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Abstract

We study generalized binomial coefficients associated with interpolation poly-
nomials. We prove positivity and monotonicity properties and derive inequali-
ties for Jack, Schur, monomial, and elementary symmetric polynomials, gener-
alizing several classical results.

Motivations and Preliminaries

The following Newton’s binomial formula is well-known:

(z+1)" = Z (g) z". (1)

The binomial coefficient () = %“”’”’“)

= (Polynomiality) () is a polynomial; = (Positivity) () > 0if n >
= (Vanishing) (") = 0O unlessn >m; = (Monotonicity) (Z) B |f n >

One natural generalization is to consider symmetric polynomials in n vari-
ables, indexed by partitions of length at most n. Such a partition is an n-tuple
A= (..., An) such that Ay = -+ > A\, > 0. The monomial m,, elemen-
tary ey, Schur sy and power-sum py are the most basic examples of symmetric
polynomials. The Jack polynomials form a one-parameter family of symmet-
ric polynomials depending on a parameter 7 (where 7 = 1/a); they specialize
to the monomial, Schur, and transposed elementary when 7 = 0, 1, and ~,
respectively.

satisfies many simple properties:

Okounkov-0Olshanski generalized the binomial formula to Jack polynomials:

Py(x+1;7) (A) P(z:7)
= ; 2)
P\(1;7) %: ) Pu(1:7)
where z = (z1,...,2,), 1 = (1,...,1), Py is the monic Jack polynomial, and (N)

is the generalized binomial coefﬁqent. Okounkov-Olshanski showed that the
generalized binomial coefficients are evaluations of interpolation Jack polyno-
mials (also known as shifted Jack polynomials), first studied by Knop-Sahi.

The unital interpolation polynomial #,, is the unique symmetric polynomial over
F = Q(7) satisfying the interpolation condition and the degree condition:

I ) =63 N < s deg hy, = |p,
where || = Y \; is the size of \ and the shifting is given by X; = ;i + (n — i)7.
For example, when n = 2, i = (3, 2), the monic interpolation Jack polynomial is
Py (@1, @0 7) = @1a(w1 — 1)(@2 — D(@1 + 23 — 7 — 4).
One can easily verify that h"‘“”“((& 2)) # 0and /zf;“z““ vanishes at (2,2) = (2+7,2),
(m,0) = (m+7,0)and (m — 1,1) = (m — 1 47, 1), more points than required in

the definition. In general, the generalized binomial coefficients satisfy the extra
vanishing property and are defined by:

(2) =h,(\;7) =0 unless A2 p. (3)

Here, we say A contains i, denoted by A 2y, if A\; > i, 1 <7< n.

When g = (1) or |A] = |u| + 1, the binomial coefficients can be computed by
some combinatorial formulas.

Some Inequalities

Recall that for partitions A and u of length at most n, we say A weakly dominates
0300 N = Yo for 1< o < g if, in addition, |A] = |pl, we say A
dominates 1.

In the work of Muirhead, Cuttler-Greene-Skandera and Sra, they showed that
dominance can be characterized by the following inequalities: assume |A| = |,

. my my, € 6
X dominates ji <= -t 0 = -2 — >0
ML) my(1) A1) (1)
Px Py S\ 5p
— >0 < — > 0.
m1) p1)” s\(1)  su(1) 7

Here, f > 0 means that f(z) > 0 for z € [0, 00)".

Khare-Tao showed a similar characterization for weak dominance:

sz +1) sz +1)

A weakly dominates p <= -
" (1) su(1)

>0, Vael0o00)"
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Theorem 1 (Positivity and Monotonicity)

For 7 > 0, we have
= (Positivity) (2) > 0ifandonly if X D p;
= (Monotonicity) (3) > (*) if A 2 .

As an application of the monotonicity, we have the following characterization:

Theorem 2 (Characterization of Containment)

We have X contains juif and only if the following expressions are expansion positive:

st s+ 1) Lal@tl) e t1)
3/\(1) Su(l) eA(l) 6‘,(1)

. mA(x+1)_m,,(x+ 1) . Pz +1;7) _P,,(z+1:7')
my(1) mu(1) P\(1;7) P,(1;7)

where the Jack positivity is over F=q == {f(7) € Q(7) | f(70) = 0,V € [0, >c|}.

For example, write Sy(z x)/sx(1 andwg‘x(x) = S\(z + 1), and similarly for
Mand M, Eand E, Q = PA /PA( and Q, thenfor A= (3.1) and = (2)
‘E}:Di ST= S SO+ %‘EPJF 35T+ QSB+ 25075

T’\/YB:D - ’TVYED = J\/IB:D + M+ SMBj + 2Mm+ 3Mm+ 2M;

E? EB Eaj Eﬁ 2B+ AFg+ Am+ 2M

- &)[:D_ O i )T+7() + _HGQBQ 4,+2S)ED+ ’HS)BJF 7()

We end with two conjectures generalizing the inequalities of Cuttler-Greene-
Skandera and Khare-Tao to Jack polynomials:

Conjecture

Let X and u be partitions of length at most n, Py be the monic Jack polynomial,
and let IF]];O ={f(r) e R(7) | f(m) = 0,Vm € [0, 0] }.

= (CGS Conjecture for Jack polynomials) Assume |\| = |u|. A dominates p if and

only if

Py(x;7) Dl T)

P\(1;7)  Pu(1;7)

= (KT Conjecture for Jack polynomials) X weakly dominates yu if and only if

P(z+1;7) PJr+1;7)

P(L;7)  PJ(1;7)

e b8y, Vre0,00)" (4)

TR, Vrelo,x)m (5)

Note that the “if” direction of the two conjectures can be easily proved by some
degree consideration; also the CGS conjecture, together with Theorem 2, im-
plies the KT conjecture. In other words, the only missing part is

A dominates p = Eq. (4).
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