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e A (LATTICE (L,<&) IS A POSET sucH THAT AL {%4} <L HAVE A LEAST UPPER BOUND AND A

GREATEST LOWER BOUND .

THE (CHAINS ARE THE TOTALY ORDERED SUBSETS. THELENGTH OF L IS Q(L):= 5i2E OF A MAXIMUM-LENGTH CHAIN.
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e A (LATTICE (L,<&) IS A POSET sucH THAT AL {%4} <L HAVE A LEAST UPPER BOUND AND A

GREATEST LOWER BOUND .

THE (CHAINS ARE THE TOTALY ORDERED SUBSETS. THELENGTH OF L IS Q(L):= Si2E OF A MAXIMUM-LENGTH CHAIN.

DENOTE JL(L) THE SET OF TOIN-TRRE DUCIBLES : THOSE THAT COVER A UNIQUE ELEMENT. WE DEFINE MI(L) DUALLY.
AN ORDER TIDEAL (FILTER) TSTHE SUBSET OF ELEMENTS BELow (ABOVE) SOME ELEMENTS. Tp (2):= {'3 [ 4 sx} :
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e A (LATTICE (L,<&) IS A POSET sucH THAT AL {%4} <L HAVE A LEAST UPPER BOUND AND A

GREATEST LOWER BOUND .

THE (CHAINS ARE THE TOTALY ORDERED SUBSETS. THELENGTH OF L IS Q(L):= Si2E OF A MAXIMUM-LENGTH CHAIN.

DENOTE JL(L) THE SET OF TOIN-TRRE DUCIBLES : THOSE THAT COVER A UNIQUE ELEMENT. WE DEFINE MI(L) DUALLY.
AN ORDER TIDEAL (FILTER) TSTHE SUBSET OF ELEMENTS BELow (ABOVE) SOME ELEMENTS. Tp (2):= {'3 [ 4 sx} :

@ L TS JoiN-SEMIDISTRIBUTIVE IF Vex,4,5€L, xvyg=xvy = xV(4A%)= xVy .

MEET-SEMiDiSTRIBUTIVE T5 OEFINED DUALLY, 'SEMIDISTRIBUTIVE IF BOTH J0iN AND MEET- SEMIDISTRIBUTIVE .
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e A (LATTICE (L,<&) IS A POSET sucH THAT AL {%4} <L HAVE A LEAST UPPER BOUND AND A

GREATEST LOWER BOUND .

THE (CHAINS ARE THE TOTALY ORDERED SUBSETS. THELENGTH OF L IS Q(L):= Si2E OF A MAXIMUM-LENGTH CHAIN.

DENOTE JL(L) THE SET OF TOIN-TRRE DUCIBLES : THOSE THAT COVER A UNIQUE ELEMENT. WE DEFINE MI(L) DUALLY.
AN ORDER TIDEAL (FILTER) TSTHE SUBSET OF ELEMENTS BELow (ABOVE) SOME ELEMENTS. Tp (2):= {'3 [ 4 sx} :

@ L TS JoiN-SEMIDISTRIBUTIVE IF Vex,4,5€L, xvyg=xvy = xV(4A%)= xVy .

MEET-SEMiDiSTRIBUTIVE T5 OEFINED DUALLY, 'SEMIDISTRIBUTIVE IF BOTH J0iN AND MEET- SEMIDISTRIBUTIVE .

® | 15 EXTREMAL TF £(L)=|Jr(U)|=|ML(L)|.  JoiN-EXTREMAL
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° A Lq-rricg (L)S) IS A POSET SVUCH THAT ALL {1)%} c L HAVE A LEAST UPPER BOUND AND A

GREATEST LOWER BOUND .

THE (CHAINS ARE THE TOTALY ORDERED SUBSETS. THELENGTH OF L IS Q(L):= Si2E OF A MAXIMUM-LENGTH CHAIN.
DENOTE JL(L) THE SET OF TOIN-TRRE DUCIBLES : “THOSE THAT COVER A UNIQUE ELEMENT. WE DEFINE MI(L) DUALLY.

AN ORDER TIDEAL (FILTER) TSTHE SUBSET OF ELEMENTS BELow (ABOVE) SOME ELEMENTS. Tp (2):= {'3 [ 4 sx} :
o L TS [JoiN-SEMIDISTRIBUTIVE IF Vx,g,5m€EL, xvy==xva S xV(gAR)= xVy.

