors state explicitly that as long as the level set does not become too steep or
too flat, any level set representation can be used. However, in order to get the
desired Herring angle (i.e. boundary) conditions at junctions, it is absolutely
essential to make sure that the profile of level sets representing the various
phases be the same near the junctions. In other words, using arbitrary (even
if not too flat, not too steep) level sets to represent the phases as is suggested
in [25] will lead to O(1) errors in the angles at the junctions; this simple fact

23
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Phase re-assignment

[Baldo, Bronsard et al, Osher et al.]
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Where does the junction go?

Phase reassignment: d1 ←− d1 ∗Gt −max(d2 ∗Gt, d
3 ∗Gt)

New interface location along y-axis:

θ1 �= θ2 : y2 + b
√

t y + a t = 0 y � C0

√
t =

�
C0

1√
t

�
t

v

�
d1 ∗Gt − d2 ∗G2

�
(0, y) = (A(θ1)− A(θ2))

√
t

+ (B(θ1)− cos(θ1 + θ2)B(θ2)) y

+
1√
t
(Q(θ1)−Q(θ2)) y

2

+ O(t)
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Where does the junction go?

(infinitely fast as δt → 0+). We will now see if this fast adjustment takes the
angles towards or away from the Herring condition. To that end, assume that
the angles θ1 and θ2 at the beginning of a time step with the algorithm are not
too far from π

3 . We can solve for the new coordinates (x∗, y∗) of the triple junc-
tion after the time step using (95). Indeed, the three surfaces in (95) intersect
in three curves, which in return intersect in a point in the (x, y)-plane, whose
coordinates can be found by solving

(d1 ∗ Gt)(x∗, y∗) = (d2 ∗ Gt)(x∗, y∗) = (d3 ∗ Gt)(x∗, y∗) (96)

for x∗ and y∗. From (95) we see that (x∗, y∗) are given by

x∗ = −
√

3

3

A′(π
3 )

B(π
3 )

√
t
(

2θ2 + θ1 − π
)

+ H.O.T.

=
2(3 + 2

√
3)

5(3 + π
√

3)

√
t
(

2θ2 + θ1 − π
)

+ H.O.T.

y∗ = −
A′(π

3 )

B(π
3 )

√
t
(

θ1 −
π

3

)

+ H.O.T.

=
6(2 +

√
3)

5(3 + π
√

3)

√
t
(

θ1 −
π

3

)

+ H.O.T..

(97) {eq:junction_coords}

Differentiating (95) and evaluating the result at the new junction location
(x∗, y∗), we see that the normals to the three curves at the junction are given
by

N12 :=∇
(

Gt ∗ (d1 − d2)
)

(x∗, y∗),

N23 :=∇
(

Gt ∗ (d2 − d3)
)

(x∗, y∗),

N31 :=∇
(

Gt ∗ (d3 − d1)
)

(x∗, y∗).

(98) {eq:tangents}

up to high order terms; see Figure 8. The two angles (θ1, θ2) between the curves
at the beginning of the time step get sent to a new pair of angles (θ̃1, θ̃2) at the
end of the time step. These new angles can be expressed using (98) as

θ̃1 =
1

2
cos−1

(

N31 · N12

‖N31‖ ‖N12‖

)

+ H.O.T., and

θ̃2 =
1

2
cos−1

(

N12 · N23

‖N12‖ ‖N23‖

)

+ H.O.T.

(99)

Noting again that θ3 is determined in terms of θ1 and θ2, the task at hand is to
study the map

(θ1, θ2) −→ (θ̃1, θ̃2). (100)

in terms of its fixed points and their stability. To that end, first define the map
φ : R2 → R2 as

φ(θ1, θ2) :=
1

2

(

cos−1

(

N31 · N12

‖N31‖ ‖N12‖

)

, cos−1

(

N12 · N23

‖N12‖ ‖N23‖

))

. (101)
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New triple junction location:

Near the ‘Mercedes’ angle:

