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Introduction

Three examples of singular diff
(1) Second order total variation

u, =div(Vu ! |Vu|,

usion equations
flow

L" —qgradient flow

of the total variation

@(u):I\Vu .

(
u, =—gard chb)



(2) Fourth order total variation flow
u, =—Adiv(Vu /| Vu|)

H* gradient flow of total variation
(3) Fourth order surface diffusion law
H ! gradient flow of

qnq(u)=q>(u)+3jwu|qu

for g>1 and v>0.



Sources of problems:
Image Processing/ Crystal Growth

(1) Rudin-Osher-Fathemi(1992): denoising image
Angenent — Gurtin(1989),
Taylor(1991) : crystalline flow

(M.-H. Giga — Y.G.(1998-), Bellettini et al ....
(1999-) R. Kobayashi- Carter — Warren(2000)
model for grain motion)

(2) Vese-Osher(2002): denoising image. ( C.M. Elliott
et al(2007)(2009))

(3) Model for evolution of crystal surface under
roughening temperature (relaxation dynamics)

H. Spohn(1993), V. B. Shevy et al(2003),(2004)
iInconsistent with step motion model (microscopic?




Note: The problem (1)-(3) should not be taken
literally, since right hand sides are undefined
when Vy =0 .

(Subdifferential formulation U, < —5(0(%)

Initiated by Y. Komura developed by H. Brezis fits
well. See e.g. a nice book by

[ACM] F. Andreu-Valillo, V. Caselles, J. M. Mazon,
Parabolic Quasilinear Equations Minimizing
Linear Growth Functionals, 223 Birkhausar(2004)
or a review for heuristic explanation

R. Kobayashi and Y. Giga, J. Stat. Phys 95(1999),
1187-1220




Actually, the speed is determined by nonlocal
guaintly.

Example: ( _( )
< ut — Sgnux . / flat part
. 5 N stopping
L I/l‘ =0~ U / 5 /
: . b
with periodic B C 20 o

The speed of the féat part

TR —a())]
(Formally obtained by integrating over a—=o0 ,b+6

for small o > 0 and sending § —0 assuming
u, =const on (a,b))
b — a : the length of facet.



Problem: Solutions are expected to become
zero In finite time. Does one estimate
upper bound for extinction time? In
physical literature for (3) It iIs shown
numerically that solutions become flat in
finite time. Does one get the estimate with
size-free or scale-invariant?




What does it mean scale-invariant estimate?
Example. Fourth order total variation flow
u, = (= A )div (Vu /‘Vu‘), ”‘;:o =u,.
This has two scale invariance
t > Atu—Au,x—xlt—=tu— u,x— Ax.
First invariance implies 7'(w,) is positively
homogeneous of degree one — I.e.
T (Auy)= AT (u,) for A > 0.
Here T*(u,) is the extinction time with initial data u, .
This suggests an extinction time estimate
T (uy )< Clusy, -
Second invariance restricts the character of the
norm |1



2. Second Order Total
variation Flow

For Simplicity we impose periodic B.C.

Formal Argument(1) Simplest case 2-D

Multiply % with u, = div (V u /|[V u|)
and integrate by parts in a period cell.

2dt“u == |V u]
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where integration is one period cell 1.’
By (isoperimetric) Sobolev inequality

n-1

(“u\n"lj”g S, [ |vul
(assuming the average of U, equals zero so
that [udx =0 )

with space dlmensmn n=2 implies
2 dr o Jl == (Hu

e 12(T2) [ ()< o - 22(T7)] - 55,
which deduces

T (u,)< Sz_lHuo :LZ(TZ)H.

This implies



Formal Argument :(2) General case

Theorem 1.
For the periodic problem in dimension n > 2

T*(ug)< S, uy: L (T")

with initial data 4, e 12 (T")
Here

the extinction time satisfies
L (T”): {uo e L’ (T” ): juodx = O}.

12




n>2 even: Multiply 3"t with w, =div(Vu/|Vu)
and integrate by parts yields

1d

n dx
=—(n—1)Ju

The Sobolev inequa
1 d

n dt

which implies

Vu‘ —HVu -

ity imp

u" < -8 (

u” —ju u, —J ”ldzvVu/‘VuD

les

L )(n—l)/n’

7)< g (7| -

13



A. Sobolev inequality

Sobolev constant S, is independent of the
dilation. In that sense It Is scale invariant.
However, it still depends on the shape of
domain.

Let C, be the best Sobolev constant

Hu :LZ(TZ)H < CL'HVM‘
for u with average zero where the period cell
Is [0,L)x[0,1/L).