MEET-SEMiDiSTRIBUTIVE TS OEFINED DUALLY, SEMiDiSTRIBUTIVE IF BOTH T0iN AND MEET-SEMiDISTRIBUTIVE.
® | 15 EXTREMAL TF £(L)=|Jr(U)|=|ML(L)|.  JoiN-EXTREMAL

® aftl Ts LEFT MODULAR zF V < c, (bvalac = bv(anc). IF L HAS A LEFT toouAR MAXIMAL
CHALN , THEN L TS LEFT MODULAR .

#1273} p
BiGER b /| N
%lz] 443y 5213} . c
{43><1|1’J><{3} b
SMALLER x ¥ \Q'/ x

NoT A LATTICE LATTICE UOIN - SEMID\STRIBUTIVE SEMIDiSTRIBUTIVE

ADRIEN SEGOVIA - FPSAC 2025



® THE ORDER COMPLEX A(P) TS THE SiMPLICIAL COMPLEX WHOSE FACES ARE THE CHAINS OF P.

@® 1T TS SHELLABLE If WE CAN ORDER THE FACETS F,,F, ..., F, SUCH THAT FoR ALL &, ( U <F4-))(\<ra>
TS A UNioN OF PURE COMPLEXES OF DiMENSioN DIM(<F4>3 1. 1€4<k
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® THE ORDER COMPLEX A(P) TS THE SiMPLICIAL COMPLEX WHOSE FACES ARE THE CHAINS OF P.

@® 1T TS SHELLABLE If WE CAN ORDER THE FACETS F,,F, ..., F, SUCH THAT FoR ALL &, ( U <F4-))(\<ra>
TS A UNioN OF PURE COMPLEXES OF DiMENSioN DIM(<F4>3 1. 1€4<k
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OLET : O=mdxqd &= BE A CHAIN OF L. FOR (4,m) € TTWxML(L), p[m)-m{klﬂn>i-4}
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® THE ORDER COMPLEX A(P) TS THE SiMPLICIAL COMPLEX WHOSE FACES ARE THE CHAINS OF P.
® 1T TS SHELLABLE IF WE CAV ORDER THE FACETS F,,F,,...,F SUCH THAT FoR ALL &, ( U <F4->)(\<ra>
TS A UNioN 0F PURE COMPLEXES OF DiMENSioN DIM(<F4>) 1. 1£4<k
‘ 8(5) = mim £ 4| §<=i}
e LET ¢ Bonglad L og=1 g A CHAIN OF L. FOR (4, m) € TTWOML(L), P[’"‘) —amae § i | my L}
¥, (bcc)i=min §8(4) | 46 T10), 5¢c, 346y ¥/ (hcc)i=maxfi|cnxi by
¥, (fcc)= max [ Blm) [ mEMDL,m8, mp}  Y/(Bec)immin 4| bVsed

123
PROPLS.]: (%= X/ ¥,) & (Vi, xi Ts LEFT MOBULAR). 4 N
[Lv(99)3 03 103 120

COROLLARY:[T.W. 49/)] SEMiDiISTRIBUTIVE EXTREMAL LATTiCE ARE LEFT MODULAR.
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® THE ORDER COMPLEX A(P) TS THE SiMPLICIAL COMPLEX WHOSE FACES ARE THE CHAINS OF P.

® LT TS SHELLABLE If WE cAV ORDER THE FACETS F,F,...,F, SUCH THAT FoR ALL &, ( U <F‘.>) N<FR>
TS A UNioN OF PURE COMPLEXES OF DiMENSioN DM <Fg>)-A . €4

LET Bonalmads-Lotg=1 g A CHAIN OF L. FOR (§)m) € TTLXMI(L) 8(3):= =min L] § <}
®oLE ¢ Ao &S 2q &= £ 0 %) x , P[’Vn)—”"“’x-{*l’"‘>x~4}

o (bec)i=min £ 8(4) |4 T10), 5¢¢,548) ¥/ (fcc)i=max L4 [enxia<by
¥, (bcc)i=mae { Blm)|mEML(L) m> 8, mpe} Y/ (Gcc)i=min § & | bVa;re]
123
PROP [S.]: (X,,:Xf:)?_:bfz’) & (Vi, xi T5 LEFT MOOULAR). ¢ 4
[Lv(59)3 oy s o

COROLLARY:[T.W. 49/)] SEMiDiISTRIBUTIVE EXTREMAL LATTiCE ARE LEFT MODULAR.

