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A Hamilton-Jacobi equations with discontinuous
Hamiltonian arising from weighted mean curvature flow

Piotr Rybka, joint work with Yoshikazu Giga and Przemysław Górka

Our goal is to present an application of the viscosity theory to the wmc flow

βV = σ + κγ (1)

for “admissible graphs with facets”, where κγ is a singular curvature.



It turns out that equation (1) written in the local coordinates takes the form
of a Hamilton-Jacobi equations

ut + H(t, x, u, ux) = 0 t > 0, x ∈ IR, u(0, x) = u0(x) x ∈ IR. (2)

In interesting cases the Hamiltonian H is discontinuous.

Our goals:
1) establish existence of viscosity solutions;
2) establish a Comparison Principle.
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1. Motivation.
In many free boundary problems the modified Gibbs-Thomson law appe-
ars, an example is the ice crystal growth. The law takes the form of a driven
weighted mean curvature (wmc) flow

βV = σ + κγ on Γ(t). (3)

Here κγ is the wmc and it has be to carefully interpreted. Formally, the
wmc flow is a 2nd order parabolic equation. It is interesting to look at the
evolution of a graph of the function over IR.
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The driving term σ appearing in (3) will satisfy a set of physical restriction.
Additionally, we will impose conditions on its behavior at space infinity for
the sake of studying the Comparison Principle.

The wmc flow (3) is very interesting also if σ ≡ 0, provided that the initial
data are general. A variational solution was constructed by G.Bellettini,
M.Novaga, M.Paolini, [2-4] and A.Chambolle [6]. Y.Giga–T.Fukui [12] used
the theory of nonlinear semigroups. A different approach implemented is
by P.Mucha and P.R., [19]. Our present problem is closely related to the
work by M.-H.Giga and Y.Giga [13], [14] on viscosity solutions.
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2. Evolution of graphs by WMC
2.1. Ingredients of βV = σ + κγ. They are:

• the positive driving term satisfying the symmetries σ(x1, x2) = σ(±x1,±x2)
and the Berg’s effect, i.e.

xi
∂σ

∂xi
(x1, x2) > 0 xi 6= 0, i = 1, 2;

• the energy density function γ(p1, p2) = |p1|γΛ + |p2|γR,
• κγ, the wmc of Γ: κγ = −divS

(∇ξγ
)

(n), (divS means the surface di-
vergence). The main difficulty is to give meaning the terms looking like
δnΛ(n)dndx , where the normal n may have jumps.
• the kinetic coefficient β is consistent with γ, it is a function over IR2.
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2.2. The evolution in the local coordinates
We used here an approach based on a variational principle to derive a trac-
table set of equations, it is similar to that used by G.Bellettini, M.Novaga,
M.Paolini [2-4] and A.Chambolle [6].

We restrict our attention to graphs of admissible functions d : IR→ IR+, i.e.
d is even Lipschitz continuous; dx vanishes on an interval containing 0 and
d|[0,+∞) is non-decreasing.
Proposition 2.1. (see [15], [16]) The wmc equation (3) takes the following
form

β(0, 1)L̇0 =
∫ r0
0− σ(t, s, L0) ds +

γΛ
r0

on [0, r0] (4)

dt = σ(t, s, d)m(dx) for s ∈ (r0(t),∞)

where m is 1/β(n) written in the local coordinates and m is Lipschitz conti-
nuous such that it is convex for |p| ¬ 1, m(p) = m(−p), and

1
β(0, 1)

= m(0) ¬ m(p), m ∈ C2(IR \ {0}), m(p) ¬ C(1 + |p|).
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Note: The point r0 is a genuine zero-dimensional free boundary. For a
generic σ, ṙ0(0) is different from zero, the sign of ṙ0(0) may be determined
from r00, L0, d0, σ,m. We are interested in a more difficult case of ṙ0(0) > 0.

