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1. Phase transition models of Fix-Caginalp type

Keypoint. Coupled system of heat exchange and phase field dynamics
Q c RY (1 < N <3): b.d.d. domain,I" := 9: smooth

Basic formulation [Fix](1983-[Caginalp](1986

( L
(009 + §w> — KkoABO = h(t,x), (t,x) € Q := (0,400) x €,
t

—w; = VypFe(w) InQ,
L (B.C.) + (I.C))

e 0 =0(t,x): relative temperature, Interface

6 = 0: critical temperature;

o w = w(t,x): order parameter,
(

w =1, onliquid phase, S
< w = —1, onsolid phase,
Interface '

\ —1 <w< 1, oninterface




1. Phase transition models of Fix-Caginalp type

Keypoint. Coupled system of heat exchange and phase field dynamics
Q c RY (1 < N <3): b.d.d. domain,I" := 9: smooth

Basic formulation [Fix](1983-[Caginalp](1986

( L
(cOH + ?w) — KkoABO = h(t,x), (t,x) € Q := (0,400) x €,
t

—w; = VpFe(w) InQ,

((B.C.) + (I.C))
o e =cof + gw: enthalpy density, €£/
a kind of heat quantity; %
« L > 0: latent heat, > ()

e co > 0: specific heat,

ko > 0: heat conduction,
h = h(t,x): heat source.




1. Phase transition models of Fix-Caginalp type

Keypoint. Coupled system of heat exchange and phase field dynamics

Q c RY (1 < N <3): b.d.d. domain,I" := 9: smooth

Basic formulation [Fix](1983-[Caginalp](1986

—w; = VypFg(w) InQ,
L(B.C.) + (I.C))

o Fy(w): free-energy, wher¥,,: derivative w.r.t.w

Keypoint: s > 0: given constant

( L
(COH -+ ?w) — KoAO = h(t,x), (t,x) € Q := (0,400) X €,
t

w e L*(Q) — Fy(w) =k I (Dw) + /Qgg(w) dx

Interfacial energy

Double-well potential




{> Possible choice of free-energyVisintin](1996

e J(Dw) ::/ | Dw| := sup{ /wdivgodx
Q Q

1

} (total variatior)

e go(w) :=I_1 1y(w) — 5w2 — Ow (I|_; 1y: indicator function orj—1, 1))

+00 X I X+00 I (2R too X Go(w) X+00
A A 4 |
epi (I[-l,l]) -1
5 ® &> W
0 1
® o> W
-1 0 1

Dw

ngg(’UJ) = —kdiv (m

) + (91[_1,1](10) —w —0

Singular diffusion

Set-valued map by subdifferenti

Al

subject to homogeneous Neumann type B.C.

1. Inthis talk, we adop#anisotropic versiof the above&anisotropic total variation floy
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1.2. Statement of the mathematical model
() C R?: 2D-bounded domainW c R?: origin symmetric, compact, conveixt (1) > 0

System(S)w:
(@ +w),— A(6+ub,) =0 inQ,
) ( )t (0+1.0:) @ (1st.eq)
| 0=0o0nX:= (0,+00) xI', 8(0,z) = 6y(x), x € §;
( wy — kdiv (Ofy (Dw)) + 01— j(w) 5w+ 0inQ,
4 anisotropic total variation flow (2nd.eq)
. (homogeneous Neumann type B.Cw (0, x) = wo(z), = € .

Cozlio:l,L:Q,hEO;
10, - time-relaxations > 0: small consh.
W . structural unit of crystalWulff shapsg.
fw: 2D-norm(Finsler norn), st. W ={ ¢eR?| fw (&) <1 },
fy © dual norm offyy.

. . D
« Of7,: subdifferential off;, (W =D?:=conv(S') = afy (Dw) ~ \D—w|>

w

7. Hereafter, let us denote b¥,(w)y the free-energy, in each case of Wulff shape



1.3. Mathematical treatement of total variation flow W Wulff shape

e Viv(w) = (Dw) + /{2][_1,1](10) dr, Yw € L*(Q).