® A (T0iN-) CONGRUENCE UNiIFORM LATTICE TS ONE OBTAINED 8Y THE DOUBLING CONSTRUCTiON 003
FROM THE ONE ELEMENT LATTICE BY DOUBLING ONLY (LowER PSEUDO-) INTERVALS.
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® THE ORDER COMPLEX A(P) TS THE SiMPLICIAL COMPLEX WHOSE FACES ARE THE CHAINS OF P.

@ 1T TS SHELLABLE If WE CAN ORDER THE FACETS F,,F, ..., F, SUCH THAT FoR ALL %, ( U <F4-))(\<ra>
TS A UNioN 0F PURE COMPLEXES OF DiMENSioN DiM({<Fg>)-1 . 1¢4<k
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023 103 120

COROLLARY:[T.W. 49/)] SEMiDiISTRIBUTIVE EXTREMAL LATTiCE ARE LEFT MODULAR.

® A (T0iN-) CONGRUENCE UNiIFORM LATTICE TS ONE OBTAINED 8Y THE DOUBLING CONSTRUCTiON
FROM THE ONE ELEMENT LATTICE BY DOUBLING ONLY (LowER PSEUDO-) INTERVALS.
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ADRIEN SEGOVIA

T ) (P,¢)-TAMARI

“ Two things are infinite: the
universe and the number of
generalizations of the Tamari
lattice, and I’'m not sure about
the universe.
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. P
LET P BE A FINITE POSET AND &: fo4, ,m5— P BE A CHAIN OF P. DENOTE 2‘34\¢:= T (@) x {a}/
CALLED THE &HELOYIPONENT/ WiTH PARTIAL ORDER (x,R) < (4/R) TF x <y . DENOTE ﬁd) =14 \?Z‘b .
04R<m

TAM(P,9) TS THE PoseT ORDERED BY TNCLUsioN ON The ORDER FILTERS T & t’f, SATISFYiNG

FOR ALL 0L A <4< m  TF (%, i)ET AND (QlLitd), €T, THEN (x,4)€T.
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. P
LET P BE A FINITE POSET AND &: fo4, ,m5— P BE A CHAIN OF P. DENOTE 2‘34\¢:= T (@) x &}
CALLED THE &HELOYIPONENT/ WiTH PARTIAL ORDER (x,R) < (4/R) TF x <y . DENOTE ﬁd) =14 \?Z‘b .
04R<m

TAM(P,9) TS THE PoseT ORDERED BY TNCLUsioN ON The ORDER FILTERS T & t’f, SATISFYiNG

FOR ALL 0L A <4< m  TF (%, i)ET AND (QlLitd), €T, THEN (x,4)€T.
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; P
LET P BE A FINITE POSET AND &: fo4, ,m5— P BE A CHAIN OF P. DENOTE 2‘34\¢:= T (@) x {a}/
CALLED THE &%wwpougw—r/ WiTH PARTIAL ORDER (x,R) < (4/R) TF x <y . DENOTE td) =14 \?Z‘b .

) 04R<ém
TAM(P,9) TS THE PoseT ORDERED BY TNCLUsioN ON The ORDER FILTERS T & t’f, SATISFYiNG

FOR ALL 0L A <4< m  TF (%, i)ET AND (QlLitd), €T, THEN (x,4)€T.
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. P
LET P BE A FINITE PoseT AND &: {o4,,m3— P BE A CHAIN OF P. DENOTE 2‘_’¢\¢:= T (@) x &}
CALLED THE &”iconpougwl WiTH PARTIAL ORDER (x,R) ¢ (4/R) TF x <5y . DENOTE 134’ = ‘(324’,
04Rém

TAM(P,9) TS THE PoseT ORDERED BY TNCLUsioN ON The ORDER FILTERS T & t’f, SATISFYING

FOR ALL 0L A <4< m  TF (%, i)ET AND (QlLitd), €T, THEN (x,4)€T.
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P c e e,
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. P,
LET P BE A FINITE PoseT AND &: {o4,,m3— P BE A CHAIN OF P. DENOTE 2:’2:: T (@) x &}
CALLED THE &%wMPONEN@ WiTH PARTIAL ORDER (x,R) < (,A) TF x < 4 . DENOTE 34) =1 ‘824) i
04R<ém

TAM(P,9) TS THE PosSET ORDERED BY TNCLusioN ON The (ORDER FilTERS T € tﬁ SATISFYING

FOR ALL 0L A <4< m  TF (%, i)ET AND (QlLitd), €T, THEN (x,4)€T.
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. P,
LET P BE A FINITE POSET AND &: fo4, ,m5— P BE A CHAIN OF P. DENOTE 2‘32;: I(¢(a))x{a}/

CALLED THE &Miﬁowpowgw—r/ WiTH PARTIAL ORDER (x,R)< (,R) TF x <, . DENOTE E¢ =1 \CZ(P .

