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Cauchy problem for HIB equation

1
oy — EAu + H(x,Du) =0 in (0,00) x RN

(CP)
u(0, -) = ug in RN
(Hl) I <DpH(x,p) <kl  (x1,%2 > 0)
(H2) 3d¢o, Flgol(x) = ——A¢)0 (x) + H(x, Dgo(x)) —> —o0

|x|—>00

(H3) g € ®p := {v € C(RN) | mf — (o) > —oo}
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Example

Quadratic polynomial: H(x,p) = %a(x)p p+bx)-p-V(x)

» il <a(x) <kl (&= (H1)

> bx) x> pxP-C (=0, C>0)

> yl|x|2 -C<Vx)< y2|x|2 +C (y1,7220, C>0)
(H2) and (H3) hold if

» y1>0 and %RI}Vfuo>—°0 (¢OEO)

» >0 and %}Vfuo > —00  (o(x) := —¢lxf?, € > 0 small)
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Long-time behavior of (T, x)
u(T, x) = (p(x) = AT) — 0 as T — oo,
where (A, ¢) solves the stationary equation (ergodic problem)

_%Agb +H@x D$)=A in RV (EP)

u(T, x) .
T

>

—A : growth rate (independent of u)

» u(T,x) + AT — ¢(x) : steady state (depending on ug)
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Known results

Barles-Souganidis ('01) :  H(-,p) and ug are periodic in x

Fujita-Ishii-Loreti (06) :  a >0, f, up € Lip(RN)
H(x,p) = ax-p + Ho(p) — f(x)

Note. Du(t,x) is bounded on (0, c0) x RN,

Question. How about H and ug polynomially (quadratically)
growing inx ? (e.g. LQG and LEQG control)

Note. Nagai ('03,09): quadratic H(x,p), up =0

u(T, x)

T — —A, w(T,x)—u(T,0) — Pp(x) as T — oo
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Remark on (H2)

Convergence may fail if (H2) does not hold.

o — éaﬁxu + () —yx? =0 in (0,00) x R
u(0, -) = 0x2 in R
Suppose that y =0, 6 >0 and ¢ =0.
Then, (H1) and (H3) hold, but not (H2).

= lim T, x)

T—oo

=0 and Tlim u(T,x) = o0
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Solvability

Theorem (Ich’09, Ich.-Sheu’10).  Q := (0, 00) x RV.
(@) Yupe Dy, ANueC?Q)NC(Q): sol of

oy — %Au +H(x,Du)=0 in Q (CP)
with u(0, -) =up and inf inf (u(t,x) — Po(x)) > —co, T > 0.
0<t<T xeRN
(b) AN eRs.t
—%A(p +H(x,Dp)=A in RY (EP)

has a solution ¢ if and only if A > A*. Moreover, in case A = A*,
solution is unique up to an additive constant.
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Main theorem

(H4) Ty € C3(RN) sit. |1|im F[ol(x) = —c0 and

(@~ o)) < a(@ — Po)¥) +C, x€RY,

forsome C>0 and «a € (0, x1/x2).

Theorem (Ich.-Sheu’10). Assume either k1 = k, or (H4).
Then, Yug € @y, ¢ € Oy : sol. of (EP) with A = A* s.t.

w(T, )+ AT — ¢(-) in C(RN) as T — co.

Notice. Solutions of (EP) contain ambiguity of constants.



When is (H4) true ?

Example. Let H(x, p) be of the form

H,p) = 2a(0p p+b() -p = V()



When is (H4) true ?

Example. Let H(x, p) be of the form
1
H(x,p) = Ea(x)p p+bx)-p-V(x)

k1l <a(x) <xol, b(x)-x> ﬁlxl2 -C V< ylxl2 +C



When is (H4) true ?

Example. Let H(x, p) be of the form
1
H(x,p) = 5a(0p - p +b(x) - p - V(x)
k1l <a(x) < koI, b(x)-x > ﬁlxl2 -C, V(< ylxl2 +C

Proposition (Ich.-Sheu’10). Condition (H4) holds if



When is (H4) true ?

Example. Let H(x, p) be of the form
1
H(x,p) = 5a(0p - p +b(x) - p - V(x)
k1l <a(x) < koI, b(x)-x > ﬁlxl2 -C, V(< ylxl2 +C

Proposition (Ich.-Sheu’10). Condition (H4) holds if

Note. V:sub-quadratic — (H4) automatically holds.
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Idea of the proof

Dynamical approach.

Stochastic control interpretation for u(T, x):

T
u(T,x) = inf E¥ [f L(Xf, Ep)dt + uo(Xi) (o =0)
< 0

where
»  L(x, &)= suppGIRN(E -p—H(x,p)) : Lagrangian

»  &=(&)=0 :(admissible) control

t
> Xf =Xy — f &sds + W, controlled process
0
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Associated diffusion

Let (A, ¢) be a solution of

—%Aqb +H(x,Dp)=A  in RN (EP)
Associated diffusion: X = (Xp)=0

dX; = ~DpH(Xe, DO(Xy)) dt + dW;

Intuitively, & := D,H(X;, D¢(X;)) is the optimal control for

T
¢(x) — AT = inf E* [ f L(X, &) dt + p(X5)
¢ 0
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Ergodicity of  (X})ss0
Theorem (Ich’09). Let (A, ¢) be a solution of (EP).
(@) The following (i)-(iii) are equivalent:
i A=A" (i) ¢ € Dg (iii) X is ergodic
Remark. Xisergodic < 3'u(dy) with u(RN) =1 s.t.
A'u=0, A= %A — DyH(x, D(x))D.

