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] 0 Introduction



Fully nonlinear elliptic PDEs:

F(x,u, Du, D*u) = f(x) in Q

x — F(x,r, & X): measurable
Viixed r e R, £ € R", X € S™
[]
felL”

\

LP-viscosity solution
by
Caffarelli-Crandall-Kocan—Swigch
(1996)
i
Caffarelli (1989)
LP- | Schauder regularity theory



n
Assumptiond 0 p > 5

[]

Notation: || - ||, = || - ||zr (= > 0)

geEL? <= gcLP&g>0



Fixed ellipticity constants:
[]
O0<A<A
[]
SQ’A::{AES”|)\I§A§AI}

Pucci extremal operators
[]

—tr(AX
Arggﬁ{ r(AX)}

[]
P (X) := min {—tr(AX)}

AESY A
L

PH(X) :



Example 1
[]
—a(z) A u+ p(x)|Du|™ = f(x)
[]
Cl,(:IZ)_ A (CE‘EQ()CQ),
A (xeQ\ Q)

F(z,§, X) := —a(x)tr X + p(z)|£]™

m = 1: linear case

m > 1: superslinear case
[]



Example 2
[]
max mbin{—tr(A"”b(m)Dzu)
100 +{uo(z) Du, Du)™/?} = f(x)
[]
A%(z) € S, (x € 9)

pt(z) € 8" (z € Q), pi;’ € L°
[]

r — A%"(x), u*?(x): measurable

F(x,£,X) := max mbin{—tr(A“’b(w)X)
(U (@)€, €)%}



F(x,u, Du, D*u) = f(x) in Q (FE)

Definition0 0000 o0doooooooon
L]
u € C(Q2): LP-viscosity subsolution of (FE)
~—Uugtduobogdootdbootgdn
Vo € WP (Q), u — ¢: maximum at = €

ess lim inf
y—x

U
F(y,u(y), Dé(y), D*d(y)) | _ 0
—f(y) -

Definition0 00 0000000000000
[]

u: LP-strong subsolution (supersolution) of (F)
oo boogd
v € WoP(Q):00000000000
F(z, u(x), Du(z), D’u(x)) < (>) f(a)
a.e.[J in (2



Assumptions
[]
No dependence on u for F'!

L
(Al) F(x,0,0) =0
(A2) feli (p>p)
D € [n/2,n): Escauriaza constant
(A3) uniformly elliptic
P (X-Y)
S F(CE‘,S,X) o F(:B,:S,Y)
< PHX - Y)
(A4) |F(z,&,0)] < p(x)[€™
dp € LY
L
m = 1 < linear order

m > 1 < superlinear order



Under (A1)—(A4)

[]
If u: LP-viscosity subsolution
of
F(x, Du, D?u) = f(x)
2
e u + C: LP-viscosity subsolution
of
P~ (D*u) — p(z)|Dul™ < fH(z)
[]
e —u + C: LP-viscosity supersolution
of

PH(D*u) + p(z)| Dul™ > —f~(x)



[1. ABP maximum principle



Aleksandrov-Bakelman-Pucci
maximum principle

Q C R"™: bounded

u € C(Q): L"-strong subsolution of
P~ (D?*u) — p(x)|Du| < f(=x)
p, f € L7 ()

[
supu < supu’ + Cl€Cz||N”g||f||Ln(Q[u])

Q N
[
Qu] = {z € Q:u(zx) >supu’}
a0
C',: universal constants
[l

(or upper contact set)
cf. Gilbarg-Trudinger etc.



For LP-viscosity solution:
[]

Escauriaza constant:
[]

Vp > p
L]
“LP-strong solvability for the simplest PDE”
[]
i.e. Vf € LP(Q?), g € C(09)
2
Ju € C(Q) N W2P(Q): LP-strong solution
of
PT(D?*u) = f(x) in Q, wu =g on 99
S.t.
—supg™ — C||f |l < u<supgt + C|fF,
a0 a0
[]
|wllwze@y < CE) (| fllp + llglleo)
[]
Qe



ABP maximum principle
for
LP-viscosity solutions

[]
Caffarelli-Crandall-Kocan—Swigch

p €L, feLl(p>p)

[]

Fok (1996)

p € LI(Q) N L™ (near 892) (g > n)
[]

K-Swiech(2007)

peLll(gqg>n), feEL(q=>p>Dp)



ABP maximum principle
(K-Swigch, 2007, linear; m = 1)
[]
q>p>p and gqg>n
feLl(Q), pe LL(Q)

[]

u € CL(Q): LP-viscosity subsolution
of
P~ (D*u) — p(z)|Du| < f(x)
J
(@)g>2p>mn,g>n
L]

supu < supu’ + C1€C2”“”g||f||L"(Q[U])
Q BIY)
[]



b)g>n>p>p
0

Slglzpu < S{;lﬂp u” + 03604”“”2”N||2N||f”p

N-1
+Cs > Nuliblfllp
k=0

[]
New even for LP-strong solutions
when n > p > p.
by
iterated comparison function method
[]
Idea [ strong solvability U 0 0 O O 0O [
PH(D*) = —f(=)
w:=u -+ v
P~ (D*w) — p(z)|Dw| < p(z)|Dv| € L™
P1L>Dp
[]
then, by iteration