04R<ém
TAM(P,0) IS THE PoseT ORDERED BY TNCLusioN ON The (ORDER FiLTERS T & Eﬁ SATISFYING
FOR ALL 0K 4<4<m, TF (% 4)ET AND (QlitA), HDET, ‘FHEN-
b6 (42,2)
(4G),4)
(¢(4)14)
(96)4)
($(o),0)
e,
P e € €,
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. P,
LET P BE A FINITE POSET AND &: fo4, ,m5— P BE A CHAIN OF P. DENOTE 2‘32;: I(¢(a))x{a}/
CALLED THE &Miﬁowpougw—r/ WiTH PARTIAL ORDER (x,R)< (,R) TF x <, . DENOTE E¢ =1 \CZ(P .
04R<ém

TAM(P,9) TS THE PosSET ORDERED BY TNCLusioN ON The (ORDER FilTERS T € tﬁ SATISFYING

FOR ALL 0K 4<4<m, TF (% 4)ET AND (QlitA), HDET, ‘FHEN-

1) (4(2),2) L)
Now Té€ TAM (P, ¢) @43
\/ ('M"]/])
($6):) (844,
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. P,
LET P BE A FINITE POSET AND &: fo4, ,m5— P BE A CHAIN OF P. DENOTE 2‘32;: I(¢(a))x{a}/

CALLED THE &Miwwpougw—r/ WiTH PARTIAL ORDER (x,R) < (,A) TF x < 4 . DENOTE e‘t =1 \eZ‘P .

04R<m

TAM(P,9) TS THE PosSET ORDERED BY TNCLusioN ON The (ORDER FilTERS T € tﬁ SATISFYING

FOR ALL 0K 4<4<m, TF (% 4)ET AND (QlitA), HDET, ‘FHEN-

o) (42,2

($t,2)
P e,
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] P,
LET P BE A FINITE PoseT AND &: fot,,m— P BE A CHAIN OF P. DENOTE Z‘Bef:: T(¢)x 4R},
CALLED THE &Mi&owPONEN—r/ WiTH PARTIAL ORDER (x,R) < (4,R) ©F =<, . DENOTE tct I__l ‘€P¢

: O‘ﬁéw
TAM(P,9) TS THE PoseT ORDERED BY TNCLUsioN ON The ORDER FILTERS T & tf, SATISFYING

FOR ALL 0K i<4<m, TF (,i)E€T AND (Qlit1), RDET, THEN (x,4)ET
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0 ORDER FILTERS: /‘\

7’ . p " e 023 103 120
(4\ f)' {(a,g)} = 100
{(8,4y = o010

o {(e2)y = 004

0(9) » {(&/ 1), 8} = 020

(¢ 2)
() {(a,q),tfm\} =410 6 ’
: ’ \(<,2)
(@,’() (e’ﬂ-) Ed’ = 423 (6'/9_)
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(&,2)
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] P,
LET P BE A FINITE PoseT AND &: fot,,m— P BE A CHAIN OF P. DENOTE Z‘Bef:: T(¢)x 4R},
CALLED THE &Mi&owPONEN—r/ WiTH PARTIAL ORDER (x,R) < (4,R) ©F =<, . DENOTE tct I__l ‘€P¢

: O‘ﬁéw
TAM(P,9) TS THE PoseT ORDERED BY TNCLUsioN ON The ORDER FILTERS T & tf, SATISFYING

FOR ALL 0K i<4<m, TF (,i)E€T AND (Qlit1), RDET, THEN (x,4)ET

123

0 ORDER FILTERS: /‘\

7’ . p " e 023 103 120
(4\ f)' {(a,g)} = 100
{(8,4y = o010

o {(e2)y = 004

0(9) » {(&/ 1), 8} = 020
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SOME RESULTS: DENOTE L:=TAM(P,$) AND Cyi= 04L& &m-4,

® L TS A |ATTICE WiTH MEET GIVEN B8¥ INTERSECTION.

