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:Study
of

Ru =q-
an interesting but mysterious Markov chain in the Hecke algebra

COMBINATORAD REPRESENTATION THEORY
using

PROBISt MoM
:

#WAS determine NWERGENCE BEENANNO

⑳MINATORAD
MOTIVATION :

AND

AGE In the↓
t

(Dinker-Saliola,

2018) TODAY : (Axelrod-Freed ,
B

, Chinng ,

Commins
, Lang ,

24)

↳ There must be underlying algebraic structure...



*So

Axelrod-Freed ,
B

, Chiang ,

Commins
, Lang ,

2024)

· For any ge C , allEwarw
of

Rn(q) :=g-
BOOML In

are in [ 1q7 with No-N

D

:Eigenvectors of Ru(g)

can be constructed inductively using representation theory

↳ draw connections between Ru(g) and

MurpheEmens of Hn(q)

unlocking tools from "Okounkow-Vershik approach" to In (g)
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= SHOFFLIN

: ·
You have a deck of cards :

Shuffle via Ru=
-RANDOM :

(i) pick a
card at random

(2) more that card to a
random position in the deck.

T
MOVE To

·m POSITION 3:-

No dack ofr cardsa permutation of 51 1
2

, .....3 in On

: How many
times do you

need to do this

to have a "well-mixed" deck ?



VW Ru:=-RANDOMD
as a TrOSTEP process

:

II

BRANDOM-TO-BOTTOM
O BOTTOM-TO-RANDOM Bu

STE

-I
STEP

E
RANDOM-TO-BOTTOM

:=B Apply BOTTOM-TO-RANDOM : = Br

Apply
# Pick cardi with probability · Pick position i with probability

L more
card i to the bottom ↳ more bottom card to position i

EXAMEXAM
·

· I DDMBetter to write : Better to write :

B : 1231 & (231 + 132 + 123) B3: 123 (321 + 132 + 123)
-

+ (213 + 312 + 321) ⑧(213 + 231 + 312)



*AME : What is Ry (123) = 123 · Ry = 123 · B:oB.

: Apply RANDOM To BOTTOM to 123
,

i . e . B (123)

-

By : 1231(23 + 132 + 231)

Se: Apply Bottom To RANDO to B (123) ,

i . n . Bo(B (123)
-B.

(123)

= (123 + 132 + 312)

+ (132 + 123 +
213)4B(132)

(231 + 213 + 123)B .
(231)

t 2

= (123 + 8213 + 2132 + 1 . 231 + 1 - 312
+ 0 . 321)

UPSHOT : Coefficient of is probability of obtaining from o



We can rephrase this RD**:
RIGHT

- Br and Br act on permutations by POSITION =

MULTIPLICATION

↳ Let = CYCLE NOTATION

Stendom
= B : (6)- (6)

B : wh W. (1 + (n) + (n-2, ,
... + (22......)

↓ ↓
↓ moves

card mortcaris moves first cand

in position n -
to bottom

↓morecard
to

bottom to bottom

to bottom

Step-RANDOM = Bu : /On [Gr]

S
Bu : whe Wo(mm)

(n,
-2)...
↓ ↓

↓
moves bottom bottom

bottom
moves

to positionmoves
moves

card to position card
bottom card card to position 1

.

to bottom n -2
n - 1

MANom
=: ((6n) - ((On)

is the composition
STEP



We can encode Rn viaa

- andS are indexed by all "States" = permutations

* column and th row:M of going
from

MER* : Re

R3 (123)= (123 + 2213 + 8132 + D . 231 + 0 . 312
+ 0 . 321)

-123 132 213 231312 321

123 3 22 11 8

310 O

13 2 2Ro :I 2

31212 O I 3 2

3210 I 2 2 3

-S: Scale operators so matrices have entriesin&

i. e-
consider Br

,

mBn and n . Rn

2

↳ this scales eigenvalues by

r

-



Recall our
ENITAG QUESTION : how

many
times do we shuffle ?

:
TheENDE

of our probability matrix

tell us about convergence
behavior of Ru

Got DetermineN
of Qu
& matrix

6

:
---> this is

- 2002: Diaconis asks : What are eigenvalues of Ru?

