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Problem

Cauchy problem for HJB equation∂tu −
1
2
∆u +H(x,Du) = 0 in (0,∞) ×RN

u(0, · ) = u0 in RN
(CP)

(H1) κ1I ≤ D2
ppH(x, p) ≤ κ2I (κ1, κ2 > 0)

(H2) ∃φ0, F[φ0](x) := −1
2
∆φ0(x) +H(x,Dφ0(x)) −→

|x|→∞
−∞

(H3) u0 ∈ Φ0 := {v ∈ C(RN) | inf
RN

(v − φ0) > −∞}
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Example

Quadratic polynomial: H(x, p) =
1
2

a(x)p · p + b(x) · p − V(x)

I κ1I ≤ a(x) ≤ κ2I (⇐⇒ (H1))

I b(x) · x ≥ β|x|2 − C (β ≥ 0, C > 0)

I γ1|x|2 − C ≤ V(x) ≤ γ2|x|2 + C (γ1, γ2 ≥ 0, C > 0)

(H2) and (H3) hold if

I γ1 > 0 and inf
RN

u0 > −∞ (φ0 ≡ 0)

I β > 0 and inf
RN

u0 > −∞ (φ0(x) := −ε|x|2, ε > 0 small)
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Objective

Long-time behavior of u(T, x)

u(T, x) − (φ(x) − λT) −→ 0 as T→∞,

where (λ, φ) solves the stationary equation (ergodic problem)

−1
2
∆φ +H(x,Dφ) = λ in RN. (EP)

I
u(T, x)

T
−→ −λ : growth rate (independent of u0)

I u(T, x) + λT −→ φ(x) : steady state (depending on u0)
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Known results

Barles-Souganidis (’01) : H( · , p) and u0 are periodic in x

Fujita-Ishii-Loreti (’06) : α > 0, f , u0 ∈ Lip(RN)

H(x, p) = αx · p +H0(p) − f (x)

Note. Du(t, x) is bounded on (0,∞) ×RN.

Question. How about H and u0 polynomially (quadratically)

growing in x ? (e.g. LQG and LEQG control)

Note. Nagai (’03,’09): quadratic H(x, p), u0 ≡ 0

u(T, x)
T

−→ −λ, u(T, x) − u(T, 0) −→ φ(x) as T→∞
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Remark on (H3)

Convergence may fail if (H3) does not hold (i.e., u0 < Φ0).

∂tu −
1
2
∂2

xxu + (∂xu)2 − γx2 = 0 in (0,∞) ×R

u(0, · ) = θx2 in R

Suppose that γ > 0, θ < −
√
γ

2
and φ0 ≡ 0.

Then, (H1) and (H2) hold, but not (H3).

=⇒ ∃T∗ ∈ (0,∞) s.t. lim
T→T∗

u(T, x)
T

= −∞.
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Solvability

Theorem (Ich.’09, Ich.-Sheu’10). Q := (0,∞) ×RN.

(a) ∀u0 ∈ Φ0, ∃! u ∈ C1,2(Q) ∩ C(Q) : sol. of

∂tu −
1
2
∆u +H(x,Du) = 0 in Q (CP)

with u(0, · ) = u0 and inf
0≤t≤T

inf
x∈RN

(u(t, x) − φ0(x)) > −∞, T > 0.

(b) ∃λ∗ ∈ R s.t.

−1
2
∆φ +H(x,Dφ) = λ in RN (EP)

has a solution φ if and only if λ ≥ λ∗. Moreover, in case λ = λ∗,

solution is unique up to an additive constant.
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Main theorem

(H4) ∃ψ0 ∈ C3(RN) s.t. lim
|x|→∞

F[ψ0](x) = −∞ and

(φ − φ0)(x) ≤ α(φ − ψ0)(x) + C, x ∈ RN,

for some C > 0 and α ∈ (0, κ1/κ2).

Theorem (Ich.-Sheu’10). Assume either κ1 = κ2 or (H4).

Then, ∀u0 ∈ Φ0, ∃φ ∈ Φ0 : sol. of (EP) with λ = λ∗ s.t.

u(T, · ) + λ∗T −→ φ( · ) in C(RN) as T→∞.