1/L 7




We restrict our attention to a(x) = f(xl)
(depending only on x; ). The Sobolev inequality

iImplies .

G ) < et )]

for any f with mean value zero.
Changing variables by x, =Lz gives

[leGfa) < [le)

for any g with zero mean value on (0,1).
This implies |im €. = o°.

L—>
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B. Definition of solutions

The solution should be interpreted by
subdifferential equations.

d (u):;-“ T Vu‘ , U €& BV( n)
" 00 -otherwise

\

, .
H:Lav(Tn) Hilbert space
IS a convex, lower semicontinuous function

T
on H

16



Abstract theory (Komura(1967), Brezis(1973)).

Let (0 be a convex, lower semicontinuous
function in a Hilbert space H .

Then for each u, € H there is a unique solution
ueC([0,00),H)nAC(s,T],H) forallT > 5 >0

such that du/dt e —0p(u)t)for a.et >0

with u‘t:O:uo e H .

Note: AC denotes absolute continuity so U Is
differentiable almost all ¢ > 0.

For application we takep=®_, H = wa( | )

17



C. Other boundary conditions
Dirichlet : H =I*(QY), QcR"

(DD(M):

Here U on OQ)

N

rJ‘ \Vu\ + I ‘u‘ds
Q o0Q
for u eBV(Q)
00 otherwise

is the trace of © on 0Q.

Neumann: H = [? (Q)

o ()= 1[IV

, ueBV(Q)
o , otherwise

.

Parallel results hold for @, and ®@,.

18



D. Indication for rigorous

alfguim ents
(1) Use characterlzatlon of subdifferential
Truncate: U lu|<k
u, =1 k u>k
—k u<-=k.

Multiply 24 1Wlthu = dIV(Vu /‘Vu‘) and
iIntegrate by parts to get
1 d n—
el ALY U I
Not straightforward: use characterization of
subdifferential.

Treatment of |V [u,|"™*| difficult

19



(i) Approximation by a smoother energy

CDf[(u)z_..Tn \/‘Vu‘z P

2

2

B

Vu‘z

Equation U, € _(’M)fr formally reads

u, = div

( A

+ e°Au.

Vu
AlVulfre?

20



+ Derive a priori estimate on (0,7), 7 < T (x,)
forany o >¢&/2

[ (1) (e) < g - (T7)] - 8,0

+§[n—1)77_(”_1)_[0t u’ :L”_ZHH_Z(T)dT.

Here Hug :L”H(t) is decreasing in time and

7 =inf}

» Use stablility theory for subdifferentials.

u®L"|(¢), O<t<T}.




E. One-dimensional problem

The proof is more involved. We approxmate ‘u\
by \/\u\ +&°

L )| | uy : 22(T0) |~ 1

Note for Cauchy problems 7*(u,)=o0 if u, ¢ '(R)
for u; positive, even with u, <0 forx >0

and u,(x)= Afor x| < r, and uy(x)< 4 with u, <0
for ‘x‘ > 7.

22



F. Comparison with other result

(1) Andreu — Caselles — Diaz - Maz6n(2002)

P, L),

Dirichlet or Neumann in Q with
boundary.

d(Q) - diameter of )

‘OO

_ipschitz

Comparison with evolution of characteristic
functions /1(1);(3 where B is a ball

(There Is an explicit solution of this form.)

23



(i) E. DiBenedetto (1993)

u, —diV(‘Vu‘p_ZVu)zO, 1< p<?2
2—p ¢ n(2—p)
| p
1< p<

T*(uo)SCHuO:LS =2
2n

n+ 2

Cauchy problem, Dirichlet problem
His estimate reduces ours by taking p ¥ 1.

Critical exponent: p < 2-2/(n +1)< finite time extinction
(Vazquez, Section11.5.4, 2006 Smoothing and decay
estimates for nonlinear diffusion equations)

(cf the method by Benilan-Crandall(1981))
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(i) Benilan - Crandall (1981)
U, — A(|u‘m sgn u): 0 (Cauchy problem)

2-2m 1 1 1

2"-2 2" 2 n
(k >0 m< (n—Z)/n)subcriticaIIy fast diffusion)
T*(u,)< C(jR” ul dx )Z/n

Note if m > (n — 2)/ n , then finite time extinction

never occurs for U, e LI(R”), u, # 0.

u,e L' "L B =

25



3. Fourth Order Total Variation Flow
u, = —A[div (Vu /‘Vu‘)]
HY,(T")={ ue H*(T"): fu dx=0]

inner product ((f, g}, = . V- Vg dx
HT")= dual of H?,

inner product (( £, g))_, = j (=AY fgax
-AH, > H) f e ()

(Isometry)



Rigorous fourth order total variation flow

U, —8gp(u)

H=H,, ou)=®,(u)

Fundamental energy identity

Lemma 1. Let U be the so

S

:‘Vu .

ution. T

hen

27



Formally multiply (_ A)—lu with
u, =—A diV(Vu/‘VuD and integrate by parts.

