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Introduction
The well-known descent-to-peak map ΘQSym for the Hopf algebra of
quasisymmetric functions, QSym, and the peak algebra Π were origi-
nally defined by Stembridge in 1997. We define the labelled descent-
to-peak map ΘNCQSym and extend the notion of the peak algebra to
noncommuting variables. Moreover, we define Schur Q-functions in
noncommuting variables having properties analogous to the classical
Schur Q-functions.

Generalized chromatic functions
A labelled edge-coloured digraph is a digraph with two types of edges
→ and ⇒ where its vertex set is a subset of N. A proper colouring of
a labelled edge-coloured digraph G is a function

κ : V (G) → N = {1, 2, 3, . . . }

such that
1. If a⇒ b, then κ(a) ≤ κ(b).
2. If a→ b, then κ(a) < κ(b).
The generalized chromatic function in noncommuting variables of a
labelled edge-coloured digraph G with vertex set [n] is

YG =
∑
κ

xκ(1)xκ(2) . . .xκ(n)

where the sum is over all proper colourings κ of G.
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YG = x1x2x2x2 + x1x2x2x3 + x1x2x3x2 + x1x2x3x3 + · · ·

The span of the set {YG} gives the Hopf algebra of quasisymmet-
ric functions in noncommuting variables, NCQSym, and the space of
symmetric functions in NCQSym is called the Hopf algebra of sym-
metric functions in noncommuting variables, NCSym. For any set
partition π of n, the power sum symmetric function in noncommuting
variables is

pπ =
∑
ij=ik

if j, k in the same block of π

xi1xi2 · · ·xin,

and the elementary symmetric function in noncommuting variables is

eπ =
∑
ij ̸=ik

if j, k in the same block of π

xi1xi2 · · ·xin.

Enriched chromatic functions
Given an labelled edge-coloured digraph G, an enriched colouring of
G is a function

κ : V (G) → {−1 ≺ 1 ≺ −2 ≺ 2 ≺ · · · }
such that
1. If a⇒ b, then either κ(a) ≺ κ(b) or κ(a) = κ(b) > 0.
2. If a→ b, then either κ(a) ≺ κ(b) or κ(a) = κ(b) < 0.
The enriched chromatic function in noncommuting variables of a la-
belled edge-coloured digraph G with vertex set [n] is

FG =
∑
κ

x|κ(1)|x|κ(2)| . . .x|κ(n)|

where the sum is over all enriched colouring κ of G.
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FG = x1x1x1x1 + x1x1x1x1 + x1x2x1x2 + x1x2x2x2 + · · ·

The span of the set {FG} gives the peak algebra in noncommuting
variables, NCΠ.

Labeled descent-to-peak map
The map

ΘNCQSym : NCQSym → NCΠ
YG 7→ FG

is well-defined and is called the labelled descent-to-peak map.

Properties
• We have dim(NCΠn) = |{ϕ ⊨ [n] : ϕ is an odd set composition}|.
• NCΠ is a Hopf algebra.
• The labelled descent-to-peak map, ΘNCQSym, is a diagonalizable

surjective Hopf algebra morphism, and we have

NCQSym QSym

NCΠ Π

ρ

ρ

ΘNCQSym ΘQSym

YG

FG

XG

EG

• Define ΘNCSym = ΘNCQSym|NCSym. For set partition π =
π1/π2/ · · · /πℓ(π) ⊢ [n], we have

ΘNCSym(pπ) =

{
2ℓ(π)pπ if all blocks of π have odd sizes,
0 otherwise.

• For an odd set partition π, a set paritions whose all blocks have odd
sizes, the Schur Q-function in noncommuting variables is

qπ = ΘNCSym(eπ).

The Hopf algebra of Schur Q-functions in noncommuting variables
is NCΩ = C-span{qπ : π is an odd set partition}.

NCΩ = ΘNCQSym(NCSym) and NCΩ = NCΠ ∩ NCSym

• We have the commutative diagram

Sym QSym

Ω Π

NCSym NCQSym

NCΩ NCΠ

ι

ι

ΘSym ΘQSym

ι

ι

ΘNCSym ΘNCQSym

XG

EG

YG

FG

• NCΠ is a left co-ideal in NCQSym under the internal comultiplica-
tion given by Mϕ =

∑
ψ∧φ=ϕMψ ⊗Mφ.
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