In order to write (4) as a single equation we set

d̄(t, x) =




L0(t), if x < r0(t)
d(t, x), if x ­ r0(t),

(5)

H(t, x, u, p) =




−σ(t, r∗0(t), u)m(p), if x < r0(t)
−σ(t, x, u)m(p), if x ­ r0(t).

Hence (4) takes the form

d̄t + H(t, x, d, dx) = 0 in (0, T0)× IR, d̄(0, x) = d̄0(x), x ∈ IR. (6)

Here r∗0 is uniquely defined by σ(t, r∗0(t), u) =
∫ r0
0− σ(t, s, L0) ds +

γΛ
r0

. We note

Proposition 2.2 If ṙ0(0) > 0, then r∗0(t) > r0(t), hence H is discontinuous.
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Here are our main results.
Theorem 2.3 (see [13]) Let us suppose that σ satisfies the above constra-
ints, d̄0 is an admissible initial condition, and ṙ0(0) > 0. Then, there exists a
unique properly defined interfacial curve r0 and a BUC-viscosity solution d̄
to (6) (and (2)). Moreover, d̄ piecewise C1.

Theorem 2.4 (see [17]) Let us suppose that u is BUC-subsolution v is
a piecewise C1-supersolution to (6). Moreover, σ and v satisfy additional
technical conditions at∞. If u(0, x) ¬ v(0, x), then u(t, x) ¬ v(t, x) for t ­ 0.
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3. Classical Comparison Principle

3.1. Classical Comparison Principle
We recall the standard definitions for continuous Hamiltonians.
Definition 3.1. (a) We shall say that u (resp. v) belonging to BUC((0, T )×
IR) is a viscosity subsolution (resp. a viscosity supersolution) of

ut + F (t, x, u, ux) = 0.

provided that for all C1 functions ϕ : (0, T )× IR→ IR such that u− ϕ (resp.
v − ϕ) has a local maximum (resp. minimum) at (t0, x0), then

ϕt(t0, x0) + F (t0, x0, u(t0, x0), ϕx(t0, x0))¬0.

(resp. ϕt(t0, x0) + F (t0, x0, u(t0, x0), ϕx(t0, x0))­0) .

(b) We shall say that d ∈ BUC((0, T )× IR) is a viscosity solution of (2) pro-
vided that it is its viscosity subsolution as well as a viscosity supersolution.
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Theorem 3.1. (classical Comparison Principle)
Assume that H is Lipschitz continuous and strictly increasing with respect
to the third argument. If u is a subsolution and v is a supersolution to

ut + H(t, x, u, ux) = 0 t > 0, x ∈ IR, u(0, x) = u0(x) x ∈ IR

with u(0, x) ¬ v(0, x), then for all t > 0 we have u(t, x) ¬ v(t, x).

Much less is know when H is discontinuous, most of the papers deal with
H = H(t, x,∇u), i.e. for non-homogeneous eikonal equation, e.g. Camilli,
Siconofli [5], Chen, Hu [7], Deckelnik, Elliott [9], De Zan, Soravia [10], To-
urin 1992. Our effort is on extending them to the case of H depending on
u.
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3.2. Our discontinuous H.
In the case of interest H takes the form

H(t, x, u, p) =




−σ(t, r∗0(t), u)m(p), if |x| < r0(t)
−σ(t, x, u)m(p), if |x| ­ r0(t).

(7)

In addition to the presented properties of σ we need,

0 <
∂σ

∂u
(t, x, u) ¬M. (8)

The assumptions on r0, r∗0 shall be presented below.
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3.3. Assumptions on H

We shall list the assumption reflecting the main features of the pictures.

(R1) r0, r∗0 ∈ C0([0, T ]), for all t ∈ [0, T ] r∗0(t) > r0(t) and {(t, r0(t) : t ∈ [0, T ]}
is a Lipschitz curve.

This reflects our need to localize the discontinuity, this is in line with most
of the literature.