® 2(L)=[Tx(D|, THUS L TS ToIN-EXTREMAL .

® L T3 Jow-SEMiDiSTRIBUTIVE AND WE KNow WHEN IT IS SEMiDISTRIBUTIVE.

® | TS J0IN-CONGRUENCE ONiFoRM AND WE UNDERSTAND TTS CoNGRUENCES,

e [ TS LEFT MODULAR , THUS EL- SHELLABLE.

FOR ALL 2 &y plya) € {4,047

® TAM (Ca,Ca) TS THE TAMARI LATTICE OF ORDER at1.

(0) P
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]]I) HiGHER TORSION CLASSES :
TYPE A AVSLANDER AND NAKAYAMA ALGEBRAS

O‘M‘\E’»B‘-»C%(]

That’s too short
for me

OSAMU  IYAMA
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DENOTE w‘*,,: THE POSET OF NON-DECREASING- WORDS OF LENGTH o ON {0/)...,m-1% WiTH PRODUCT ORDER. 22
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DENOTE wt THE POSET OF NON-DECREASING: WoRDS OF LENGTH oL ON {0,...,en-1¥ WITH PRODUCT ORDER. le

A (TORSION CLASS IN mod A TS A SUBCATEGORY cLoSED 87 QUOTIENTS AND  EXTENSiows - /4|1
. : Mmoo
Q: 01— - —ym-A A= &Q TorS (woed A) TS THE TAMAR( LATTICE OF ORDER m+A. |~
o1
2
w
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DENOTE eod,,: THE POSET OF NON-DECREASING- WORDS OF LENGTH oL ON {0/)...,m~1} WiTH PRODUCT ORDER. lll

A (TORSION CLASS IN mod A TS A SUBCATEGORY cLoSED 87 QUOTIENTS AND  EXTENSiows - /4|1
. . 11 02
Q: 01— - —ym-A A= &Q TorS (woed A) TS THE TAMAR( LATTICE OF ORDER m+A. |~
o1
2
A GENERaLizATioN TN HIGHER HoMoLogicAL ALGEBRA WA DEFINED [TPRGENSEN (16/)]). oo/ o35
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DENOTE eod,,: THE POSET OF NON-DECREASING- WORDS OF LENGTH o ON {0/)...,m-1% WiTH PRODUCT ORDER. 22

A (TORSION CLASS IN amod A TS A SUBCATEGORY cLOSED BY QUOTIENTS AND EXTENSionS - - |
. . P
Q: 01— - —ym-A A= &Q TorS (woed A) TS THE TAMAR( LATTICE OF ORDER m+A. |~
o1
~ 9{57;

A GENERaLizATiON TN HIGHER HoMOLogicAL ALGEBRA WAs DEFINED [TBPRGENSEN (16/)). ov

THM [:A.H.OT KeT ( ?-3’)]: LET M BE A d-CLUSTER TiLTiNG SuBcATEGoRY OF med A . A SUBCATEGORY ofF U Is
A d-TORSiON CLASS TFF IT T2 CLOSED UNDER d-QUOTIENTS AND d-EXTENSIONS.

THEY FORM UNDER TNCLUSioN A COMPLETE LATTICE (d-ToRS(/) .

ADRIEN SEGOVIA 6 FPSAC 2025



DENOTE % THE POSET OF NON-DECREASING WoRDS OF LENGTH o ON {0/, m-4% WiTH PRODUCT ORDER. 22

A (TORSION CLASS IN amed A TS A SUBCATEGORY cLOSED BY QUOTIENTS AND  EXTENSioNS - - |
. . 11 02
Q: 01— - —ym-A A= &Q TorS (woed A) TS THE TAMAR( LATTICE OF ORDER m+A. |~
o1
2
A GENERaLizATioN TN HIGHER HoMoLoGicAL ALGEBRA WAs DEFINED [TBRGENSEN (167)]. oo/ o35

THM [:A.H.OT KeT ( 7-3’)]: LET M BE A d-CLUSTER TiLTiNG SuBcATEGoRY OF med A . A SUBCATEGORY ofF U Is
A d-TORSiON CLASS TFF IT T2 CLOSED UNDER d-QUOTIENTS AND d-EXTENSIONS.

