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An algebraic formulation of quasisymmetric polynomials

QSymn = {f(x1, . . . , xn) : [xa1
1 · · · xak

k ]f = [xa1
i1

· · · xak
ik

]f for all increasing i1 < · · · < ik}

Define the Bergeron-Sotille map Ri(f) = f(x1, . . . , xi−1, 0, xi, . . . , xn−1).

Theorem

f ∈ QSymn ↔ R1(f) = R2(f) = · · · = Rn(f).

In particular Qsymn is closed under multiplication.

For example f = x4
1x2 + x4

1x3 + x4
2x3 − x1x3

2x3 = M4,1(x1, x2, x3) − M1,2,1(x1, x2, x3).
R1(f) = 04x1 + 04x2 + x4

1x2 − 0x3
1x2 = x4

1x2

R2(f) = x4
10 + x4

1x2 + 04x2 − x103x2 = x4
1x2

R3(f) = x4
1x2 + 04x2 + x4

10 − x1x3
20 = x4

1x2.

BGNST New perspectives on quasisymmetry FPSAC July 20, 2025 2/7



An algebraic formulation of quasisymmetric polynomials

QSymn = {f(x1, . . . , xn) : [xa1
1 · · · xak

k ]f = [xa1
i1

· · · xak
ik

]f for all increasing i1 < · · · < ik}

Define the Bergeron-Sotille map Ri(f) = f(x1, . . . , xi−1, 0, xi, . . . , xn−1).

Theorem

f ∈ QSymn ↔ R1(f) = R2(f) = · · · = Rn(f).

In particular Qsymn is closed under multiplication.

For example f = x4
1x2 + x4

1x3 + x4
2x3 − x1x3

2x3 = M4,1(x1, x2, x3) − M1,2,1(x1, x2, x3).
R1(f) = 04x1 + 04x2 + x4

1x2 − 0x3
1x2 = x4

1x2

R2(f) = x4
10 + x4

1x2 + 04x2 − x103x2 = x4
1x2

R3(f) = x4
1x2 + 04x2 + x4

10 − x1x3
20 = x4

1x2.

BGNST New perspectives on quasisymmetry FPSAC July 20, 2025 2/7



An algebraic formulation of quasisymmetric polynomials

QSymn = {f(x1, . . . , xn) : [xa1
1 · · · xak

k ]f = [xa1
i1

· · · xak
ik

]f for all increasing i1 < · · · < ik}

Define the Bergeron-Sotille map Ri(f) = f(x1, . . . , xi−1, 0, xi, . . . , xn−1).

Theorem

f ∈ QSymn ↔ R1(f) = R2(f) = · · · = Rn(f).

In particular Qsymn is closed under multiplication.

For example f = x4
1x2 + x4

1x3 + x4
2x3 − x1x3

2x3 = M4,1(x1, x2, x3) − M1,2,1(x1, x2, x3).
R1(f) = 04x1 + 04x2 + x4

1x2 − 0x3
1x2 = x4

1x2

R2(f) = x4
10 + x4

1x2 + 04x2 − x103x2 = x4
1x2

R3(f) = x4
1x2 + 04x2 + x4

10 − x1x3
20 = x4

1x2.

BGNST New perspectives on quasisymmetry FPSAC July 20, 2025 2/7



An algebraic formulation of quasisymmetric polynomials

QSymn = {f(x1, . . . , xn) : [xa1
1 · · · xak

k ]f = [xa1
i1

· · · xak
ik

]f for all increasing i1 < · · · < ik}

Define the Bergeron-Sotille map Ri(f) = f(x1, . . . , xi−1, 0, xi, . . . , xn−1).

Theorem

f ∈ QSymn ↔ R1(f) = R2(f) = · · · = Rn(f).

In particular Qsymn is closed under multiplication.

For example f = x4
1x2 + x4

1x3 + x4
2x3 − x1x3

2x3 = M4,1(x1, x2, x3) − M1,2,1(x1, x2, x3).
R1(f) = 04x1 + 04x2 + x4

1x2 − 0x3
1x2 = x4

1x2

R2(f) = x4
10 + x4

1x2 + 04x2 − x103x2 = x4
1x2

R3(f) = x4
1x2 + 04x2 + x4

10 − x1x3
20 = x4

1x2.

BGNST New perspectives on quasisymmetry FPSAC July 20, 2025 2/7



An algebraic formulation of quasisymmetric polynomials

QSymn = {f(x1, . . . , xn) : [xa1
1 · · · xak

k ]f = [xa1
i1

· · · xak
ik

]f for all increasing i1 < · · · < ik}

Define the Bergeron-Sotille map Ri(f) = f(x1, . . . , xi−1, 0, xi, . . . , xn−1).