# 2002 : Vyemara-Reyes conjectures eigenvalves
are in 210

↳ proves
some special cases

# 2018 : Dicker-Salida por eigenvalues
of Rn in 200

· 2019 : Bernstein-Nestoridi compute cutoff behavior of Ru



Wh RANDOM = To =R

⑪ to many topics inBANG DOMS

· The Tsetlin library

# Gessel's fundamental guasisymmetric functions (Disarmenian-Wachs)
~

- derangements of permutations (Reiner-Wachs) /

· Solomon's Descent algebra (Bidigave-Hanlon-Rockmore,

Brown)

# NEW in our
work : Jucys Murphy elements

ODN
(we nice q-analog
:

⑤ Representation theoretic techniques to study mixing times



#.
..ge
·Introduce

a parameter &
↳ enriches and refines classical object.

- we recover classical objects at q
IAt

⑨ --
-#n-

N
1 + g

+ q2 + ... + 9
n > 0

n = 2 E u = 0

- 1 # = 1 + g
+ g2 + 93 + g4
-

DTGn] Hn(q)
the group algebra the Type A Iwahori Hecke algebra

of the symmetric group I



& LASSICALL OBJECT &
-

& (Gn] is the algebra DEFINE : Hn(g) is the algebra

DEFINE :

Sn-1

generated by
S, . . . . generated by Ti

, ....,
Ta

such

Si = (i
,

i + ) I such that for Iin-1 :

that for .

1im-1 :

(i) Ti = (q- 1) Ti + q

(i) S =
1

EQUINALENTLY (Ti - q) (Ti + 1) = 0

EQUINALENTLY (Si - 1) (Si + 1) = 0

(ii) SiSj
= SjSi when Li-j) (ii) TiTj =TjTi when li-j)

(iii) Si SitSi : Sit Si Siti GiiL TiTinTi = Tit Ti Titl

↳NS : Swe En I#N : [Tw : we Gn]

w = Si , .
--- Sir Tw : =Ti

.

Tiz ..... Tie.
-

reduced expression



⑳ Define random-to-random shuffling in Hn(g)...

BAK: After rescaling
...

) = cycle notation

more
random card to bottom of deck

STE RANDOM TO BOTTOM :

*

B
n

wiwo(1 + (nyu) + (n - 2
,
n )

,
n) + ..... + (2,

2
... .., n)

O

8

more
bottom card to arandom position

&Te : BOTTOM TO RANDOM :

Bu : w wo (2 + (r ,
m -1) + (n ,

n - 1
,

n -2) + .... - - + (n ,
m. . . . .,

2
, 1)

AND·Do
: more random card to random spot in deck

&

Ru : whe w B n

= B n

STE STE

Ra : 123 (3 . 123 + 2213 + 2132 + 1 . 231 + 1 . 312
+ 0 . 321)



·

For ANY q K
,

define

STE ge RANDOM To BOTTOM : ) = cycle notation

B2(g) : To Me Two (1 + Teres + Tommas +.... + Tea ....)

E &
- BOTTOM To RANDOM :

Bu(g) : ToM Two (It Teams + Terms ...Tama

AND : goo
Ru(q) : To t Tr · BrlgloBu(g)

STE STE

&M Wher n = 3
, writing permutations in one-line notation :

Tims · Ro(g)=Ti + gq
· Tais +· Tion + gTasi + g

. Tisn + OgDT2



EMPORTANTI : Ru (g) defines a MARO CAN on Hr(g)
= I

where geO
, 1) is a PROBU.↳ To realize Rn(g) as a Markor chain

(1) scale generators Fo : = gen) To

2

(2) normalize by dividing by Intg

MOTION Bufetor showed that many interacting particle systems

be viewed asD ON HERE A
can

e .

g.:
ASEP M-exclusion

,
TASEP

,
ASEP(g ,j) Stochastic vertex models

,
etc.

↳
his work implies questions of convergence

make sense,

i. e.
reversible stationary

distribution exists

:Find of Ru(q)



#
AndE

- For partitions M ,
we say N

is a SeW FAB

·ThemM is a
NORIZONAL

STRIP if

each column of N has at most ON box
-

- a

HORIZONTAL

STR

x = (3
,

2
,
2) m = (2 ,

1
, 1) = X/M .

EmHORIZONTAL

x = (6 ,
3

,
3

,

2
, 2) M = ( 3

,
3

,
2

,
2)



Axelrod-Freed ,
B

, Chiang ,

Commins
, Lang ,

2024)

DiD Every e
of Rn(g) is indexed

by a pair of integer partitions
X

,
M where

·(x1 = n

-ucX
- X/M is a

HORZONTALL
STRIB

-> WRITE Em(q) statistic
on

skew
tableaux

&

(q) =NE
In particular, (q) 029)

·



EXAMPLES : : Ex/u(g) simplifies to

* = (n)
· (n)(q) = [n]q

· [n]g

and =I When ge
Roo

,

this is the

LARGEST eigenvalve
....