(b) Let u be the invariant probability measure for X. Then,

fR eI ) < oo,
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Proof of convergence

Goal. To prove w(T,x) :=u(T,x) — (¢(x) = AT —> const.
Simplest case.  Let H(x,p) := %lpl2 -V(x), ie.,
ot — Sau+ XUpup — v =0
t 2 2 - Y,
u(O, ) = Ug.
o(T, x) == e<1“(T%) solves linear equation

1 .
9 = A0+ K1DG(x)- Do =0 in (0,00) xR,
00, -) = ek1(é10) in RN,
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Proof of convergence

Probabilistic representation of (T, x):
o(T, x) = EX[eF @& dX, = —1c; DH(X;) dt + dW.
In ivew of ergodicity of X, as T — oo,
u(T,x) — (Pp(x) = A'T) = —l log (T, x)

1
= —— log EX[e<1(¢=u0)(XT) __1 f e 1 @=10)Y) ; (du).
o logE'le | — 0g u(dy)

Remark. E'f(Xr)] — f}R S@uy) forall feL'(p).
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General cases

Ascoli-Arzela type argument.
(1) {u(T,-)|T > 1} is pre-compact in C(RN)

» {u(T, -)| T > 1} is uniformly bounded (on any compacts)

» {u(T, -)| T > 1} is equi-continuous (on any compacts)
For w(T,x) := u(T,x) — (p(x) — A*T), we set
Qi) := {weo € C(RN) | lim w(T;, -) = weo in C(RN)}.
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(2) Q(ug) = {a} for some a € R.
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Pre-compactness of {w(T, -)|T > 1}

In view of condition ;I < Dng < koI, we have
1 —u(X 1 X
——log Ex[exz(t? ug)( T)] < w(T,x) < —— log Ex[ehl(‘? 1o)( T)]
K2 K1

» Upper bound is uniform in T > 1 on any compacts.

» Lower bound is uniform in T > 1 on any compacts if

fm . ex2@7m)y(dy) < o ((H4) guarantees this)

|Du(T, -)| can be estimated by |[u(T, -)|. (equi-continuity)



Convergence of w(T, -) to a constant



Convergence of w(T, -) to a constant

Let we € Qup), i.e., imw(Tj, -) = we in C(RN).
]—)00



Convergence of w(T, -) to a constant

Let we € Qitg), i.€., im w(Tj, -) = we in C(RV).
]—)OO
Key lemma. ForanyS, T>0and x € RN,

Ex[e—Klw(T/Xs)] < e—Klw(T+S,x).

()



Convergence of w(T, -) to a constant

Let we € Qug), i.e., lim w(T;, -) = we in C(RN).
j—o0
Key lemma. ForanyS, T>0and x € RN,

Ex[e—Klw(T/Xs)] < e—Klw(T+S,x).

Proof. Ito’s formula.

()



Convergence of w(T, -) to a constant

Let we € Qug), i.e., lim w(T;, -) = we in C(RN).
oo
Key lemma. ForanyS, T>0and x € RN,
Ex[e—Klw(T/Xs)] < e—Klw(T+S,x).
Proof. Ito’s formula.

» We is constant in RY

()



Convergence of w(T, -) to a constant

Let we € Qu), i.e., ]li_)r?ow(T', ) = We in C(RM).
Key lemma. ForanyS, T>0and x € RN,
Er[e 10T Xe)] < praw(T+52), )
Proof.  Ito’s formula.
> W is constant in RN

» limw(Sj, -)=a, limw(T;,-)=b = a=b
j—o00

J—00
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Proof of convergence

Claim 1. we is constantin RYN.

SetS:=T;—Tandlet j — ocoiin (). Then,

f €_K]w(T’y)[,l(dy) — hm Ex[e_Klw(T'XTf_T)] < e—mwm(x)‘

RN ]—)00

Taking T := T; and j — oo, f e"(”"‘”(y)y(dy) < o F1We(¥)
RN

f (e_Klw‘*’(y) — inf e_Klww(x))H(dy) <0 (:) Woo = ConSt.)
RN xeRN
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Proof of convergence

Clam2. limw(Sj,-)=a, limw(T;,-)=b = a=b.
oo j—ooo
—rk1w(T,y) dy) < —K1Weo (X) — ,—K14 S:=S.—T
\f]RN e pwdy) <e e ( j )
Setting T :=T; and letting j — oo,

—Kx1b < lim e—Klw(T/-,y)‘u(dy) < e K1a
j—ooo RN

e

Thus, b > a.

Changing the role of a and b, we also have a > b, so that a = b.
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