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Abstract

Our main results are:

A skewing identity directly relating the Rational Shuffle Theorem concerning EK,k ¨ 1 to
the Delta Theorem concerning ∆1

ek´1en.

Both a combinatorial and an algebraic proof of the skewing identity.

A geometric interpretation of both symmetric functions as the bigraded Sn action on the

homology of a variety.

Background: A tale of two operators

Give combinatorial formulas for the evaluations of two complicated operators on symmetric

functions Symq,t:

Ekn,km raises the degree of a symm. function by kn, called an elliptic Hall algebra operator.

∆1
ek´1 preserves the degree of a symm. function and scales the Macdonald basis rHµ.

Rational Shuffle Thm [M]

Ekn,km ¨ 1 “ p´1q
kpm`1q

ÿ

P PWLDkn,km

qdinvpP qtareapP qxP . (1)

The Rational Shuffle Thm was conjectured by Bergeron–Garsia–Levin–Xin and proven by Mellit.

Note that when m “ 1 the sign of the RHS is positive, and the slope is an integer.

Example: For n “ 3, m “ 1 and k “ 3,
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Delta Theorem (Fall version) [DM,BHMPS]

∆1
ek´1en “

ÿ

P PWLDfall
n,k

qdinvpP qtarea´pP qxP . (2)

The Delta Thm was conjectured by Haglund–Remmel–Wilson and proven by D’Adderio–Mellit

and independently by Blasiak–Haiman–Morse–Pun–Seelinger.

Example: For n “ 5 and k “ 3,
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area−(P ) = 1
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2
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∗ ∗

Skewing identity

The Rational Shuffle Thm and Delta Thm are directly linked by the following skewing identity.

Main Theorem 1

Let µ “ pk ´ 1, . . . , k ´ 1q “ pk ´ 1qn´k, a rectangular partition with n ´ k parts. Then

∆1
ek´1en “ sK

µ pEkpn´k`1q,k ¨ 1q. (3)

Here, sK
µ is the operator adjoint to multiplication by the Schur function sµ.

Example: pn “ 3, k “ 2q

p1 ` q ` tqs21 ` pq ` t ` q2
` qt ` t2qs111 “ sK

p1q
ps22 ` pq ` tqs211 ` pq2

` qt ` t2qs1111q.

Algebraic proof of skewing identity

Let Hk
q,t be the “raising” operator on symmetric rational functions in finitely many variables

ϕpx1, . . . , xkq given by

Hk
q,tpϕq “

ÿ

wPSk

w

˜

ϕpxq
ś

iăjp1 ´ qtxi{xjq
ś

iăjp1 ´ xj{xiqp1 ´ qxi{xjqp1 ´ txi{xjq

¸

.

It follows from work of Negut that

ωpEkpn´k`1q,k ¨ 1qpx1, . . . , xkq “ Hk
q,t

˜

xn´k`1
1 ¨ ¨ ¨ xn´k`1

k
ś

p1 ´ qtxi{xi`1q

¸

pol
. (4)

Here fpol is the result of expanding f into rational characters of GLk (sums of px1 ¨ ¨ ¨ xkq´msλ),

then truncating the sum to only polynomial characters (sums of sλ with no denominator).

Similarly, it follows from BHMPS that

ω∆1
ek´1enpx1, . . . , xkq “ Hk

q,t

ˆ

x1 ¨ ¨ ¨ xkhn´kpx1, . . . , xkq
ś

p1 ´ qtxi{xi`1q

˙

pol
. (5)

There is no loss of information by truncating to k variables since all symm. functions involved

can be recovered from truncating to x1, . . . , xk.

We show that sK
µt applied to the RHS of (4) gives the RHS of (5). This proves (3).

Combinatorial proof of skewing identity

We give a combinatorial proof that when m “ 1, applying sK
µ to the RHS of (1) is equal to the

RHS of (2) (with n replaced by n ´ k ` 1 in (1)). Abbreviate

CombShuff :“ (RHS of (1) at m “ 1) “
ÿ

P PWLDkpn´k`1q,k

qdinvpP qtareapP qxP ,

Comb∆ :“ (RHS of (2)) “
ÿ

P PWLDfall
n,k

qdinvpP qtarea´pP qxP .