(H1) Hamiltonian H is lower semicontinuous in [0, T ]× IR× IR× IR;

(H2) H is continuous away from Γ = {(t,±r0(t)) : t ∈ [0, T ]} and it has a
jump discontinuity at Γ.

(H3) H∗ is continuous in G = {(t, x) : |x| ­ r0(t)}, while H∗ is continuous
on the closure of ([0, T ]× IR) \G.
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Here H∗ (resp. H∗) is the upper (resp. lower ) semicontinuous envelope of
H. These are formally defined by:

H∗(x) = lim
ε→0+

sup{H(z) : z ∈ B(x, ε)},
(9)

H∗(x) = lim
ε→0+

inf {H(z) : z ∈ B(x, ε)}.
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These conditions implying discontinuity of H require a proper adjustment
of the definition of viscosity solutions, it is in line with of the notion of sub-
(super-)solution introduced by Barles-Perthame [1], Ishii [18], and more
recently by Coclite, Risebro, [8], for discontinuous Hamiltonians.

Definition 3.2. (a) We shall say that u (resp. v) belonging to BUC((0, T )×
IR) is a viscosity subsolution (resp.viscosity supersolution) of (13) provided
that for all C1 functions ϕ : (0, T )× IR→ IR such that u−ϕ (resp. v−ϕ) has
a local maximum (resp. minimum) at (t0, x0), then

ϕt(t0, x0) + (H)∗(t0, x0, u(t0, x0), ϕx(t0, x0))¬0.

(resp. ϕt(t0, x0) + (H)∗(t0, x0, v(t0, x0), ϕx(t0, x0))­0) .

(b) We shall say that a bounded, uniformly continuous function d : (0, T1)×
IR→ IR is a viscosity solution of (13) provided that it is a viscosity subsolu-
tion as well as a viscosity supersolution of (13).
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Symmetry of H is just for the sake of simplicity. That is, we impose,
(H4) For any ε1, ε2 in {−1, 1} we have H(t, ε1x, u, ε2p) = H(t, x, u, p).

Monotonicity of H is crucial for our argument, thus we assume,
(H5) Hamiltonian H is strictly increasing with respect to u, i.e. there is a
positive h0, such that the following inequality holds for all u2, u1, x, t and p,

H(t, x, u2, p)−H(t, x, u1, p) ­ h0(u2 − u1). (10)

Proposition 3.2. If H satisfies (H5) so do H∗ and H∗.

Remark. It is possible to convert H given by (7) into one satisfying (10), by
means of the following change of variables vnew = etλuold, where λ = −2M
and M is the constant appearing in (8).
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(H6) For all t, u and p function x 7→ H(t, x, u, p) is decreasing for x > r0(t),
moreover H(t, x, u, p) = H(t, r∗0(t), u, p) for x ∈ [−r0(t), r0(t)].

This reflects the special conditions we consider.

(H7) lim
|x|→∞
p→0

H(t, x, u, p) = H∞ ∈ C([0, T ]× IR) locally uniformly with respect

to (t, u) ∈ [0, T ]× IR, i.e. H∞ does not depend upon p.
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We do not impose explicit boundary conditions, but we have to control the
behavior of supersolution at infinity.
Definition 3.3. For H satisfying (H7) we shall say that a piecewise C1-
function w is a supersolution at infinity provided that w is a supersolution,
the following limits exist and are uniform with respect to t ∈ [0, T ],

wt → w∞t , w → w∞, wx → 0 as |x| → ∞
and

w∞t (t) + H∞(t, w∞(t)) ­ 0. (11)

We shall call w a strict supersolution at infinity if it is a supersolution at
infinity and the inequality in (11) is strict.
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Theorem 3.3. (see [17]) Let us assume that a measurable function H sa-
tisfies (R1) and (H1–H7) and for u, v ∈ BUC([0, T ]×IR) following conditions
are valid:
(a) v is a supersolution to (6), u is a subsolution to (6).
(b) v is a piecewise C1-function.
(c) v is a supersolution of (6) at infinity.
If u(0, x) ¬ v(0, x), then for all t > 0

u(t, x) ¬ v(t, x).