Definition by evolution equation: VW c R?: origin-symmetric, compact, convex,
Vo e L2 ([0,+00); L?(0)), w = w(t, ) is calleda solutionof (2nd.eq), iff:

loc
w € W,-2([0, +00); L2(Q)) N L2.([0, 400); BV(Q)), s.t.
w(t) + OV (w(t)) 2 w(t) + 6(t) in L*(Q), a.e.t >0,
equivalently,

(w(t) + 0(t) — we(t), z — w(t))L2(Q) < kVi(z) — kViy(w(t)),
Vz € L?(Q), Vt > 0;

subject to

w(0) =wo € D(Viy) =Dy :={ z€ BV(Q) | |2|] <1, a.e.inQ },

wheredVyy is the subdifferential oty in L2(Q).



1.3. Mathematical treatement of total variation flow
p € CLN }

e I (Dw) = /Qfﬁv(D’w) = SUP{ Lwdiv@dm fw(p) <1onQ

e Viv(w) = (Dw) + /QI[—1,1]<’UJ) dx, Yw € L*(Q).

Well-posedness: [Brézid(1973, [Mazon|(2001), [KenmochiMizuta-Nagai(1980
Total variation flow(2nd.eq) admitsa unique solutionpand in particular:

(w1 — w2)* (8) 32 < € (I(wo,1 = wo2)* oy + 161 = 82) oo szzcan )

for all ¢ > 0, all two solutionsw; with initial valuesw, ; € Dy and source terms
0; € L2 ([0, +00); L*(Q)),i =1, 2.

loc

Keypoint: [KenmochiMizuta-Nagai(1980 7-monotonicity
(21 — 23, (21 — 22) ") 200) > 0, V[zi,27] € OV, i=1,2.

The purpose In this talk:

to see some definite association betwgeametric characterisitiad \Wulff shapes
andinterfacegepresented by syste(®)yy




2. Geometric characteristics of Wulff shapes

(Case1) (Isotropic settiny W:= D? := conv(S').
(Case2) (Crystalline type setting W e ., where:

2 :={ P C R?* | P: origin symmetric compact polygon, circumscribedto }.

Lemma 2.1. Limiting situation ) {P,} C &,

(0). d.(OP,, Sl):: max{ sup dist(v,S"), sup dist (v, OP,)} — 0 asn — +oo
vEIPn vest

— Vp — V2, OnL?(Q), asn — +oo,
In the sense dgiMoscd (1969:

(ML) lim Vi, (20) > Vpa(2), f

z, — z weakly inL?(Q) asn — +oo.

(M2) Vz € Dy, H{Zn} C Dy, s.t
{ zZn — 21N L2(Q),
Vp,(zn) — Vip2(2),

asn — +oo.

1. This implies thecontinuous dependenfer (2nd.eq) w.r.t. Wulff shapesunder(?)..
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3. Key-properties of system(.S) w

Proposition 3.1 Solvability and boundednesy YW c R?: Wulff shape 6rigin-
symmetric, compact, convexV|[fy, wo] € (H*(2) N Hy(Q)) x Dy,

(i) 310, w] € WH2(0,+00; H*(2)) x (Wyee ([0, +00); L2(2)) N L§S, ([0, +00);
BV (€))), which solveqS);

(11) EINO,W = N()’]/V(l/,u) > (0 s.t. :
’9|%v1,2(o,+oo;H2(Q)) + |wt‘%2(0,—|—oo;L2(Q)) + “‘VW(WHLOO(O,%O)

< NO,W (1 + |90|?—{2(Q> + /‘3|w0|BV(Q))'

Keypoint: (equivalent reformulation[KenmochiNiezgodkd(19949

Property of energy-dissipatioithe following function is nonincreasing:

1 7
t € [0,+00) = J(t) = 5|0(8) F2(q) + 51001 ) T Folw(t)w

. Under the situation: (¢), {P,} c £, d.(0P,,S') — 0 asn — +oo, the constant

No.w can be takemdependentlyf W, becauseVp, ~ Ve (w)
7



Proposition 2.2 (Large-time behavior) W c R?: Wulff shape
0, w]: sol. of (S)y with initial value [0y, wo] € (H*(Q) N Hi(Q)) x Dy .