We show Comb∆ “ sK

pk´1qn´kpCombShuffq in steps as follows:

1. The identity is equivalent to xhν,Comb∆y “ xhνs
pk´1qn´k,CombShuffy.

2. Use Jacobi–Trudy identity to expand

s
pk´1qn´k “ detphk´1`i´jqi,j “

ř

α allowablep´1qsgnpαqhα, so step 1 is equivalent to

xhν,Comb∆y “
ÿ

α allowable

p´1q
sgnpαq

xhν,α,CombShuffy

ÿ

P PWLDfall
n,k

typepP q“ν

qdinvpP qtarea´pP q
“

ÿ

α allowable

p´1q
sgnpαq

ÿ

P PWLDkpn´k`1q,k

typepP q“pν,αq

qdinvpP qtareapP q

3. We construct a sign-reversing involution on the objects on the RHS which changes the sign

of α. We then give a weight-preserving bijection between the fixed points and the terms of

the LHS.

For example, when n “ 5, k “ 3, ν “ p1, 1, 2, 1q, α “ p0, 1, 2, 0, 1q, the fixed-point of type pν, αq

on the right becomes the fall-starred labeling of type ν on the left after deleting the α labels

(meaning 5, 6, 7, 8, 9) and expanding the columns:
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Geometric interpretation

We explain how both the Rational Shuffle Thm and Delta Thm can be interpreted geometrically

in terms of affine Springer fibers. We then show how a geometric skewing identity relates the

two, thus giving a geometric interpretation of the skewing identity (3).

Affine flag varieties

Let O “ Crrεss and K “ Cppεqq.

A lattice is a O-submodule of Kn of rank n, such as Λ “ Ote1 ` ε´1e3, εe2, e3, ε2e4, ε´1e5u Ă K5.

A complete flag of lattices Λ‚ is Λ0 Ą Λ1 Ą ¨ ¨ ¨ Ą Λn´1 Ą Λn “ εΛ0 with dimCpΛi{Λi`1q “ 1.

The affine flag variety is ĂFln :“ tΛ‚ complete flags in Knu.

ĂFln has infinitely many connected components indexed by π1pGLnq – Z.

Define the positive normalized part of ĂFln to be

ĂFl
`,0
n :“ tΛ‚ P ĂFln | Λ0 Ă On, Λ0 Ć εO ‘ On´1

u.

Affine Springer fibers

Given γ P glnK such that limmÑ8 γm “ 0, its affine Springer fiber is

ĂFlγ :“ tΛ‚ P ĂFln | γΛi Ă Λiu.

By work of Lusztig, there is an action of Sn (restricted from the affine symmetric group) on the

Borel–Moore homology H˚pĂFlnq.

Take γ “

ˆ

0 ε2

εIn´1 0

˙

.

Theorem (Hikita) For the particular γ chosen above,

grFrobpH˚pĂFlγq; q, tq “ ω ˝ revq ∇en.

Here, ∇en is the n “ k case of both (1) and (2), ∇en “ ∆1
en´1en “ En,n ¨ 1.

(Technically, Hikita works in SLnpKq{SLnpOq not GLnpKq{GLnpOq)

Delta-Affine Springer fibers

Let γ “

¨

˝

0 0 0
0 εIk´1 0

Ikpn´kq 0 0

˛

‚ .

Main Theorem 2We have

grFrob
´

H˚

´

ĂFl
`,0
γ

¯

; q, t
¯

“ ω ˝ revqpEkpn´k`1q,k ¨ 1q.

Given a composition α “ pα1, . . . , αlq, let
ĂFlα be the corresponding partial affine flag variety

of flags such that dimCpΛi{Λi`1q “ αi.

Given a tuple of partitions ~λ “ pλ1, . . . , λlq with λi $ αi, define

BM~λ,γ
:“ tΛ‚ P ĂFlα | γΛi Ă Λi, JTpγ|Λi{Λi`1q ď λi

u.

Main Theorem 3 For ~λ “ ppn ´ kqk´1, p1q, p1q, . . . , p1qq, we have

grFrob
´

H˚

´

BM
`,0
~λ,γ

¯

; q, t
¯

“ ω ˝ revqp∆1
ek´1enq.

The proof of Theorem 3 relies on combining Theorems 1 and 2 with a geometric skewing

identity which we prove using work of Borho and MacPherson.
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