Notice. Solutions of (EP) contain ambiguity of constants.
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When is (H4) true ?

Example. Let H(x, p) be of the form

H(x, p) =
1
2

a(x)p · p + b(x) · p − V(x)

κ1I ≤ a(x) ≤ κ2I, b(x) · x ≥ β|x|2 − C, V(x) ≤ γ|x|2 + C

Proposition (Ich.-Sheu’10). Condition (H4) holds if

κ2

κ1
(κ2 − κ1) <

2β2

γ
.

Note. V: sub-quadratic =⇒ (H4) automatically holds.
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Idea of the proof

Dynamical approach.

Stochastic control interpretation for u(T, x):

u(T, x) = inf
ξ

Ex
[∫ T

0
L(Xξ

t , ξt) dt + u0(Xξ
T)
]

(φ0 ≡ 0)

where

I L(x, ξ) := supp∈RN (ξ · p −H(x, p)) : Lagrangian

I ξ = (ξt)t≥0 : (admissible) control

I Xξ
t = X0 −

∫ t

0
ξs ds +Wt : controlled process



Idea of the proof

Dynamical approach.

Stochastic control interpretation for u(T, x):

u(T, x) = inf
ξ

Ex
[∫ T

0
L(Xξ

t , ξt) dt + u0(Xξ
T)
]

(φ0 ≡ 0)

where

I L(x, ξ) := supp∈RN (ξ · p −H(x, p)) : Lagrangian

I ξ = (ξt)t≥0 : (admissible) control

I Xξ
t = X0 −

∫ t

0
ξs ds +Wt : controlled process



Idea of the proof

Dynamical approach.

Stochastic control interpretation for u(T, x):

u(T, x) = inf
ξ

Ex
[∫ T

0
L(Xξ

t , ξt) dt + u0(Xξ
T)
]

(φ0 ≡ 0)

where

I L(x, ξ) := supp∈RN (ξ · p −H(x, p)) : Lagrangian

I ξ = (ξt)t≥0 : (admissible) control

I Xξ
t = X0 −

∫ t

0
ξs ds +Wt : controlled process



Idea of the proof

Dynamical approach.

Stochastic control interpretation for u(T, x):

u(T, x) = inf
ξ

Ex
[∫ T

0
L(Xξ

t , ξt) dt + u0(Xξ
T)
]

(φ0 ≡ 0)

where

I L(x, ξ) := supp∈RN (ξ · p −H(x, p)) : Lagrangian

I ξ = (ξt)t≥0 : (admissible) control

I Xξ
t = X0 −

∫ t

0
ξs ds +Wt : controlled process



Idea of the proof

Dynamical approach.

Stochastic control interpretation for u(T, x):

u(T, x) = inf
ξ

Ex
[∫ T

0
L(Xξ

t , ξt) dt + u0(Xξ
T)
]

(φ0 ≡ 0)

where

I L(x, ξ) := supp∈RN (ξ · p −H(x, p)) : Lagrangian

I ξ = (ξt)t≥0 : (admissible) control

I Xξ
t = X0 −

∫ t

0
ξs ds +Wt : controlled process



Associated diffusion

Let (λ, φ) be a solution of

−1
2
∆φ +H(x,Dφ) = λ in RN. (EP)

Associated diffusion: X = (Xt)t≥0

dXt = −DpH(Xt,Dφ(Xt)) dt + dWt

Intuitively, ξt := DpH(Xt,Dφ(Xt)) is the optimal control for

φ(x) − λT = inf
ξ

Ex
[∫ T

0
L(Xξ

t , ξt) dt + φ(Xξ
T)
]
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Ergodicity of (Xt)t≥0

Theorem (Ich.’09). Let (λ, φ) be a solution of (EP).

(a) The following (i)-(iii) are equivalent:

(i) λ = λ∗ (ii) φ ∈ Φ0 (iii) X is ergodic

Remark. X is ergodic ⇐⇒ ∃!µ(dy) with µ(RN) = 1 s.t.

A∗µ = 0, A :=
1
2
∆ −DpH(x,Dφ(x))D.