We impose conditions permitting us to control the behavior ofH and super-
solutions at infinity. We assume that the set of non-differentiability points of
v is small and sets of discontinuities of H and vx are ‘aligned’.

The proof proceeds in several stages: we move the problem away from the
jump discontinuity of H by considering a “shifted supersolution”. We mo-
dify H to make it a continuous function, so that the classical CP becomes
applicable.
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In order to state our next observation it is convenient to introduce the notion
of a strict supersolution. It is known in the literature, see e.g. Tourin, [20],
for C1 sub-, supersolution, here however, we have to relax the regularity
assumptions.

Definition 3.4. We shall say that a supersolution v is a strict supersolution
of (6), if for any test function ϕ ∈ C1 such that v − ϕ has a minimum at
(t0, x0), then

ϕt(t0, x0) + H∗(t0, x0, v(t0, x0), ϕx(t0, x0)) > 0.

We define a strict subsolution of (6) in a similar way.

Proposition 3.4. (see [17]) Let us suppose that the assumptions (R1) and
(H1)–(H7) hold. If v is a supersolution of (6) so is v + ε for any positive ε.
Moreover, v + ε is a strict supersolution.
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We define the regularized Hamiltonian. For δ > 0 we set

Hδ(t, x, u, p)

=





H(t, x, u, p) |x| ­ r0(t) + δ,

(1− λ
δ )H(t, r∗0 , u, p) + λ

δH(t, r0 + δ, u, p) |x| = r0(t) + λ, λ ∈ (0, δ),
H(t, r∗0(t), u, p) |x| ¬ r0(t).

Lemma 3.5. (see [17]) If u is a subsolution to (6), then it is also a subsolu-
tion to (12) below,

dt + Hδ(t, x, d, dx) = 0. (12)
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We define a shifted supersolution vδ by

vδ(t, x) =





v(t, x− δ) for x > δ,
v(t, 0) for x ∈ [−δ, δ],
v(t, x + δ) for x < −δ.

We have to show that for a given ε and sufficiently small δ, function vδ + ε

is indeed a supersolution to (12).
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Lemma 3.6. Let us suppose that assumptions (R1) and (H1)–(H7) hold
and:
(a) w is piecewise a C1 function;
(b) w is a supersolution of (6);
(c) w is a supersolution at infinity of (6).
Then, for any ε > 0 there is such δ0(ε) > 0 that for any δ ∈ (0, δ0(ε)), function
wδ + ε is a supersolution of (12).

We notice that due to (10) the Hamiltonian at infinity H∞ is also strictly
increasing with respect to u. It is just sufficient to pass to the limit in (10) to
deduce that

H∞(t, u2)−H∞(t, u1) ­ h0(u2 − u1).

This inequality combined with (11) shows that w+ ε is a strict supersolution
at infinity.
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Proof of the CP.
We notice that if we have a supersolution v, then for any ε > 0 v + ε is not
only a strict supersolution but also a strict supersolution at infinity. Thus,
the is δ(ε) > such that vδ(0, x) + ε > u(0, x). We notice that vδ + ε is a
supersolution, while u is a subsolution to

ut + Hδ(t, x, u, ux) = 0 t > 0, x ∈ IR, u(0, x) = u0(x) x ∈ IR.

We may now apply the classical Comparison Principle to deduce that

u(t, x) ¬ vδ(t, x) + ε, t ∈ [0, T ].

but δ(ε)→ 0 while ε→ 0. Continuity of v implies

u(t, x) ¬ v(t, x).

