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§1. Quasi-polynomials

§3. Results for standard lattices

> R:

a commutative ring.

Definition (quasi-polynomial)

A map f : Zg — Ris a quasi-polynomial if there exist a period 7 € Z
, g € R]t] such that

) =glg) if ¢=r
» A quasi-polynomial F' has gcd-property if it satisfies

and constituents g, . ..

mod n (1 <r<mn).

ged{n,i} = ged{n, j} = g =g;.

Example. —Some counting function are quasi-polynomials

» For a rational polytope P in RY,
Lp(q) = #(¢P NZ")
is a quasi-polynomial. (Ehrhart quasi-polynomial)
Hy},
sp(x) Z0 (mod q) forall H € A}

» For a hyperplane arrangement A = {H, ...,
Xi(a) = #{ 7 € (2/qn)
is a quasi-polynomial with ged-property. (H = ker sy for sy € Homg(Z!, 7))

(characteristic quasi-polynomial)

§2. Equivariant versions

Equivariant Ehrhart theory (Stapledon, Adv. Math. (2011))

o A generalization of Ehrhart theory.
o Study polytopes that exhibit symmetries.

o Counting lattice points in polytopes with group representations.

» I' : a finite group acting linearly on a lattice L.

» P : a [-invariant lattice polytope.

Theorem (Stapledon, Adv.Math. (2011)).

The permutation character

qu(v):#(qPﬂL)°':#{x€qPﬁL ‘ fyx:x}.

is a quasi-polynomial in q.

» We want to introduce an equivariant theory of characteristic quasi-polynomial.

—— Here, we consider the case A = ().

» For a group I" and a lattice L, let p: I' — GL(L) be a group homomorphism.

> R, : the representation matrix of p(7):

p(7): L —L; x+—zR,
» For g € Z. let Ly = L/qL and consider the prmutation character x, of L;:

XL,,(’Y):#LZ:#{TEL ‘p —:LmL}

» X1,.-., Xk . irreducible characters of I".

» mr(xi q) = (Xi, Xz,) © the multiplicity of x; in x,.

Theorem (U.—Yoshinaga, arXiv:2409.01084).

The permutation character x, is a quasi-polynomial in ¢ with gcd-property.
More explicitly,

()
L(Xi: q) a7 Z xi(v H ged{e, . q} | ¢,
Nel Jj=1
where
o r(y) =rank(Ry —I) (I : the identity matrix);
® Cyly-- -5 Cyp(y  the elementary divisors of R, — I.

» B ={e,... the standard basis for R.

> D

,6[} :
a root system of type Ay, By, Cyor Dy.
> L=Ze & & Zeyp.

» I'=W(®): the Weyl group of @, acting as signed permutations for B.
° W(A[ 1) : the symmetric group &;.
W(By) = W(Cy) :
W (Dy) : a subgroup ¢ of index 2 of §,.

> ()\wnuw) .

the hyperoctahedral group $;.

the cycle type of w € I', the pair of integer partitions satisfying
[Aw| + || = €. ¢ Note thet if w € &y, then p,, = 0.

Theorem (Theorem 2.3 in the Extended Abstract).

Forany w € I,

i, () = 9(0) g .

Furthermore, for an irreducible character x of I,

Z x(w ),

w€F

where ((-) denotes the length of an integer partition, and g(q) = ged{2, ¢}.

mL(X7

X : the irreducible character of G, defined by an integer partition A of £.
o \M : the irreducible character of $3, defined by integer partitions \, . satisfying

Al + |ul = €.
o YM: the irreducible character of $3; defined by integer partitions ), z1 satisfying
Al + |ul = £.

Theorem (Cor. 2.5 & Thm. 2.6, 2.7 & 2.8 in the Extended Abstract).

f(A) )n
o (type A/_1, (Littlewood, Molchanov)) my, ()( q)

11]]

(v >< oy

mp(M; @) +mp(x™ @) if A
mp(x if A= p.

;q)

At

e (type By, Cp) mp(x*; q) =m

o (type Do) mp(XM5 q) = { ¥

§4. Results for coroot lattices

Q(®) : the coroot lattice of &.
1) =Z(e1 —e) @+ D ZLer—1 — er).
Z(ey —ex) ® -+ D Lle_y — er) D Z(2ey).
Z(er —ex) D -+ D ZLler—y —er) O Zey = L.
Ziey,—e) ® - D Lle—1 —er) ®Lleg—1 +e) =

IL

Cp) =
Dy) =

©< Q( <Q< <Q< ©<

(
(Bi) =
(
(

Q(By).

Theorem (It follows from Lemma 3.1 & 3.3)
Let w € I"and Ay = (Aut, -+, Awen)-
* (type A1) Xg,(w) = ged{Auw1, -5 Ay
* (type C) xg,(w)
o (type Br, Dy)

) @) ah X, (w).

= xr,(w).

if A, has at least an odd part & ., = 0;
if A\, has all even parts & i, = 0;

if A\, has at least an odd part & p,, # 0;

if A\, has all even parts
& 1, has all even/odd parts;

if Ay has all even parts
& 1, has both even and odd parts.
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