(b) Let µ be the invariant probability measure for X. Then,∫
RN

eκ1(φ−φ0)(y)µ(dy) < ∞.
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Proof of convergence

Goal. To prove w(T, x) := u(T, x) − (φ(x) − λ∗T) −→
T→∞

const.

Simplest case. Let H(x, p) :=
κ1

2
|p|2 − V(x), i.e.,∂tu −

1
2
∆u +

κ1

2
|Du|2 − V = 0,

u(0, · ) = u0.

v(T, x) := eκ1w(T,x) solves linear equation∂tv −
1
2
∆v + κ1Dφ(x) ·Dv = 0 in (0,∞) ×RN,

v(0, · ) = eκ1(φ−u0) in RN.
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Proof of convergence

Probabilistic representation of v(T, x):

v(T, x) = Ex[eκ1(φ−u0)(XT)], dXt = −κ1Dφ(Xt) dt + dWt.

In ivew of ergodicity of X, as T→∞,

u(T, x) − (φ(x) − λ∗T) = − 1
κ1

log v(T, x)

= − 1
κ1

log Ex[eκ1(φ−u0)(XT)] −→ − 1
κ1

log
∫
RN

eκ1(φ−u0)(y)µ(dy).

Remark. Ex[ f (XT)] −→
T→∞

∫
RN

f (y)µ(dy) for all f ∈ L1(µ).
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General cases

Ascoli-Arzela type argument.

(1) {u(T, · ) |T > 1} is pre-compact in C(RN)

I {u(T, · ) |T > 1} is uniformly bounded (on any compacts)

I {u(T, · ) |T > 1} is equi-continuous (on any compacts)

For w(T, x) := u(T, x) − (φ(x) − λ∗T), we set

Ω(u0) := {w∞ ∈ C(RN) | lim
j→∞

w(T j, · ) = w∞ in C(RN)}.

(2) Ω(u0) = {a} for some a ∈ R.



General cases

Ascoli-Arzela type argument.

(1) {u(T, · ) |T > 1} is pre-compact in C(RN)

I {u(T, · ) |T > 1} is uniformly bounded (on any compacts)

I {u(T, · ) |T > 1} is equi-continuous (on any compacts)

For w(T, x) := u(T, x) − (φ(x) − λ∗T), we set

Ω(u0) := {w∞ ∈ C(RN) | lim
j→∞

w(T j, · ) = w∞ in C(RN)}.

(2) Ω(u0) = {a} for some a ∈ R.



General cases

Ascoli-Arzela type argument.

(1) {u(T, · ) |T > 1} is pre-compact in C(RN)

I {u(T, · ) |T > 1} is uniformly bounded (on any compacts)

I {u(T, · ) |T > 1} is equi-continuous (on any compacts)

For w(T, x) := u(T, x) − (φ(x) − λ∗T), we set

Ω(u0) := {w∞ ∈ C(RN) | lim
j→∞

w(T j, · ) = w∞ in C(RN)}.

(2) Ω(u0) = {a} for some a ∈ R.



General cases

Ascoli-Arzela type argument.

(1) {u(T, · ) |T > 1} is pre-compact in C(RN)

I {u(T, · ) |T > 1} is uniformly bounded (on any compacts)

I {u(T, · ) |T > 1} is equi-continuous (on any compacts)

For w(T, x) := u(T, x) − (φ(x) − λ∗T), we set

Ω(u0) := {w∞ ∈ C(RN) | lim
j→∞

w(T j, · ) = w∞ in C(RN)}.

(2) Ω(u0) = {a} for some a ∈ R.



General cases

Ascoli-Arzela type argument.

(1) {u(T, · ) |T > 1} is pre-compact in C(RN)

I {u(T, · ) |T > 1} is uniformly bounded (on any compacts)

I {u(T, · ) |T > 1} is equi-continuous (on any compacts)

For w(T, x) := u(T, x) − (φ(x) − λ∗T), we set

Ω(u0) := {w∞ ∈ C(RN) | lim
j→∞

w(T j, · ) = w∞ in C(RN)}.

(2) Ω(u0) = {a} for some a ∈ R.