23



4. Existence of viscosity solutions.

Here is our main result.
Theorem 4.1 (see [15])Let us suppose that σ satisfies the symmetry con-
ditions and Berg’s effect hold, d̄0 is an admissible initial condition defined
by d0 and L0 by (5) and ṙ0(0) > 0. Then, there exists a unique properly
defined interfacial curve r0 and a BUC-viscosity solution d̄ to (6). Thus,
functions d(t, x) := d̄(t, x) for |x| ­ r0(t) and L0(t) := d̄(t, r0(t)) form a so-
lution to (4). Moreover, if the assumptions of the Comparison Principle are
satisfied, then the solution is unique.
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The picture explains the difficulty, when ṙ0(0) > 0.

nonlocal ODE

x

Hamilton−Jacobi  eq.

classical

00r

0r
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4.1 Classical results

We gather information about the eq. with a locally Lipschitz Hamiltonian F

dt + F (t, x, d, dx) = 0 in (0, T )× IR d(0, x) = d̄0(x), x ∈ IR. (13)

We use the standard definition of viscosity solutions.
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Proposition 4.2. (see [18], [11]) Let us suppose that all the assumption on
σ, γ and m hold. If 0 ¬ d0x ¬ p0 < 1, then there exist T > 0 and a unique
Lipschitz continuous viscosity solution to

dt − σ(t, s, d)m(dx) = 0 in (0, T )× IR, d(0, x) = d0(x), x ∈ IR, (14)

such that |dx| ¬ 1.

After regularizing σ, m and the initial data d0 we may construct unique
solutions to the regularized problem by the method of characteristics. That
is it suffices to look at

ẋ = −dmδ

dp (p)σδ(t, x, z)

ṗ = mδ(p)∂σ
δ

∂x (t, x, z)

ż = mδ(p)σδ(t, x, z)− dmδ

dp (p)σδ(t, x, z)p.

Here, δ is the regularizing parameter.
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We have also strict monotonicity of the viscosity solution on (r00,∞).

Proposition 4.3 Let us suppose that all the assumption on σ, γ and m

hold. If d+
0,x(r00) ­ δ > 0 and λ1 > r00, then there is δ0 = δ0(λ1) > 0 such

that for all t ∈ [0, T ] and all x, y satisfying r00 ¬ x ¬ y ¬ λ1 we have
d(t, y)− d(t, x) ­ δ0(y − x).

The monotonicity is easily proved for the regularized system. This property
survives the pointwise limit.
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The solution may be even localized.

Proposition 4.4 Let us suppose that all the assumption on σ, γ andm hold.
Let d01, d02 satisfy (d01 − d02)|[λ0,λ1] ≡ 0 and d1, d2 are the corresponding
solutions to (14). Then, for any t < T1 := (λ1 − λ0)/ supσ · supmp we have

(d1 − d2)|[0,t]×[λ0,λ1−µt] ≡ 0.

This follows from the fact the characteristics emanating from {t = 0} turn
left and the finite speed of signal propagation along the characteristics.
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4.2. The interfacial curve
An obvious condition guaranteeing that d̄ is continuous is

L0(t) = d(t, r0). (15)

The identity (15) will be called the matching condition.

If we draw characteristics of the HJ and the interfacial curve with ṙ0(t) > 0,
then we see that (15) fully determines r0(·), because it is a ‘shock wave’:

nonlocal ODE

x

Hamilton−Jacobi  eq.

classical

00r

0r
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These observations help us rewrite (15). If r̃0(·) is given, then it is easy to
solve eq. for L0 = L0(r̃0) because it is an ODE (cf. (4)). Moreover, d(t, ·) is
strictly increasing, thus

r0 = (d(t, ·))−1L0(r0) =: K(r0). (16)

Theorem 4.5. (see [15]) Under our assumptions there exists at least one
continuous solution r0 to (16). Moreover, if d+

0x(r00) > 0, then the solution is
unique and Lipschitz continuous.