Sunday, August 22, 2010



Topological changes

Figure 13: Sample computation with four phases. Plot on the left is the initial condition.
The one on the right is at time t = 1

64
. The black contour is the solution computed at 512×512

spatial resolution using 480 time steps; the red contour is the solution computed at 32 × 32
spatial resolution using 30 time steps. {fig:junctions2}

Figure 14: Further evolution of four phase initial condition from Figure 13 at a 512 × 512
resolution. One of the phases disappears at an intermediate time; the evolution then seamlessly
proceeds as a three phase flow. {fig:junctions3}
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Good resolution on coarse grids

Figure 13: Sample computation with four phases. Plot on the left is the initial condition.
The one on the right is at time t = 1

64
. The black contour is the solution computed at 512×512

spatial resolution using 480 time steps; the red contour is the solution computed at 32 × 32
spatial resolution using 30 time steps. {fig:junctions2}

Figure 14: Further evolution of four phase initial condition from Figure 13 at a 512 × 512
resolution. One of the phases disappears at an intermediate time; the evolution then seamlessly
proceeds as a three phase flow. {fig:junctions3}
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30 steps on a 32x32 grid     v.s.   480 steps on a 512x512 grid.
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Accuracy w.r.t von Neumann Law

applications. Extensive demonstration of a generalized version of the algorithm
in this capacity has been carried and will be reported separately in an upcoming
paper [13] by one of the authors. Here, we confine ourselves to the simple cases
of only three or four phases.

Figure 12 shows a computation with three phases. The initial data consists
of two partially overlapping disks with a straight interface in between, as shown
in Figure 12. The two partial disks constitute two of the phases; the background
(complement of the disks) constitutes the third. Hence, all three phases have
n = 2 triple junctions on their boundary throughout the evolution. If we let
A(t) denote area of one of the partial disks, the von Neumann area loss law [41]
this time implies

d

dt
A(t) =

π

3
(n − 6) = −

4π

3
(118)

To assess the accuracy of the simulation, we measure the rate of area loss in
one of the partial disks. The table below shows the percentage relative error
in this quantity over the time interval [0, 1

64 ]. Gaussian kernel was used in the
convolution step (92).

Resolution # of Time Steps Relative Error Order
32 × 32 30 3.91% –
64 × 64 60 2.07% 0.918

128 × 128 120 1.28% 0.693
256 × 256 240 0.84% 0.608
512 × 512 480 0.53% 0.664

The errors reported in the table were obtained as an average over 10 runs with
the initial condition rotated and translated randomly to preempt possible inter-
ference from grid effects. The truncation error analysis carried out in Section
(4.2) implies O(

√
t) error at junctions, some evidence of which can be seen in

the table. Figure 12 shows the computed solution at 32 × 32 and 512 × 512
resolution superimposed.

Figure 13 shows a computation with four phases: Three partial disks and
the background. This time, von Neumann law gives:

d

dt
A(t) =

π

3
(n − 6) = −π. (119) {eq:vonneumann2}

The relative error in (119) is tabulated in the table below at various resolutions:

Resolution # of Time Steps Relative Error Order
32 × 32 30 3.82% –
64 × 64 60 2.10% 0.863

128 × 128 120 1.26% 0.737
256 × 256 240 0.71% 0.828
512 × 512 480 0.44% 0.690

The plot on the right in Figure 13 compares as in the previous example the
solution obtained at high and low (spatial and temporal) resolutions.

32

d

dt
A(t) =

π

3
(n− 6) = −π

Figure 13: Sample computation with four phases. Plot on the left is the initial condition.
The one on the right is at time t = 1

64
. The black contour is the solution computed at 512×512

spatial resolution using 480 time steps; the red contour is the solution computed at 32 × 32
spatial resolution using 30 time steps. {fig:junctions2}

Figure 14: Further evolution of four phase initial condition from Figure 13 at a 512 × 512
resolution. One of the phases disappears at an intermediate time; the evolution then seamlessly
proceeds as a three phase flow. {fig:junctions3}
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[Elsey-Esedoglu-Smereka]
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[Elsey-Esedoglu-Smereka]
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Anisotropic MCF