THEY FORM UNDER TNCLUSioN A COMPLETE LATTICE (d-ToRS(/) .

TwO MAIN EXAMPLES : THe (HIGHER AUSLANDER AND NAKAYAMA ALGEBRAS oF TYPE A.

d y
BOTH ADNIT RESP d-CLUSTER TiLTiNG svacATEeoriEs JUx Avp by . [Z7AMA o )] ok (%))
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DENOTE % THE POSET OF NON-DECREASING WoRDS OF LENGTH o ON {0/, m-4% WiTH PRODUCT ORDER. 22

A (TORSION CLASS IN amed A TS A SUBCATEGORY cLOSED BY QUOTIENTS AND  EXTENSioNS - - |
. . 11 02
Q: 01— - —ym-A A= &Q TorS (woed A) TS THE TAMAR( LATTICE OF ORDER m+A. |~
o1
2
A GENERaLizATioN TN HIGHER HoMoLoGicAL ALGEBRA WAs DEFINED [TBRGENSEN (167)]. oo/ o35

THM [:A.H.OT KeT ( 7-3’)]: LET M BE A d-CLUSTER TiLTiNG SuBcATEGoRY OF med A . A SUBCATEGORY ofF U Is
A d-TORSiON CLASS TFF IT T2 CLOSED UNDER d-QUOTIENTS AND d-EXTENSIONS.

THEY FORM UNDER TNCLUSioN A COMPLETE LATTICE (d-ToRS(/) .

TwO MAIN EXAMPLES : THe (HIGHER AUSLANDER ANVD NAKAYAMA ALGEBRAS oF TYPE A.
d .
BOTH ADNIT RESP d-CLUSTER TiLTiNG svacATEeoriEs JUx Avp by . [Z7AMA o )] ok (%))
oN Mj‘: WE DEFINE w~dny TF xynp,€ocu€gn & Sxl€npy . ON THE WORDS ON 2% g DEFINE Th( %o xd) = (o) -+ (mg=A)..

a1
THMARTKPT (23)): T e o' Ts A 4ToRsion clAss of WL TFF Fom ALL =36 ob WE HAVE BOTH ;
(4y TF x&ng AND o4 = oL THEN x €T IMPLIES MET.
(2) TF xf\a'cd'(na,) AND x,/zé T, THEN 96,‘7(7;..9(:‘{,%&*4 eT.
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DENOTE 88 THE ROSET OF NON-DECREASING: WoRDS OF LENGTH o ON {0/, m-A} WiTH PRODUCT ORDER. @?

A (TORSION CLASS IN amod A TS A SUBCATEGORY cLOSED BY QUOTIENTS AND EXTENSionS - 4|z
" : 02
Q: 01— - —ym-A A= &Q TorS (woed A) TS THE TAMAR( LATTICE OF ORDER m+A. P
o1

2
A GENERALiZATION TN HIGHER HoMoLosicAL ALGEBRA WAs DEFINED [TBRGENSEN (1677). o35

THM [:A.H.OT KeT ( 7-3’)]: LET M BE A d-CLUSTER TiLTiNG SuBcATEGoRY OF med A . A SUBCATEGORY ofF U Is
A d-TORSiON CLASS TFF IT T2 CLOSED UNDER d-QUOTIENTS AND d-EXTENSIONS.

THEY FORM UNDER TNCLUSioN A COMPLETE LATTICE (d-ToRS(/) .

TwO MAIN EXAMPLES : THe (HIGHER AUSLANDER AND NAKAYAMA ALGEBRAS oF TYPE A.
d "
BOTH ADNIT RESP d-CLUSTER TiLTiNG svacATEeoriEs JUx Avp by . [Z7AMA o )] ok (%))
ON Mf‘: WE DEFINE mrong TF xyénp, €6, dngy & Sl énfy . ON THE WORDS ON 2% e DEFINE Tol(2 - 2d) = (xp1) -+ (4-1)-

a4
THM [A.H.U.’KPT(?.;’)]: T¢ ea”nl’:" IS A 4-TORSioN CLASS of M,f; IFF FoR ALL =y € o5, WE HAVE BOTH :
(4) TF L AND g0 S THEN x €T TMPLIES meT.
(2) TF = ~>Ty(y) AND x4 €T, THEN 2% Yleq €T -