Theorem

f ∈ QSymn ↔ R1(f) = R2(f) = · · · = Rn(f).

In particular Qsymn is closed under multiplication.

For example f = x4
1x2 + x4

1x3 + x4
2x3 − x1x3

2x3 = M4,1(x1, x2, x3) − M1,2,1(x1, x2, x3).
R1(f) = 04x1 + 04x2 + x4

1x2 − 0x3
1x2 = x4

1x2

R2(f) = x4
10 + x4

1x2 + 04x2 − x103x2 = x4
1x2

R3(f) = x4
1x2 + 04x2 + x4

10 − x1x3
20 = x4

1x2.

BGNST New perspectives on quasisymmetry FPSAC July 20, 2025 2/7



An algebraic formulation of quasisymmetric polynomials

QSymn = {f(x1, . . . , xn) : [xa1
1 · · · xak

k ]f = [xa1
i1

· · · xak
ik

]f for all increasing i1 < · · · < ik}

Define the Bergeron-Sotille map Ri(f) = f(x1, . . . , xi−1, 0, xi, . . . , xn−1).

Theorem

f ∈ QSymn ↔ R1(f) = R2(f) = · · · = Rn(f).

In particular Qsymn is closed under multiplication.

For example f = x4
1x2 + x4

1x3 + x4
2x3 − x1x3

2x3 = M4,1(x1, x2, x3) − M1,2,1(x1, x2, x3).

R1(f) = 04x1 + 04x2 + x4
1x2 − 0x3

1x2 = x4
1x2

R2(f) = x4
10 + x4

1x2 + 04x2 − x103x2 = x4
1x2

R3(f) = x4
1x2 + 04x2 + x4

10 − x1x3
20 = x4

1x2.

BGNST New perspectives on quasisymmetry FPSAC July 20, 2025 2/7



An algebraic formulation of quasisymmetric polynomials

QSymn = {f(x1, . . . , xn) : [xa1
1 · · · xak

k ]f = [xa1
i1

· · · xak
ik

]f for all increasing i1 < · · · < ik}

Define the Bergeron-Sotille map Ri(f) = f(x1, . . . , xi−1, 0, xi, . . . , xn−1).

Theorem

f ∈ QSymn ↔ R1(f) = R2(f) = · · · = Rn(f).

In particular Qsymn is closed under multiplication.

For example f = x4
1x2 + x4

1x3 + x4
2x3 − x1x3

2x3 = M4,1(x1, x2, x3) − M1,2,1(x1, x2, x3).
R1(f) = 04x1 + 04x2 + x4

1x2 − 0x3
1x2 = x4

1x2

R2(f) = x4
10 + x4

1x2 + 04x2 − x103x2 = x4
1x2

R3(f) = x4
1x2 + 04x2 + x4

10 − x1x3
20 = x4

1x2.

BGNST New perspectives on quasisymmetry FPSAC July 20, 2025 2/7



Trimming operations

Define the trimming operation

Ti(f) := Ri+1(f) − Ri(f)
xi

= Ri+1∂i = Ri∂i for ∂i = id − si

xi − xi+1
.

Clearly f ∈ Qsymn ↔ T1(f) = · · · = Tn−1(f) = 0.

Nil-Hecke relations: ∂2
i = 0, ∂i∂j = ∂j∂i for |i − j| ≥ 2 and ∂i∂i+1∂i = ∂i+1∂i∂i+1

Theorem
The only relations between the Ti are the Thompson monoid relations

TiTj = TjTi+1 for i > j
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Forests as a quasisymmetric analogue of Schuberts

Schubert polynomials are the unique family of homogenous polynomials
{Sw(x1, x2, . . .) : w ∈ S∞} such that Sid = 1 and

∂iSw =
{

Swsi w(i) > w(i + 1)
0 otherwise.

Theorem
(NST’24) The Forest polynomials pF are the unique family of homogenous polynomials
indexed by plane binary indexed forests such that F∅ = 1 and

TipF =
{

pF/i F has a node with children the leaves i, i + 1
0 otherwise.
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An example of trimming forest polynomials
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Future Directions

Goal: Develop a Quasisymmetric analogue of Schubert calculus with an appropriate
analogue of Schubert cycles and the flag variety

• (NST’24) Quasisymmetric divided differences
• (NST’24) Geometry of quasisymmetric coinvariants
• (BGNST’25) Equivariant quasisymmetry and noncrossing partitions
• (BGNST’25+) The quasisymmetric flag variety: a Toric complex on noncrossing

partitions
Success!
Most details worked out for Grassmannians, arbitrary types, connection to cluster
varieties, ...
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Thank You

B G N S T
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