Superlinear case O m > 1
[]
3 counter examples
[]
(K-Swiech, 2004, 2007)
[]
even among classical solutions



ABP maximum principle O m > 1

[l
(d) g >p>mn, feLb(Q), pe LL(Q)

[

1 £ pllg < 60 for some § > 0
[l

u € C(Q): LP-viscosity subsolution
of

P~ (D*u) — p(x)|Du|™ < f(x)
2
supu < supu” + G| f]l,

Q BQD

Cs = Cs(llpllq)



(b)g>n>p>p, feLi,pe Ll
[]
n(q — p) > mq(n — p)
(ie. p=n—Vm > 1)
[]
(also, p T n = large m > 1)
[]
£ ellg < 00 for some § > 0
[]
u € C(Q): LP-viscosity subsolution
of
P~(D*u) — p(z)|Dul™ < f(x)
4

supu < supu™ + Csl| fllp
Q a0
[

Cs = Cs(||1]]q)
[]

precise dependence <= K. Nakagawa



Relation between LP-viscosity and LP-strong

N
(A5) |F(x,&, X) — F(z,n, X)|
< p(@)(E" + 0™+ 1)1€ — 0
N

TheoremOJ 00 (A1) — (A5)000000O0
q>n, q=>2p>p
mg(n —p) < n(qg — p)
\

e LP-strong (sub/super)solution

—> LP-viscosity (sub/super)solution

[]

e LP-viscosity (sub/super)solution € WP
—> LP-strong (sub/super)solution



[ 0 Main results



O
m = 10 (K-Swiech, 2009)
N

[]
q>n,q>p>p,pell, fell
u > 0: LP-viscosity supersolution

of

PH(D*u) + p(z)|Du| > —f(z)
\

(H) O full @y < © (igfu+ e

for someld r >0, C >0
]




Known results
[]
L™-strong supersolution uv > 0
of
PH(D*u) + p(x)|Du| > —f(z) a.e.
[]
ferLy, pe Ly
\
holds
[]
e.g. Gilbarg-Trudinger



Known results for viscosity solutions

[]
u : LP-viscosity supersolution
of
P*(D*u) + p(z)|Du| > —f(z)
J
p = 0: Caffarelli (1989)
[]
p € L*°: K (2004): Beginner’s guide
[]
p € LY (g > 2n): Fok (1996)
[]
00 p(x)|Du| < p(x)? + 471 Dul?
[]

[ Hopf-Cole transformation



O
m > 10 (K-Swiech, 2009)
N

O
(aO) q:OO,p>ﬁ,
n > m(n — p)
(al) n<p<g< oo
(a2) p<p<n<qg< oo,
mq(n — p) < n(q — p)
[
peLl, felLl
O
n
(b)001<m<2——

q
u > 0: LP-viscosity supersolution

of
PF(D*u) + p(z)|Du|™ > —f(z)
\

(H) O full @y < © (igfu+ e

for someld r >0, C >0
]




1 O Applications



Applications [

[]
(1) (local) Holder continuity

(2) Strong maximum principle

(3) Boundary weak Harnack inequality
oooooy

[ (a) Global Hélder continuity

(b) Existence of strong solutions

(c) ABP type maximum principle

\ 1 [0 in unbounded domains etc.

(4) Local maximum principle



O

[1 [0 Idea of Proof



Strategy of proof of (wH) with m =1

P (D*u) + p(z)|Du| > —f(=)
pelLll, felLt

ReductionsU O OO OOO
[]
(1) f=0
()

the existence of LP-strong solution
000000 of

P~ (D?*v) — p(x)|Dv| = f(x)
00000000000 >0 in Qq

v =0 on 0Q,
L]

assuming spt u: compact



ABP maximum principle

\
OS’USC”f”p

[]
> 0:
LP-viscosity supersolution

of
PH(D?*w) + p(x)| Dw|

P (D*u) + P~ (D*v) + p(x)| Dw|
p(x)(—=|Du| + |Dv| + |Dw|)
—f(z) + f(=)

0

IV IV

Vv

[]
i.e. w: LP-viscosity supersolution
of
P (D*w) + p(z)|Dw| > 0



If weak Harnack holds for f =0
[]
0<u<w, v<Clfllp)

0 <« O

lullzro < llwllrroy)

< Cinf w
o Q1

C inf(u + v)
Q1

< Cinfu+C'||fl,
1



Reduction (2)
[]

igfu < 1= ||u|lzr,) < 3ICo
1

[]
(More precisely,

lcglf’ul <1— ”u”L”“(Ql) < C())
3

L

i)

u
U := o0 >0
infu-+ 06 (0>0)
Q1
\
PH(D?U) + p(x)|DU| > 0




7\

/

\

Lemma (cf. Caffarelli, K-Swiech)
[]
3¢ € C(Q) N W2 (Qu); & € C(Qu)
[]
such thatJ O 0O 00O
[]
(i) <0 in Qi
(i) P~ (D*®)
—p(x)| Dol = £(x) in Qq

(232) ¢ < —2 1 Qs
(2v) ¢ =0 on 0Q4
(v) £€=0 in Q4 \ Q1
i
Assume tempolarlly ||p|l, << 1
[]

Cabré’s covering argument



Caffarelli’s idea; when u =0

[]

P(x) 1= c1 — eolz| *
000 (x € Q4 ©#0) i, >0
4
P (D*(a)) = 0
s.t.