General Principle : "Euler equation’

<u,8CD(u)>: dD (u)

for d - homogeneous function O
We take the inner product of g and the equation

(@), ==, 1) For 1 e 0p(u)

to get the desired identity.

28



Easy Case : 4-dimensional case

HMZH_l

=|a) ]

<AW(-A)"u:1|, 12=1 p-1/n

by Sobolev
(n=4< p=4/3)
< A4, Hu L7 H

by Calderon-Zygmund



If n=4, then
Hu :H‘lH < A4/3H“ - L3 ‘
£A4,BS4an Vu‘

forany u € BV(T”).
Then Lemma 1 yields

yal O 1]



Theorem 2. For the periodic problem with
dimension 4 with initial data 4, H;vl(T“)

s 1 ()<

t <T*(uy). I

a

U, :H‘lH—(A4,3S4)‘1t for

narticular

T (u,)< A4/3S4H“0 :H_1H

How about other dimensions? We have
extinction time estimates for n < 4

But no estimate is available for n > 5.

31



General case

Theorem 3. Assume 1<n<4,1<p<0,1/2<0<1

satisfying 1+Z2=0(m-1)+(1- 9)(73 + i)
2 . p

Let 14 be the solution of fourth order total

variation flow with 1, Ha_vl (T”) . Then

N (9 - CH| tA(s)ﬂ_lds

0
forall t<T~ (uo) W|th —2_ (1/9) and
A( ) T” Tt H uo‘

As a conseguence
T*(u,) < ,u_lCimH(—A)_luo

s

T

32




Notation

. HWHW-LP :Sup{an owdx @ € Cé( ”),
HVgo . <1 }
Y p+lp'=1

. C, is a constant appearing in our key
Interpolation inequality.

: ‘T”‘ denotes the volume of the period cell.

33



B. Ingredients of the proof

() Fundamental energy identity (Lemma 1)

(i) Weak growth bound for H(— A)_lu‘

jir L

(i) Interpolation inequalities

34



(1

Lemma 2. Let U
total variation f

U, € Ha_vl(T”). T

ne the solution of the forth order
ow with

hen for 1<p<oo we have

(-a)* <P e A) |
forall ¢ > 0.
Formally _H e CYNRT
_ ldiv ¥ <2 < e
Vaull, ., [[[Vulf,

35




(iii)

Lemma 3. (interpolation inequality) 1<n<4,1<p <o
1/2 <0 <1 Assume that 1+g=«9(n—1)+(1—9)(3+£]
1
C.|(-A) u

p
1-6 2]
|W—1,p q T" )
for all u eH;j(T”)mBV(T”).

The constant C* IS scale — invariant.

Then 4C, s.t.

<

36




C. Proof of Theorem 2

We set y(t)z Hu‘H_l (t) . Energy identity and
Interpolation inequality implies

(-A)"u

(1-0)/6

it
~-1/6
M=C*°.

The growth estimate implies

yi(ile)% <_M (A(t))(e_l)/e.

37



Integrating over (O, t) gives

%(y(t)ﬂ — y(O)ﬂ) < —MI;A(S)H/@ ds
This implies extinction time estimate.
ObservejOtA(s)”‘lds = L((at + A, ) - Ag‘)

ua

1/ p

with @ =|T"|"", 4, = A(0). We end up with
y(0)' > M[(aT"* + 4" — 4]/ a

= MA} ((1+ al " A} —1)/a
> MAY uT™ Ay

38



D. Idea of the proof of
Interpolation inequality

easy case p —= OO




By definition of 7 1* we have

el y < J Vel - 8) "]
(This is the case #=1/2, p=o, C =1 )
( p=o, n<3=60=1/2 )

(p=9,n=4,ﬂ2<9 <1
], « < [V ul)

Remaining case n<3 1< <o

40



Strategy
U=u,+u, Uu,:regularparts
U, : singular parts
(This approach is convenient for negative norm.)