The proof is based on Schauder theorem, which yields a fixed point of
K. If d0x(r00) > 0, then uniqueness follows from the Banach contraction
Theorem.
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Once we constructed a unique r0 when d+
0,x(r00) > 0 we are done, for:

(a) we have already constructed d as a viscosity solution to HJ eq. (4)2;
(b) the fixed point argument yields, as a by-product L0, thus automatically
we have d̄.

What happens when (d0)+
x (r00) = 0? In this case the method used to show

existence of the matching curve does not yield uniqueness. We want to
develop a general approach. The theory of viscosity solutions of Hamilton-
Jacobi equation is the tool of choice.
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Our program is quite natural:
We will ‘regularize’ the data, so that (dε0)+

x (r00) = ε > 0. Then we have to
pass to the limit with ε. The limiting process involves:
(a) Proving existence of the limit of the matching curves rε0; we’ll call them
proper matching curves. This is technical.
(b) Showing that (dε, Lε0) forms a viscosity solution d̄ε to a HJ equation with
the discontinuous Hamiltonian H̄ε. This is standard for the usual definition
of viscosity solutions with discontinuous Hamiltonians.
(c) proving existence of d̄ a uniform limit of d̄ε. This is not difficult for we can
easily show that d̄ε is monotone decreasing with respect to ε.
(d) finding a proper notion of convergence of discontinuous Hamiltonians
Hε to H. This is one of the key points.
(e) showing that d̄ is a viscosity solution to the HJ eq. with Hamiltonian H̄.
Same as (c).
(f) showing that d̄ is unique a viscosity solution. This is another key point,
the Comparison Principle we have shown comes into play.
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4.3. Viscosity solutions to a HJ eq. with a discontinuous Hamiltonian
We begin with the ‘regularization’ of the data. We set

dε0(x) = d0(x) + ηε(x),

where

ηε(x) =





0 x ¬ r00
ε(x− r00) r00 ¬ x < ρ0
ε(ρ0 − r00) x ­ ρ0.

If (dε0, L
ε
0) is a solution to (4) with the regularized data, then

d̄ε(t, x) =




Lε0(t) if x < rε0(t)
dε(t, x) if x ­ rε0(t).

(17)

is a solution to the HJ eq. (6) with the ‘regularized’ Hamiltonian Hε,

Hε(t, x, u, p) =




−σε(t, (rε0)∗(t), u)mε(p), if x < rε0(t)
−σε(t, x, u)mε(p), if x ­ rε0(t),

(18)
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The Stability Theorem
We want to show that indeed we have at least one solution if ε = 0. It is
found as a limit of viscosity solutions of (6) when ε → 0. For this purpose
we have to define convergence of discontinuous Hamiltonians. We will use
the standard notions of upper relaxed limit and lower relaxed limit to study
convergence of sequences of discontinuous functions. If uε, ε > 0 is a
sequence of locally bounded measurable functions, then we set

lim sup
ε→0+

∗ uε(x) = lim
ε→0+

sup{uδ(z) : z ∈ B(x, ε), δ ∈ (0, ε)},

lim inf
ε→0+ ∗ u

ε(x) = lim
ε→0+

inf
{
uδ(z) : z ∈ B(x, ε), δ ∈ (0, ε)

}
.

We recall that lim supε→0+
∗ uε (resp. lim infε→0+∗ uε) is upper semicontinu-

ous (resp. lower semicontinuous).
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Definition 4.1 We shall say that a sequence of discontinuous Hamiltonians
Hε, ε > 0, converges to H provided that:

lim sup
ε→0+

∗Hε = H∗ and lim inf
ε→0+ ∗H

ε = H∗.

Proposition 4.6 (see [15]) Let us assume that d̄ε0, ε > 0 is a sequence of
admissible regularization of initial data d0 and d̄ε are the corresponding vi-
scosity solutions to (6) with Hε given by (18). We have already established
uniform convergence of d̄ε to d̄0. Then, Hε converges to H in the sense
defined above and d̄0 is a viscosity solution to

d̄t + H(t, x, d̄, d̄x) = 0, d(0, x) = d0(x).

