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L ntroduction Y > Fomaton of Clster
Aims: Theorem 1. (Compactness and Formation of cluster, [1])
e Do not start a priori from a lattice model, but allow Let V/ be an interatomic short-range potential (see ii.), {Xl(N), . ,X,(\,N)} be a sequence of
arbitrary atomic positions. connected N-particle configurations of bounded surface energy,
e Justify, at zero temperature, why a large number of () (N) .
’ ’ o /2
atoms self-assemble in crystalline order into a cluster ECq - oxy ) = 6N+ CNV, (2)
of special geometric shape. and .y be its re-scaled empirical measures (see (1)). As N — oo, up to subsequences,
e |dentify the cluster set. 5
K
It turns out that both points above are ultimately conse- KN \/§XE '
quences of energy minimization at the atomistic level.
_ _ where E Is a set of finite perimeter of volume §
Key ingredients:
e Rigorous interfacial energy via [ -convergence Remarks.
e WuIff sets as minimizers of a coarse-grained e |n fact, any set E of finite perimeter and volume ? can arise.

e Configurations containing (a.) vacancies, (b.) elastic deformations or (c.) inclusions of phases with different
lattice structures satisfy the bounded surface energy condition (2), and in particular the hypotheses of
Theorem 1, as long as these only occupy regions of size O(N1/4).

2. Setting _ S  CUIINSSSNNSSGL o smmii

Starting point:
e /\/ atoms with centers at x; € R?
e Interatomic short-range potential,

V:R.o — RU{oo} =: R, to be specified later,
e model potential energy

Herring-type functional

_ 1
E:RN SR, E(x,... xy) = §ZV(\X/ — Xj|).

4V Shape, dentiicaton of Clter

17
Interatomic short-range potential: Theorem 2. (Wulff shape, [1])
Our analysis is carried out for the following potentials V: Let V be the Heitmann-Radin potential (see .), {xl(N), o X/(VN)} be a sequence of minimizers
. Heitmann-Radin 'sticky disc’ potential of E and let upy be its associated re-scaled empirical measure (cf. (1)). Then
viore e (Heitmann/Radin 1980, [4])
+oo O0<r<l up to a rigid transformation {XfN), o ,(\,N)} IS a subset of the triangular lattice,
Vin=<{-1 r=1 1 e as N — oo, up to subsequences and rigid transformation,

0 r>1 K 2
29 \/§XH,

> Rigorous nterfacial Energy Result

It is convenient to re-write E in terms of the re-scaled empirical measure, introduced in (1):

where H Is a regular hexagon.

Il. short-range pair-potential

+oo O0<r<ao :
V(r)=<cts. a<r<p R
0 r > 0, o

(where: @ minimum attained at r = 1,

e narrow well property fulfilled, i.e. o, B close to 1)

In(w) = E(x,...oxn), W= %Z,N:l 0,y Xidistincton triangular lattice
00, otherwise

Theorem 3. (Interfacial energy result, [1])

The sequence N~1/2(/,, — inf /) converges in the sense of Gamma-convergence to the
Wulff /Herring type functional

Essential ingredient:
Associate to each atomic configuration {xq, ..., xy} C
R? its re-scaled empirical measure

;N () Jo e T(we)dHY (x), u= %XE for some set E of finite perimeter and mass§
._ w) = .
N = N Z 5x,-/\/N (1) - +00, otherwise,
=1

Remarks w.r.t. weakx convergence of probability measures. [ I1s the surface energy density and can be
e Re-scaling in (1) makes expected mass and volume of calculated explicitly.

minimizing configuration bounded as N gets large.
e Usage of empirical measure and identification of limit measure Remark. The limiting cluster set in Theorem 2, a regular hexagon, can be identified by observing that /. Is, up

via Gamma-convergence first introduced in [2]. to translation, uniquely minimized by the characteristic function of the Wulff set (cf. [3],[5]).

e Empirical measure (Eulerian viewpoint) makes physically more
sense here than a Lagrangian viewpoint in which one

parametrizes an atomistic configuration by displacement from a

reference configuration.
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On the left is the polar plot of I'; on the right is the WuIff set obtained as the intersection of the highlighted hyperplanes

5~Ofsnot ond Ongong Work

Our prototype model already captures the key aspects of (1) formation of a local lattice struc-
ture, (2) emergence of a well-defined surface energy density (as N becomes large) and (3) the
emergence of an overall geometric Wulff shape.

Ongoing work: =~ - | - .
generalizations to 3D, in particular establishing the rigorous Gamma-limit for several lattices,
e.g. fcc and hep, and identification of the limiting Wulff shapes.
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