General cases

Ascoli-Arzela type argument.

(1) {u(T, · ) |T > 1} is pre-compact in C(RN)

I {u(T, · ) |T > 1} is uniformly bounded (on any compacts)

I {u(T, · ) |T > 1} is equi-continuous (on any compacts)

For w(T, x) := u(T, x) − (φ(x) − λ∗T), we set

Ω(u0) := {w∞ ∈ C(RN) | lim
j→∞

w(T j, · ) = w∞ in C(RN)}.

(2) Ω(u0) = {a} for some a ∈ R.



Pre-compactness of {w(T, · ) |T > 1}

In view of condition κ1I ≤ D2
ppH ≤ κ2I, we have

− 1
κ2

log Ex[eκ2(φ−u0)(XT)] ≤ w(T, x) ≤ − 1
κ1

log Ex[eκ1(φ−u0)(XT)]

I Upper bound is uniform in T > 1 on any compacts.

I Lower bound is uniform in T > 1 on any compacts if∫
RN

eκ2(φ−u0)µ(dy) < ∞ ((H4) guarantees this)

|Du(T, · )| can be estimated by |u(T, · )|. (equi-continuity)



Pre-compactness of {w(T, · ) |T > 1}

In view of condition κ1I ≤ D2
ppH ≤ κ2I, we have

− 1
κ2

log Ex[eκ2(φ−u0)(XT)] ≤ w(T, x) ≤ − 1
κ1

log Ex[eκ1(φ−u0)(XT)]

I Upper bound is uniform in T > 1 on any compacts.

I Lower bound is uniform in T > 1 on any compacts if∫
RN

eκ2(φ−u0)µ(dy) < ∞ ((H4) guarantees this)

|Du(T, · )| can be estimated by |u(T, · )|. (equi-continuity)



Pre-compactness of {w(T, · ) |T > 1}

In view of condition κ1I ≤ D2
ppH ≤ κ2I, we have

− 1
κ2

log Ex[eκ2(φ−u0)(XT)] ≤ w(T, x) ≤ − 1
κ1

log Ex[eκ1(φ−u0)(XT)]

I Upper bound is uniform in T > 1 on any compacts.

I Lower bound is uniform in T > 1 on any compacts if∫
RN

eκ2(φ−u0)µ(dy) < ∞ ((H4) guarantees this)

|Du(T, · )| can be estimated by |u(T, · )|. (equi-continuity)



Pre-compactness of {w(T, · ) |T > 1}

In view of condition κ1I ≤ D2
ppH ≤ κ2I, we have

− 1
κ2

log Ex[eκ2(φ−u0)(XT)] ≤ w(T, x) ≤ − 1
κ1

log Ex[eκ1(φ−u0)(XT)]

I Upper bound is uniform in T > 1 on any compacts.

I Lower bound is uniform in T > 1 on any compacts if∫
RN

eκ2(φ−u0)µ(dy) < ∞ ((H4) guarantees this)

|Du(T, · )| can be estimated by |u(T, · )|. (equi-continuity)



Convergence of w(T, · ) to a constant

Let w∞ ∈ Ω(u0), i.e., lim
j→∞

w(T j, · ) = w∞ in C(RN).

Key lemma. For any S, T ≥ 0 and x ∈ RN,

Ex[e−κ1w(T,XS)] ≤ e−κ1w(T+S,x). (∗)

Proof. Ito’s formula.

I w∞ is constant in RN

I lim
j→∞

w(S j, · ) = a, lim
j→∞

w(T j, · ) = b =⇒ a = b
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Proof of convergence

Claim 1. w∞ is constant in RN.

Set S := T j − T and let j→∞ in (∗). Then,∫
RN

e−κ1w(T,y)µ(dy) = lim
j→∞

Ex[e−κ1w(T,XTj−T)] ≤ e−κ1w∞(x).

Taking T := T j and j→∞,
∫
RN

e−κ1w∞(y)µ(dy) ≤ e−κ1w∞(x).

∫
RN

(e−κ1w∞(y) − inf
x∈RN

e−κ1w∞(x))µ(dy) ≤ 0 (=⇒ w∞ = const.)
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