Properties (z) — (2v): OK
[]

In Q,, mollify ¢ s.t. ¢ € C?(Q,);
[]

P~ (D*¢) > & in Qq
4

& appears 0 ( i.e. (v))



Uln=1

But ! in case when u # 0
[]
No “fundamental solution like” function ¢



Existence of LP-strong solution ¢

O
i.e. strong solvability

[

(K-Swiech, 2009) --- a bit complicated
O

P (D?¢) — u(x)|Dp| =0 in Qi \ Qy s
[

=0 ondQyy ¢=—%100" on 9Q;/
O
Multiply a > 1 s.t. a¢p < —2 in Q5.

[

Mollify ¢ in Q2.



Under f = 0, igfu <1
\U’ 1

dr,Co > 0 s.t. ||u||rrg,) < Co
[]
> {z € Q1 fu(z) >t} <t7°
[]
— Hz € Q1| u(x) > M} <6
[]

for some 6 € (0,1), M > 1 (Vk € N)
[]

Aim: k=1
[]
{z € Qi | u(x) > M} <6 € (0,1)
[]
[ scaling [ cube decomposition



w = u + ¢:
[]
LP-viscosity supersolution
[]
of

N
PH(D*w) + p(z)| Dw|

PH(D*u) + P~ (D*¢) + p(x)| Dw|
p(z)(|Dw| — |Du| + |Dg|)
£(x)

]

]

i.e. PH(D*w) + p(x)|Dw| > &(x)



ABP maximum principle
[]

(—¢ > 2 in Qy, sup(—u) > —1)
Qs
\
1 < sup(—w) < sup(—w)
Q3 - Q4

< C|l€]|zn@infw<0})
[]

{z € Qi | u(z) < —¢(x)}| > 37 € (0,1)
[
0:=1—, rrclzingb:; M < —2
O
{x € Q1| u(x) > M} <6



Strategy of proof of m > 1 case

[]
Need strong solvability !
[]
i.e. Existence of LP-strong solution
of
P~ (D*u) — p(z)|Du|™ = f(z) in
[]
u =g on 0f)
[]
under (a0) or (al) or (a2)
[]
_I_

“finer” cube-decomposition lemma
0000000 <= hypo. (b)
00000000 (cf. K-Takahashi, 2002)
4
[]
weak Harnack inequality



Existence theorem: p € L%, f € LY
[
One of the following holds:
L
(8.0) q = 00, p > P,
n > m(n — p)
(al) n < p<g<
(a2) p<p<n<q< oo,
mq(n —p) < n(q — p)
[

lellgll £~ < 36
(cf. ABP maximum principle)

4
Ju € W2P(Q)
s.t.
P~ (D?*u) — pu(x)|Du|™ = f(x)0 a.e. in Q
[]

u = 0 on Of).



Idea of proof: (when n < p < q < 00)

[]

mpq
ri=m= —

q—DP
[]
Fixed Vv € W1 (Q)
[]
Note ||p|Do|™||, < ||lpllqll[Do][;?

[]
i.e. f+ p|Dv|™ € LP(Q2)



T : WHr(Q) — W2P(Q)

by
u:=Tv € C(Q) N W?2P(Q)
S.t.
P~ (D*u) = f(x) + p(x)|Do|™
[]

u=0 on 9N

Caffarelli: u € W, 2P(Q) (1989)
[]
Winter: u € W2P(Q) (2009)



W2P(Q) C WbHT(Q) : compact

[]
dR > 0s.t. T : B — Bp
[]
Br = {v € W () | |oll, + [|Doll, < R}
[]
Scauhder’s fixed point theorem
2
Ju = Tu
[]

Existence of LP-strong solutions.



Local maximum principle

Linear growth case: m =1
cf. Caffarelli’s argument in the book

1 Reduction to f =0

2 supersolutions u

2
(F)0 {z € Q1| u(z) >t} < At™™
for some A{,71 > 0

3 solutions satisfying (x),
3M; > 1 such that if u(x,) > M;
then u(x2) > M? near x,

U
contradiction to u € C(Q,).

i.e. u 1s bounded.



w(x) 1= A}/rl u(@)
Il £riQu)
U

satisfies (x)

w: bounded

U

Local maximum principle



Superlinear growth case: m > 1 [
Under the assumptions for weak Harnack
[]

| ally: small

Differences from linear growth case

1 Existence of LP-strong solutions
of
P*(D*v) + p(x)|Dv|™ = g(z) in Q2
v = h(x) on 912
om
K-Swiech 2009, JFPTA
[]
2 finer cube decomposition
K-Takahashi (2002), K-Swiech (2009)



O

Thank you very much !



