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Parallel Universe?

e The integral form Macdonald polynomial
Ju(X;q,t) satisfies

There are two families of symmetric functions indexed by * Haglund’s conjecture:

the set of Dyck paths:

. . . . Ju(X39,9%)

e the chromatic quasisymmetric functions < a — 52(X) ) € N[g]
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e the unicellular LLT polynomials i 4 < (g—1)n s1(X) ) € Nlg] y
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WELL 6 ® 4 e Jaeseong’s conjecture:
. | | * By the Carlsson—Mellit relation, we have
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Xz(X;q) = (G—1) : e-positivity Schur-positivity
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(g—1) q—1 q

with Clk(‘u,)t), bn—k(ﬂal) e N.

Superization is a standard technique to deal with the
plethystic substitution.

Proposition. [HOY, ’2025] Given (c,d) € ¢\ ;L , the set of a-decorated proper colorings of weight A,

let o; be the index j such that (c;,d;) is the j-th element in the colexico-

o 1 n n .
Proposition. If G(X;q,1) Z CoFpes(o- X, [q — ;q] — glarea(m)] H[a —ai(n)], = glaea(m)l H[a —bi(7)],, graphic order... Le.t w = (wy,...,w,) be the word such that w; = c¢5. We
GES, q i=1 i=1 construct a bijection
A, ®C(q,t), then e o+k
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i where( >:{’C:(’Cl,...,fn)|0§’5,-§OH—k—n,’L'l§---§Tn},

2.(G, (X)) =G|, = Z Cos From this, we obtain y " .
A gcs, T, =d;— (i—1)+asc;'(w,0).
o is a A-shuffle . E()L) ),,-
X9 (X;q) = Z Z g™ o) ( Jarea(z o — area(ﬂ[i])j]q> my,, Example. For A = (3,2,1), o =3 :
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- weg}n “stan(?) W-I;I@z xwi wl;lgf b where [ [la—area(n)], =g =" ) g™l 2 q q 20
+ = T j=1 c<{0,1,...,a—1}" 3 0 1 2 7 1 31
proper
) — % (0,0,0,0,1,1)

4. (G,eqhy) = Z o = (OYG[X—FY;QJHXMW- Theorem. [HOY, °2023] 4 3 (3 2615 4)
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o is a (u,o)-shuffle X7(ra) (X;Q) _ Z Z qstatn(w,cr) [OC +ascn(w, G)] my (X) S| g 32
An (n,0)eM(A) xS, i g 6| 20

Note that @' G[X +Y; q] = G[X — €Y ; ¢|.

Given two sets of variables X and Y, let XY = {x;y; : i, j > 1}.

Theorem. [HOY, ’2025]

=) m(X) ),

Abn weM(A)

XY q mvn(w)Xﬁ(n,w)(Y;Q)v

where the Dyck path (7, w) corresponds to the graph Gg ob-
tained by removing all edges connecting vertices with different
colors 1n G.

6 5 4 3 2 1 6 5 4 3 2 1

1 12 1 12
2 71 2 12
3 11 N 3 32
4 12 4 22
5 32 5 1
6| 22 6| 1!
Corollary. [HOY, ’2025] If we let
— Z Cﬂ:,?t(a)s/l (X)
Abn
then for ¢ € N, Cy 5 (@) € N|g|.
When g = 1:
Theorem. [HOY, ’2025]
X1 Xq—I:Z Y Xpns (X3 1),
k=1 SeS(n,k)

where S(n,k) is the set of set-partitions of [n] with k subsets
and for S = {S(V 6} € S(n, k), wg is the word obtained by
replacing elements in S by i, then B(7,S) = B(7,ws).

q¢“—1_1]. L ,
7 X | 1s Schur positive in the basis

Proposition. [HOY, ’2025] s, [
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Proof. Note that

salXY] =Y gpysulX]sv[Y],

where gi“w 1s the Kronecker coefficients which are known to be nonnega-

: o_q
tive. For Y = qu,

following form
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where d(T) is the number of descents. ]

the principal specialization of Schur functions has the

Corollary. [HOY, °2025] If f is a Schur-positive symmetric func-

=)
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4 ) 0<k<n—1

{ [Z] } -Schur positive.
) 1<k<n

In particular, X,ﬁa) (X;q) is Schur positive in terms of aforementioned
bases.

tion, then f [ -Schur positive and

Conjecture. X% (X;q) has a positive integral expansion in terms of
{[Oc]gs;t}lgkgn, Akn- Moreover, the Schur expansion of Xj(ta)(X ,q) is of the

form
x;“><x;q>z( y

qStat(T)PR(B(T))> s2(X),
Abn \TeSYT(A/)

where PR(B(T)) =[1,|& +ci—i+ 1], is the rook product of the Ferrers
board B(T) with the i-th column height c;.

XY-technique Application to rook theory

(c1y--5¢n), 0 <1 <

Rook Theory. Given a Ferrers board B =
o S Cn S na

n

[ [l +ci—i+1],
i=1

Zrn kBq thBq [a:k]qa

where ry(B;q) is the k-th rook polynomial and /i (B;q) is the k-th
hit polynomial.

A basic identity satisfied by the Gessel’s fundamental quasisym-
metric function Fp:

5 [ 1] _ ol s [atn—1-1D]]
qg—1 n .

Shareshian—Wachs found the fundamental expansion of X, (X;q):

Z qann (o FPDesn.( )(X)

oS,

Hence we have

—1 “(a o + |PDes, (0
X, [q ] Z ¢ tg, (0 [ | 7 )‘] |
q— ocSy " q
where
statg_(0) =invz(c~ ') 4+n(n—1) —n|PDes,(c)| — Z i.

i:0;¢PDesz(0)

Since we proved

@ _1
Xr [CI §QI
qg—1

S

n

= ¢ [loe —ai(m)), = ¢ [l = bi(m)],,

statg_(0) gives a combinatorial interpretation for the g-hit polyno-
mial 1n the product formula.
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