LET ¢:iwrsii i
PROP LS. E(’l)+(?—)j & [(4)1— FRALL 0K A<k<m, TF (€T AND (§le), HET, THEN (=,3)€T | .
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DENOTE 88 THE ROSET OF NON-DECREASING: WoRDS OF LENGTH o ON {0/, m-A} WiTH PRODUCT ORDER. @

A (TORSION CLASS IN amod A TS A SUBCATEGORY cLOSED BY QUOTIENTS AND EXTENSionS - 4|z
" : 02
Q: 01— - —ym-A A= &Q TorS (woed A) TS THE TAMAR( LATTICE OF ORDER m+A. P
o1

2
A GENERALiZATION TN HIGHER HoMoLosicAL ALGEBRA WAs DEFINED [TBRGENSEN (1677). 35

THM [:A.H.OT KeT ( 7-3’)]: LET M BE A d-CLUSTER TiLTiNG SuBcATEGoRY OF med A . A SUBCATEGORY ofF U Is
A d-TORSiON CLASS TFF IT T2 CLOSED UNDER d-QUOTIENTS AND d-EXTENSIONS.

THEY FORM UNDER TNCLUSioN A COMPLETE LATTICE (d-ToRS(/) .

TwO MAIN EXAMPLES : THe (HIGHER AUSLANDER AND NAKAYAMA ALGEBRAS oF TYPE A.

d .
BOTH ADNIT RESP d-CLUSTER TiLTiNG svacATEeoriEs JUx Avp by . [Z7AMA o )] ok (%))

ON 05 WE DEFIVE rdngy TF x4 oy &oca€opy & Ll &npo . ON THE WORDS O 2% g DEFINE Th( %o xd) = (o) -+ (mg=A)..

a4
THM [A.H.U.’KPT(?.;’)]: T¢ ea”nl’:" IS A 4-TORSioN CLASS of M,f; IFF FoR ALL =y € o5, WE HAVE BOTH :
(4) TF L AND g0 S THEN x €T TMPLIES meT.
(2) TF = ~>Ty(y) AND x4 €T, THEN 2% Yleq €T -

LET ¢:iwrsii i
PROP LS. E(’l)+(?—)j & [(4)1— FRALL 0K A<k<m, TF (€T AND (§le), HET, THEN (=,3)€T | .

THM £S: WE RAVE d-TORS (MA) = TAM( %, 6) AND d-TORS(My) TS A LATTICE QUOTIENT OF d-Tors (ML),
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jf) THM 4 : A cONGRUENCE UNIFORM LATTICE TS SHELLAGLE IFF IT TS EX-TREMAL.

. EXTREMAL
L) THM2: TAM(R,6) TS Toi~|Senoiarqipurive: , LEFT MoDULAR..

CONGRUENCE UNIFORM

d
ﬂ) USING A COMBiNATORIAL DESCRipTioN L AHT KT (23')] OF THE d-TorSionS OF J’LM

THM.3:  d-ToRS (M;;'i):—: TAM (055, 4) AND oL—TORS(J“LZ') TS A LATTICE QUOTIENT OF d-'roes(J@ﬁ).

= O (Iatm]) 7

ENUMERATION TN GENERAL OF TAM (P, 4>7
DO THE d-TORSION CLASSES TN GENERAL ForM A JOIN-SEMIDISTRIBUTIVE LATTICE 7

|TAM(M$ ;e A iin 4
TAKE YOUR FAVORITE POSET AND CHAIN IN IT AND TRY IT!
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jf) THM A: A cONGRUENCE UNIFORM LATTiCE TS SHELLARLE IFF IT TS EXTREMAL.

. EXTREMAL
1T) THM.L: TAM(P,$) TS ToiN-|Senoierpurive , LEFT MODULAR..

CONGRUENCE UNIFORM

d
ﬁ,} USING A COMBINATORIAL DESCRipTioN [AHTKPT (23)] OF THE d-TorSionS OF J’LM

THM.3:  d-ToRS (M;;'i):—: TAM (055, 4) AND oL-TORS(J“LZ) TS A LATTICE QUOTIENT OF d-’I?)RS(J'l,i).

= O (Iatm]) 7

ENUMERATION TN GENERAL OF TAM (P, ¢7
DO THE d-TORSION CLASSES TN GENERAL ForM A JOIN-SEMIDISTRIBUTIVE LATTICE 7

|TAM(95$ b A i)

TAKE YOUR FAVORITE POSET AND CHAIN IN IT AND TRY IT!

MERC|
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