(I) (Convergence of )
0(t) — 0 in H2(Q) (in C(QQ)) ast — +oo;

(IT) (w-limit points of w) Let us set:

() 1= { we € L2(S) ‘ 3{t,} C (0,+0) s.t. t, / +oo and }

Then:

w(t,) — we IN L*(Q) asn — +oo

(1) weo(w) # 0, connected and compact ii¥ (Q2);
(ii) (steady-state problem) Vw., € ws(w) satisfies that:

(Soo)W m@VW(woo) S Weo N L2(Q)

Main focus: interfacial pattern, represented by steady-state solutions0, w |

(steady-state pattern)




4. Structural observation in (Case 1 —isotropic case—

(d) —divvy(z) <

’

\

I IA

1V

Key-Lemma 1. 0V for piecewise constant function$
[AndreuBallesterCasellesMazon|(2001), [S-Kimura](2005.

D c Q: domain, D¢ := Q\ D, I'p := 9D N Q: Lipschitz,
wp () := xp(x) — xpx(z), Vo € Q, and w} € L3(Q).
Then,[wp, wk)] € OVpe in L?(Q) x L?(Q), if Jvi € C%1(Q)?, s.t.

(a) |v5| <1, a.e. in; \ . Duwp
VD ~ Dw
(b) v}, = —nr,, H#*-a.e. onlp, | ;u')
. . * ) D
where nr, Is the unit outer normal o p; (VD S 3fD2(—|DwD|)>
J

(c) vi =0, s#*'-a.e. o,

wh(z), fwp(x) =1, wp+divvy(z) € 01— 1)(wp)
wh(x), If =1 <wp(z) < 1,
wh(x), ifwp(z) =—1, a.e.x € Q.




4.1. Solutions of the isotropic steady-state probleniS . )p2

Main Theorem 1. [S](2004), [Bellettini-CasellesNovagd (2002 Let X, be the
solution class of S, )p2. Then:

S(D?) := { wp:= xp — xpex | D C 2 : domain, fulfilling (A1),-(A4)o } C Xo.

(Al)p I'p := 0D n : Jordan curve

(A2)p dr > 2k, S.t.
D = U Wo(x; ),

x€D ,Wq(x;m)CD

ex
D™= ) Wo(z;r),
x€ DX W (a;r)C DX

where Wy(x;r) := (z + rBy) N Q2.

(A3)s 0 < p < r, the neighborhood:
Ip(p) :={ z€Q|dist(z,I'p) < p };
is C*-diffeomorphicwith [0, 1] x [—1, 1].

(A4)y (condition for stability The number of
inflection points ofl"p is finite.
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& Expectation: (A3),-(A4), are unnecessary

Why necessary? <= Technical reason in Geometry.

Ywp = xp — xpex € S(D?),

) { M (dp(2))Vdp(z), if z ¢ Tp,

VD:

—nr,, Ifxclp,

where

o \,. plecewise linear function, s.t.

sptA, = [—7, 7], A (0) = |Ar|lom) = 1

dist(z,I'p), ifxz € D,
) dD(x)—{ (z,I'p)

—dist(z,I'p), if z € DC.

T vy filfills (a)- (d) as inKey-Lemma because:

vh e CYY(Q)?, vy, =0onT, divry ~ Adp ~ (curvature ol 'p)
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5. Structural observation in (Case 3 — crystalline case—

Key-Lemma 2. (0Vp for piecewise constant function$
| CasellesChambolleMoll-Novagd(2008, [S](2007). W: Wulff shape

D c Q: domain, D% := Q\ D, I'p := D N Q: Lipschitz,
wp () := xp(x) — xpx(z), Vo € Q, and w} € L3(Q).
Then,[wp, wk)] € OVp in L*(Q2) x L3(Q), if vy € CO1H(Q)?, s.t.