Under the additional assumptions on σ solution d̄0 is unique.

37



References

1. G.Barles, B.Perthame, Discontinuous solutions of deterministic optimal stopping time

problems, RAIRO Modél. Math. Anal. Numér., 21 (1987), 557–579.

2. G.Bellettini, M.Novaga, M.Paolini, Characterization of facet breaking for nonsmooth

mean curvature flow in the convex case, Interfaces and Free Boundaries, 3, (2001), 415–

446.

3. G.Bellettini, M.Novaga, M.Paolini, On a crystalline variational problem, part I: First va-

riation and global L∞ regularity. Arch. Rational Mech. Anal., 157, (2001), 165–191.

4. G.Bellettini, M.Novaga, M.Paolini, On a crystalline variational problem, part II: BV re-

gularity and structure of minimizers on facets. Arch. Rational Mech. Anal., 157, (2001),

193–217.

5. F.Camilli, A.Siconofli, Time-Dependent Measurable Hamilton–Jacobi Equations Comm.

Partial Differential Equations, 30, (2005), 813–847.

6. A.Chambolle, An algorithm for mean curvature motion Interfaces Free Bound., 6, (2004),

195-218.
38



7. X.-F.Chen, B.Hu, Viscosity solutions of discontinuous Hamilton–Jacobi equations Inter-

faces Free Bound., 10, (2008), 339–359.

8. M.Coclite, N.Risebro, Viscosity solutions of Hamilton-Jacobi equations with discontinu-

ous coefficients, J. Hyperbolic Differ. Equ., 4, (2007), 771–795.

9. K. Deckelnik, Ch. Elliott, Uniqueness and error analysis for Hamilton-Jacobi equation

with discontinuities, Interfaces Free Bound., 6, (2004), 733–768.

10. C.De Zan, P.Soravia Cauchy problems for noncoercive Hamilton-Jacobi-Isaacs equ-

ations with discontinuous coefficients, preprint.

11. Y.Giga, “Surface evolution equations. A level set approach”. Monographs in Mathema-

tics 99. Birkhäuser, Basel, 2006

12. T.Fukui, Y.Giga, Motion of a graph by nonsmooth weighted curvature, in “World con-

gress of nonlinear analysts ’92”, vol I, ed. V.Lakshmikantham, Walter de Gruyter, Berlin,

1996, 47–56.

13. M.H. Giga, Y. Giga, A subdifferential interpretation of crystalline motion under non-

uniform driving force. Dynamical systems and differential equations, vol. I (Springfield,

MO, 1996). Discrete Contin. Dynam. Systems, Added Volume I, 276–287 (1998).

39



14. M.-H. Giga, Y. Giga, Generalized motion by nonlocal curvature in the plane, Arch. Ra-
tional. Mech. Anal., 159 (2001), 295–333.
15. Y.Giga, P.Górka, P.Rybka, Nonlocal spatially inhomogeneous Hamilton-Jacobi equ-
ation with unusual free boundary, Discrete Contin. Dyn. Syst., 26, (2010), 493–519.
16. Y.Giga, P.Górka and P.Rybka, Nonlocal spatially inhomogeneous Hamilton-Jacobi
equation and facet evolution by the driven crystalline curvature in the plane, in prepa-
ration.
17. Y.Giga, P.Górka, P.Rybka, A Comparison Principle for Hamilton-Jacobi equations with
discontinuous Hamiltonians, Proc. AMS, to appear.
18. H.Ishii, Perron’s method for Hamilton-Jacobi equations. Duke Math. J., 55, (1987),
369–384.
19. P.B. Mucha, P.Rybka, A caricature of a singular curvature flow in the plane, Nonline-
arity, 21, 2281–2316, (2008).
20. A.Tourin, A comparison theorem for piecewise Lipschitz continuous Hamiltonian and
application to shape-from-shading problems, Numer. Math. 62, (1992), 75–85.

40