• Almgren-Taylor-Wang’s discrete time variational formulation:

• Chambolle’s formulation:

un+1 = argmin
u

�
γ(∇u) +

1

2∆t

�
(u− dist{un=0})

2

E(C) =

�

C
γ(n̂C)ds

min
f

E(f(C))− E(C) +
1

2h
�f, f�
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Split Bregman Method  (I)

→
Bregman iterative algorithm:
Constrained minimization solved by a sequence of unconstrained problems:

→
min
u,d

�
γ(d) +

1

2h

�
(u− f)2 +

λ

2

�
|d−∇u− bk|2

min
u

�
γ(∇u) +

1

2h

�
(u− f)2

min
u,d

�
γ(d) +

1

2h

�
(u− f)2 s.t. d = ∇u

uk+1, dk+1 → bk+1

f = dΓ(tn)
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Split Bregman Method (II)

derive simple update formula 

Optimal solution for linear diffusion type equations

bk+1 = bk + (∇uk+1 − dk+1)

dk+1 ← min

�
γ(d) +

λ

2
||d−∇u− bk||2

min
u,d

�
γ(d) +

1

2h

�
(u− f)2 +

λ

2

�
|d−∇u− bk|2

Iterate the alternative minimizations of u and d:

uk+1 ← u− hλ∆u = f + hλ∇ · (dk − bk)
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Shrinkage formulae (I)

|γ(d)| = |d|

dk+1 ← min
d

�
γ(d) +

λ

2
||d− p||2

Pointwise shrinkage problem:

dk+1(1-D)

min
d∈Rd

γ(d) +
λ

2
|d− p|2

p

1/λ−1/λ

dk+1 = shrink(p, 1/λ)
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Shrinkage formulae (II)

γ(d) = max
i

{ni · d}

d∗(p) = argmin
d

{γ(d) + 1

2
|d− p|2}

min
d

{γ(d) + 1

2
|d− p|2}

n1

n2

n3

W

⇐⇒ γ(d) = sup
q∈W

d · q

=⇒ min
d∈Rn

max
q∈W

{d · q + 1

2
|d− p|2}

(by convexity)=⇒ max
q∈W

min
d∈Rn

{d · q + 1

2
|d− p|2}

d = p− q

=⇒ max
q∈W

{−1

2
|q|2 + p · q} = min

q∈W
{1
2
|q − p|2}
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Shrinkage formulae (II)

d∗(p) = argmin
d

{γ(d) + 1

2
|d− p|2}

=⇒ max
q∈W

{−1

2
|q|2 + p · q} = min

q∈W
{1
2
|q − p|2}

γ(d) = max
i

{ni · d} ⇐⇒ γ(d) = sup
q∈W

d · q

d∗(p) = p− πW (p)

Simple, explicit expression for the minimizer,
involving the vertices and the faces of the polyhedron

n3 n1

W

πW (p)

p

p�

πW (p�) = n2

Fast and accurate numerical projection: [Tsai, 2002]
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Crystalline MCF algorithm

dk+1 ← min

�
γ(d) +

λ

2
||d−∇u− bk||2

d∗(p) = p− πW (p)

•Find the minimizer (u,d):

•Redistancing: 

bk+1 = bk + (∇uk+1 − dk+1)

Fast, and high-order approach by eikonal flow: [Cheng-Tsai]

min
u

�
γ(∇u) +

1

2h

�
(u− f)2 f = dΓ(tn)

Γ(tn+1) := {f = 0}

f := redistance(uk+1)

uk+1 ← u− hλ∆u = f + hλ∇ · (dk − bk)
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Result - self similar solutions

200x200; h =0.0075
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Results

18 Smooth and Crystalline Mean Curvature Flow
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Fig. 5.1: Crystalline mean curvature motion for various anisotropies. Clockwise from
top left: N1, N8, Ntri, and Nskew

and time step) was roughly between 3000 to 4000 for grid sizes 252,502,1002, and
1502. It is reasonable to believe that the number of iterations to convergence should
remain constant for all N , since convergence is attained for a large enough s, which
is problem dependent (choice of γ, f) and independent of the grid size.