(
(b) fw(rs) =1 and > vh € Ofiy (1pudy)
(
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4.1. Solutions of anisotropic steady-state probleniS..)p VP € &: fixed

Main Theorem 2. [S](2007) Let Xp be the solution class @5.,) ». Then:

S(P) := { wp:= xp — XD

(Al)p I'p: piecewise linear Jordan curve
S
dnp €N, st.Tp:=0DnQ =L

k=1
( Li: compactsegment, < k < np)

(A2)p dr > 2k, S.t.
D = U Wp(x;r)

xeD ,Wp(x;r)CD
D™= | J Wa(z;r),
xc DX, Wp(x;r) C DX
where
Wp(x;r) := (x + rP) N Q.

D C Q : domain, fulfilling (A1) p-(A3)p } C Xp.
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yierlngfp(y—w) =p }

Cp(p)p = { x
Then:
Fp = Cp(p)p N D, FZX = CD(,O)p N D

are allJordan curvedn other words,

"D
Ip(p)p = U Cp(r)p = U Li(p);
0<7<p k=1
where, L;(p) (k =1,---,np) aretrapezoids

o int(Ly,(p)) Nint(Li,(p)) = 0, if
1 S kl # kg S np.

T Geometric situation iguite easiethan that as in the isotropic caSg&., ).

1 Limiting observation, based dviosco convergeng&ould cover the geometric difficulty
as in the limiting problem.S. )p2.
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5. Stability analysis |0, wp]: steady-state solution, where:
wp = Xp — Xpex € S(W) with Wulff shapelV in either(Case ] or (Case 2.

Definition 4.1 (Range of oscillation$ 0 < 4, p < 2k,

0 51 H(Q) N Hy(Q)] 10]g2) < 8
Uw <|:wD:|;5,p> = |:’IIJ:| c X |’lI) —’U)D| < J a.e. inQ\FD(p)W

where I'p(p)w := { reQ| inf fwly—=z)<p }
yEI‘D

},

Main Theorem 3. (Stability analysis)
The steady-state solutidf, wp| showsstability in the following sense:

0 < 36, < 2k (small) which satisfies the followingk).
(%) 0 <Vo,Vp <y, dt, =1,.(0,p) >0 S.t.

w(t) =wp a.e. inNQ\ T'p(p)w;

Vt > t,., V[0, w]: solution of(S)y subject to[ 90] € Uw ({u? ];5, B).

Wo 2

15



<> Keypoint of the proof. Contradiction argument to show: for some smalk, > 0,
T :=sup{ T > 0| Zo(w(t)) > Fo(wp) +e«, Vte[0,T] } =+o0,
1°) smallness inC(Q)) of tempearture, based of?-boundednessH!-smallness by

energy-dissipatioandGagliard-Nirenberg inequality| g, < Const.|z\1/2 1/2

2°) comparison principléor single total variation flowi2nd.eq);
3°) to show the followingstability estimate of interfacial energy

3C', > 0: Independent ot/ and D, s.t.:
Viv (2) > Viy(wp) — C.(1 + diam(W) + s21(T'p)) (8 + p),
Vz € Dy satistying |z — wp|re@\rp(p)w) < 0

<< €4

by applyinggeneralized co-area formulaandvariational analysis for the interfaces.

6. Limiting observation

Definition 4.1 (w-limit set)

I{P,} C &, I{w,|w, € S(P,), n € N}, sit.
w-S(Z):=<¢ weE Dy | e d.(OP,,S') — 0

asn — +oo
o W, — w in L*(Q) }
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Main Theorem 4. (Limiting observation from (Case 1 to (Case())

(1) (Upper boundd w-S» Cc S , where:

¢ )
(Al)g I'p := 0D N Q: Jordan curve.
A2)) Ir>2k, s.t.
S* = { Wp:= XD — XDex ( 0 -~ >
i 2 D = U Wo(x;r), DT = U Wo(z; 7).
x€D ,Wq(x;r)CD x€DEX Wy (x;r)C DX
\ /

1. [Attouch|(1984) w-S» C Xy
(1) (Lower bound  w-S» > S. and S. 2 S(D?) , where:

( )

(Al)g I'p := 0D N Q: Jordan curve.