: Ex/u(g) simplifies to

* = (n = 0
,

00

& (n-1
,

1) / ( 1) (g) = @m =zg · Eng
and M=CD ,

IQ

When ge
Roo

,

this is the

.. SECOND LARGEST eigenvalve



Mo GENERAL ...

for = (g,) and =(n-1)

met

·
(g) (n -j -m)g(n +j) .



IDEA :

find eigenvalves of Rulg) by recursively constructing
↑

O : Each eigenvector (and eigenvalve) is

built by Following aATHA inonAr

:

E
.=
& &ImW

# # E
DOMES FROMATTE

&
# - -M

&
*

I v

&

For : each partition corresponds to a Specht module



#M

Recall for ) and
(n-1)

(g) (n -j -m)g(n +j)q

(g)Does -

·
= (j ,
or)= An= m

,
(2)



METHOD : RETRu(g) to

allows
us

to

"more up along#M* 1

Young's
lattice

↳
This UNLOCKS

"Okounkov-Vershik approach" to

representation theory and tools by Dipper, James
, Young

( even
when q

=/l.

BENEFIT : Conceptually explains eigenvalue Formula

and simp ler proofs than q
=

: Methods
are robust to other contexts

- K = RANDOMTOMANDOM shuffling in the Hecke algebra
(B

,
Commins , Grinberg,

Saliola
, 25)

& DYADIG SUFFLING

, Commins , Grinberg,

Saliola
, 25#)



·
⑳ M

② gmail . Oom
&DL : 8arbraer & gmail . Com

WEBSITE : 8arbrer .
Dom



· TheDoNENT of
is

CONTENT := E .

(i)
(ije)/M.w

* & column
,

3

Now

() x = (3
,

2
,
2)

m = (2 ,
1

, 1) # CONTENT = 2 + 0 +
- 1 = 1

= X/M . Column 2

row 3

(2) x = 16 ,
3

,
3

.

2
.

2) &

M = (3 ,
3

,
2

,
2)

CONTENT =5
+ 3 + 4 + 0+

= X/M



T (Dieker-Saliola ,

2018)

eigenvalves of
Rn are

indexed by horizontal strips X/M :

The IXI

Ex/M=NTENT
s &

BIGDEAL I
mysteriouss....

·M : J = (3 ,
2

,
1) m = (2 , 2)

-
horizontal strip 4/1

CONTENT = 2 - 2 = 0

Then E = 0 + 2k = 5 + 6 = 11
.

k = 5

(To get normalized eigenvalves : divide by n2).



&
Given *A ,

define its geoNE:
F]

:= E (i-i]q = [[g
RowPijhXe

#DoeD2 [q].
N g

I

*M : X = (3 ,
2

,
1) M = (2 ,

2) :

orNE
=(i +Gl

= q + g - q - q4

*
specializes

to 0 when
q

=
1
...



BE

m (q)=Ne

TAMP x = (3 ,
2

,
1) M = (2 ,

2)

CONTENT = gs((2(g + (-2(g)

#
= q + g - q - q4

then

&u(q) = g((2(g + (2(g) + q
. (5)g + q

: (6]a

= q + g = q - q4 + g
+ g + 9 + g4 + g + 1 + g + 92 + 9 + gi+9

=(+ q + g+ q + q4 + q + g + g + q + q + g
= (87q + q(37q



⑳ R(g) = EGET IN FINSW

*S We construct anBASIS for each when get ...

Le this will consist of eigenvectors coming
from paths :

Start FATH : Al > EN
CONSTRUCT ED EIGENER V

FROM We Su
of Rix(q)

im KERNEL

of Rimi(q) In

- For a givenSt

- WARNIN : This requires understanding kernels of

all Bj(g) .
For jave- there can be multiplicity



I% * = (3 ,
11 ...

dim (S) = 3

Our ENBASIS
will come from three paths

:

KERNEL

: e.i E +
+ + # I E

# I E 1
18 .

& D Y
.

M I

:

Y I
i

#

:

I
-

M

&

I I

& &

HORIZONTA STRIP :

HORIZONTA STRIP :

HORIZONTA STRIP :

=D=
EGENALINE :

EGENALINE :

EID() = (2)g(SyEgg E%
I