Figure 5.4 shows the plot of �∇u−d� over iterations in s in (4.10)-(4.12), for
various anisotropies. The anisotropies (4.2) tested were

γn(θ)=
1

n2 +1
(n2 +1−sin(nθ)), for n=0,2,4,8. (5.1)

Note that n=0 is the isotropic case; for n=2,4,8, the anisotropy has a n-fold rota-
tional symmetry. We have found that, in general, the isotropic case converges faster to
steady state than the anisotropic cases; also, for all cases tested, �∇u−d� eventually
converges exponentially, corroborating with the results of Proposition 4.3.

Results for Algorithm 3 are shown in Figure 5.3 for the anisotropies (5.1).

6. Conclusions We have presented two new methods of computing anisotropic
mean curvature flow. In the crystalline case, we prove a formula for the anisotropic
shrinkage problem, which can be embedded in the split Bregman framework for mean
curvature flow. In the smooth anisotropy case, we formally derive an inverse scale
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6. Conclusions We have presented two new methods of computing anisotropic
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Diffusion generated anisotropic motion

• Step 1: diffuse

• Step 2: threshold

• Iterate

“redistancing to a suitably weighted signed distance function”

For smooth anisotropic curvatures:
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Smooth anisotropy
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γ(θ) = (64 + sin(8θ/50))

Oberman, Osher, Takei and Tsai 13

Substituting the latter result into (4.5),

p⊥(γ+γ��)
∂θ

∂s
=∇u−Rp. (4.6)

If we multiply (4.6) by p,

0=p ·∇u−R|p|2

R=p ·∇u,

and if we multiply (4.6) by p⊥,

(γ+γ��)
∂θ

∂s
=p⊥ ·∇u−Rp⊥ ·p

∂θ

∂s
=

p⊥ ·∇u

γ+γ��
.

Next taking the derivative of the functional in (4.3) with respect to u,

pk+1
u −pk

u−λ(∇ ·d−∆uk
)=0. (4.7)

Since the u subgradient is explicitly pu =
1
h (u−f),

1

h
(uk+1−f)− 1

h
(uk−f)−λ(∇ ·d−∆uk

)=0, (4.8)

and again taking λ to be the step size of a forward Euler discretization, the PDE for

u becomes

∂u

∂s
=h(∆u−∇ ·d). (4.9)

To summarize, the system of PDE’s describing the inverse scale space flow of (4.3)

with smooth anisotropy is,

∂θ

∂s
=

p⊥ ·∇u

γ+γ��
, (4.10)

∂u

∂s
=h(∆u−∇ ·d), (4.11)

where

R=p ·∇u, d=Rp. (4.12)

To describe the initial condition, we abuse notation and write u,d,R,θ,p,pu,pd

solely as functions of s; e.g. u(x1,x2,s)=u(s). Following [BGOX06], the initial con-

ditions for an inverse scale space flow are d(0)=0, pd(0)=0, pu(0)=0. Immediately,

we have R(0)= |d(0)|=0. Since 0=pu(0)=(u(0)−f), we also have u(0)=f . Con-

sequently, since 0=R(0)=p(0) ·∇u(0)=p(0) ·∇f holds, p(0)=(−fy,fx)≡∇⊥f , and

therefore, θ(0)=tan
−1

(−fx,fy). In conclusion, the initial conditions are

u(0)=f, p(0)=∇⊥f, θ(0)=tan
−1

(−fx/fy), R(0)=0. (4.13)
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Summary

• Almgren-Taylor-Wang, Chambolle algorithms:
difficulty of solving nonlinear equations.

• MBO scheme: solve a simple linear heat equation

• Asymptotics for distance functions

• High resolution and accuracy algorithms

• Algorithm stable for large time steps

• Efficiency in solving linear diffusion equation

• Direct application to 3D
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