A2), JIr>2k, s.t.

S, = Wp:= XD — XDex ( 0 ’ .

i < % i D = U Wo(z;r), DT = U Wo(x;r). >
x€D, Wy (x;r)CD x€DEX W (x;r)C DX

\ /

(II1) (Stability) Ywp € 8., the steady-state solutig, wp| shows thestability,
just as in(x) of Main Theorem 3
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Remark 6.1. As is expected, the two condition{#3)y-(A4),, listed below, are
eventuallyunnecessaryn the argument of stability analysis.

(A3)o I'p(r)p2 is C*-diffeomorphicwith the rectangle0, 1] x [—1,1].
(A4)y I'p has at mostinite number of inflection points

{> Keypoints of the proof of (1 )-(Il ) Differential geometry

Key-Lemma 3. [S)](2009

Ywp = xp — Xpex € S, With the domainD, fulfilling (A1)y-(A2)y, 3{P,} C &,
D, }: sequence of domains {n, s.t.:

° an = XDn — XD%X - S(Pn)’ n = 1’2,3’ SR
e d.(0P,,S') — 0, d.(0D,,,0D) — 0, )
e Vp,(wp,) = (0D,) — #(0D) = Vp2(wp),  asn — +oo.

e Wp, — Wp N LQ(Q), )
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> Sketch of the proof of(lll ) of Main Theorem 4

Assume that:
e 0<6 <1, s.t. (r—20)(1-36) > 2k,

e 0<4,p<d, and [90] EUW([ X ];5,%).

Wo wp

Let us prepare:
e {P,} C 2, st d,(0P,,S') — 0 asn — +oo,
e {wp, € S(P,)|n € N}: sequence as ikey Lemma 3

e |0, wy]: solutions of(S)p,, n € N (resp.|d, w]: solution of(S)y2), having the
common initial valugfy, wy|.

Then, byKey Lemma 3 dn = n(p) € N, s.t.:

: > p _
yé?f)nfpn(x y) > p }CQ\FD(Z)a Vn > n.

Ou(p) = { 7€ 0
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Vn > n, Vz € Dy satisfying |z — wp|re@\r(p/2)) < 0, it follows from topological
equivalence of/p, andVp: that:

1
>
=11 d.(9P,, S}
S 1
= 1+d.(0P,,S!)

Vp2(2) Ve, (2)

(vpn(wpn) _ C.(1 + diam(P,) + #MTp, ) (6 + p)) ;

where(C, Is the positive constant as in the proofdéin Theorem 3

Lettingn — +oc yields that:

Vp2(2) > Vpe(wp) — C.(1 + diam(D?) + 24 (T'p)) (0 + p),
Vz € Dy Satisfying ‘Z — wD\Loom\p(p/Q)) <9

without helps from (A3)-(A4),

Now, the remaining proof will be an analogy of that as in the previous stability theory
adoptingcontradiction argument. H
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/. Future problems

(I) Analogous observations for the case.of 0.

System(S)w whenpu = O:

’

< (0 +w); — A0 =0 in @, (thereis naelaxation—A(ub;)) (Lst.eq
| 0=0o0nX:=(0,+00) XTI, 8(0,z)=0o(z), =€
[ w — kdiv (0f5,(Dw)) + 0L 1j(w) 2w+ 0in Q,

< | anisotropic total variation flov% (2nd.eq)
| (homogeneous Neumann type B.Cw (0, z) = wo(z), = € (L.

1. Keypointwill be the L>°-estimate of temperature

(IT) Joint tocontrol problemsbased onS)y, and theimumerical simulations
Jointwork with:

e Prof. YamazakiKanagawa Uniy. Theoretical approach for optimal controls;

e Prof. Okazaki Gifu Nat. Col. Tech. Numerical approach for optimal controls.
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