R. Kohn-F. otio2002) ([ [ = [Vl .|V u]
u . is given as convolution with mollifier]

Here we take 1 = e 1 . Good for proving

Gagliardo-Nirenberg type inequality

(cf. M.-H. Giga, Y. Giga and J. Saal, Nonlinear
PDEs, Asymptotic Behavior of Solutions and Self-
Similar Solutions, Birkhausar(2010). Chap.6.)
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2_1 = J (- A)_lu -udx

e

S‘ j(— A uu, dx ‘+U(— A uu, dx‘

=L+, u = I;AQTAMdT

(-a) 4|

L — LjL estimate for the heat semigroup yields

Ve tu| | =[e"Vu| <M [|Vid

LP

I, < HVeTAu

Lp' wLp '

LP

42



Thus
1< My (| \vu\)H(— A)'y

-For 1, we have

e

dr.

L2

I, < Hu“Hljg“VerAu

Again we use

A
HVeS U

g MZS_”MHVM‘

Since 1< n < 3, this is integrable on (O,f)-

43



We thus obtain

L <M " u

H™ .[

(-A)"u

Vu‘.

Thus [uff . < (v, - Ml )

pir L

XI‘VM‘ forally >0.

Taking [ suitably we get the
desired estimate.

44



Remark (1) For the Neumann problem or
Dirichlet problem it is likely we have similar
extinction time estimate. In fact, conclusion
In Theorem 2 (4-dim result) is still valid for
these problems. To extend Theorem 3 we
have growth estimates. However,
Interpolation inequality needs more effort to
extend because simple replacement of

45



A . . .
€ by the heat semigroup with Dirichlet and
Neumann Laplacian does not work in

Ll setting. Another way to extend Is to extend
functions to a big periodic cells controlling norms.

46



(i) To get a growth estimate we invoke a
characterization of subdifferential.

Lemma 4 [ACM] Assume that ve D(®_ )< 12 (T")

f 5(I)7T(V)
C>E|Z€LOO(T",R") such that
f =—-div z, HZ <1

L>

an fvdx = CDﬂ(u)

a7




Lemma 5 (Characterization of O HlCDﬂ(v) )
veD(®,)c HT"), f e H H(T")
fed,..(v)
o 3dzelL (T",R")
(— A)_lf = dlvz, HZ

[ (CA) fvde=a (v)

<1l
LOO




Lemma 5 follows from Lemma 4

Lemma 6 f = aH_lq)ﬂ(v)

<

(v

4

)
sup

~

O

I

7l ((_A)_lf)gl
)_1f-vdx =

- (v)

U ywdx [ D _(w):w e wa(T” )}




4. Fourth Order Surface Diffusion
Law

u, = (~A)[div(Vu /|[Vu|+v|Vu|" V)]
g>1 v >0

energy

( 1%
D (u) _. D (u)+ ; an ‘Vu‘q dx

|0 otherwise
a characterization of subdifferential in
Y. Kashima(2004), Adv. Math. Sci. Appl.

50



Theorem 4. Assume 1£n£4, 1< p<qllg-1)

1/2 <0 <1 satisfying 1+ Z=0(m-1)+ Q- 9)[3_ _j
Let U be the solution of fourth order total variation
flow with u, € Havl(T”

Then H u‘ . (t)ﬂ <

u-1

— U C;llej;A(S) ds

forall 7 < T(u) with 4=2-1/6 and

A@)= [T v T [ (g 0 ()
with 1/r=1/p+1/q—1(q/(q—1)2p<:>er)
As a consequence we have

(1)< |- 4)
Y7,

1-u

MOHH‘l'
51
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Remarks

(1) Final extinction time estimate is the same as
Theorem 3. By approximation we actually need
not assume CD;]T (“o ) < 0o to get extinction time
estimate.

(i) The growth estimate is slightly different
||(— A)u |W (¢)< Al).
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(i) Energy identity as

2_1 ()= _IT” ‘Vu( t)‘ — ,uan ‘Vu( t){qu

for a.e. r>0

po

(iv) The second term does not help or does not
hurt to get extinction time estimate.
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(v) Open problems

(a) What happens for >§5 ?

(b) Consider more general equations which
often appear in relaxation dynamics below
roughening temperature

u, = —div M(Vu)Vdiv[&+ vquZVu]
vl

with mobility tensor M > 0 . Even existence
of solution is not known unless M Is a
constant.
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(vi) What Is the main difference between
second and fourth order total variation
flow?

[MI-Ho Giga - Y.G 2010]

Failure of comparison Principle
Failure of conservation of Continuity
(Formation of jump discontinuities)
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